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To my math teacher Mr. Milos Belusevié 


Preface 


Preface to the Second Edition 


It is inevitable that first edition of any type of textbook, and especially textbooks for mathematics, 
includes quite a few errors that slipped by all preproduction reviews. In this second edition, errors are 
thoroughly reviewed and corrected, with hopes that not many new ones are created. 

As the original volume doubled, this second edition is split into three separate books, Vol. I, II, 
Il. In order to reinforce natural development in the study, best effort is put to logically organize the 
presented examples and techniques so that subsequent problems reference the once already solved. 


fle-de-France, France Robert Sobot 
June 27, 2023 


Preface to the First Edition 


This tutorial book resulted from my lecture notes developed for undergraduate engineering courses in 
mathematics that I teach over the last several years at l’Ecole Nationale Supérieure de 1’ Electronique 
et de ses Applications (ENSEA), Cergy in Val d’Oise department, France. 

My main inspiration to write this tutorial type collection of solved problems came from my 
students who would often ask “How do I solve this? It is impossible to find the solution,’ while 
struggling to logically connect all the little steps and techniques that are required to combine together 
before reaching solution. In the traditional classical school systems mathematics used to be thought 
with the help of systematically organized volumes of problems that help us develop “the way of 
thinking.” In other words, to learn how to apply the abstract mathematical concepts to everyday 
engineering problems. Same as for music, it is also true for mathematics that in order to reach high 
level of competence one must put daily effort into studying of typical forms over long period of time. 

In this tutorial book I choose to give not only the complete solutions to the given problems, but 
also guided hints to techniques being used at the given moment. Therefore, problems presented in this 
book do not provide review of the rigorous mathematical theory, instead the theoretical background 
is assumed, while this set of classic problems provides a playground to play and to adopt some of the 
main problem-solving techniques. 


vii 


viii Preface 


The intended audience of this book are primarily undergraduate students in science and engineer- 
ing. At the same time, my hope is that students of mathematics at any level will find this book to be 
useful source of practical problems to practice. 


flele-de-France, France Robert Sobot 
November 30, 2020 
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Acronyms 


f(x), g(x) 
f(x), 8x) 
f(g(x)) 
sin(x) 
cos(x) 
tan(x) 
arctan(x) 
sinc (ft) 
log(x) 
In(x) 

log, (x) 
xe 

i 


Z 

3(z) 

R(z) 

F (x(t)) 

X (@) 
PUES} 
F-'(X(w)) 
F 


> 
LT 


sign (f) 
(a, b) 
(a, b) 


Functions of x 

First derivatives of functions of f(x), g(x) 
Composite function 

Sine of x 

Cosine of x 

Tangent of x 

Arctangent of x 

Sine cardinal of t 

Logarithm of x, base 10 

Natural logarithm of x, base e 
Logarithm of x, base n 

Convolution product 

Imaginary unit, i? = —1 

Imaginary unit, j* = —1 

Imaginary part of a complex number z 
Real part of a complex number z 
Fourier transform of x(t) 

Fourier transform of x(t) 

Inverse Laplace transform of F(s) 
Inverse Fourier transform of X (a) 


Apply Fourier transform 


Apply Laplace transform 
Apply I Hépital rule 

Discrete Fourier transform 
Fast Fourier transform 

Dirac distribution 

Triangular distribution 

Square (rectangular) distribution 
Dirac comb whose period is T 
Heaviside step function of t 
Heaviside step function of t 
Ramp function of ¢ 

Sign function of f 

Pair of numbers 

Open interval 

Equivalence 
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xvi 


{a, a2, 43,...} 


{an} 


List of elements, vector, series 
List of elements, vector, series 
The set of real numbers 

The set of complex numbers 
The set of natural numbers 
The set of rational numbers 


Number a is included in the set of complex numbers 


Number a is included in the set of real numbers 
For all values of x 

Angle, argument 

It follows that 

Derivative of y relative to x 

Partial derivative of u(x, y, z,...) relative to x 


Second partial derivative of u(x, y, z,...), relative to x then to y 


Complex conjugate of number z 

Absolute value of x 

Matrix A whose size ism x n 

The identity square matrix whose size isn x n 
Determinant of matrix A 

Transpose of matrix A 

Difference between two variables 

Main determinant of a matrix 

Cramer’s sub-determinant relative to variable x 
Vector a 


Sum of elements {d9, dj, ..., doo} 
Decibel 
Decibel normalized to “1073”, ice., “milli” 


Transfer function 

Limiting to a from its right side (x-axis) 
Limiting to a from its left side (x-axis) 
Limiting to a from above (y-axis) 


Limiting to a from below (y-axis) 
in-line hints 
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Limits 


(a) Limit properties and forms: 


Basic rules for calculating limits 


lim (c fo) =C lim f(x) 


X—>X0 


lim (Fo + g(x) ) = lim f(x) + lim g(x) 


— lim, f@) 
Timmy x) 8(%) 


lim (F009 2) = lim f(x) lim g(x) 


; (= 
im 
g(x) 


lim f(x) _ right-side limit, i.e.,a > x 


lim f(x) _ left-side limit, 1.e.,a < x 


® 


Check for 
updates | 


Important limits to infinity 


lim x” =—oo nis odd 


lim x” =+00 niseven 


a 
=e x00 
(b) Some of the “famous” limits: 
1\* _ sinx . el In(1 + x 
lim (1+) =e lm—=l1 lim =1 lim ( i 
x— 00 x x30 X x0 x x0 x 
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2 1 Limits 
Problems 


1.1 Simple Limits 


Calculate limits in P.1.1 to P.1.18. 


a . . x 
1.1, lim 5 1.2. lim x 1.3. lim, =] 
1.4, lim, Qx + 1) 1.5. lim (x? + 2x + 1) 1.6. lim (—3x* + 2x? — x) 
1 =f ss 
107) ‘dine 1.8. lim ~ 1.9. lim ~ 
x>0 X x>1 x rol x —2 
ane 2x —6 2x6 4 1 
1410: tin 4 tin <= 12. lim = 2 
ee zoo5 ERD le Jin 
3 _ 2. 2 _ 
43: ie 2 to! 1.14. lim ~—! 1415. ia * t=? 
x 1/2 x—2 x>l x—1 x—>1 x-1 
2 = 3 
+2x—15 : x-—1 x 
1.16. ol aes VAize. ting = ————= 1.18. |i 
Oe Mn Peis x93 x? — 5x +6 Me a 
1.2 Limits to Infinity 
Calculate limits in P.1.19 to P.1.24. 
: x = 
1.19. lim —5 1.20. lim | 1.21. lim ~! 
a xX>00 X X00 x 
=n 2x —6 es - 
1.22. lim —— 1.23. lim —~—-— 1.24. tim ~t27—' 
reo x x00 x2 +x —2 x00 x2 + 8x + 15 
1.3. Limits Involving Radicals 
Calculate limits in P.1.25 to P.1.38. 
2x Se = We 13 
1.25. lim ——— 1.26. |i 41:27... jay 22 
x>-2 /x +2 ea x-—1 a x—8 
= 2 eS 
1.28. jim 2 1.29. jim V2! 1.30. : 


pS! in ——— 
x39 x —9 im x+5 (x,y) B,3) / — JY 


1.4 The Squeeze Theorem 


: x—3 x? —25 Vx — &/x 
1.31. im ———_ 1.32. lim ———— 1.33. lim ————— 
x33 /x +1-2 : ar —5 33 Co ae = ae 
_ 5(2—V7x — 2) _ 2*4+23-*—6 a/ 2x 
1.34. pe ae See 35. ——__— 
ee 256 Nees pe Sas 1.36. im 


—_ 3x+vV 3x+J/3x 


‘ 2 at = 2 
1.37. Jim (vx tgad S4/x x+1) ae. im, ( ryt vi vs) 


1.4 The Squeeze Theorem 


Reminder: Given three functions where f(x), g(x), and h(x) so that 
f(x) = g(x) < h(x) 
then, if both f(x) and h(x) limit to the same value a when x — xo, as 
eS 
then, because g(x) is bound (i.e., “squeezed’’) in between f(x) and h(x), it must be true that 
lim g(a) = 


In other words, by calculating f(x) and h(x) limits, then the limit of the function g(x) that they 
bound must have the same limit. 


Calculate limits in P.1.39 to P.1.46 using the squeeze theorem. 


1.39. pats F(X) given that 2x < f(x) < x? 


— 1) _ 1)5 
1.40. lim 2S) given that 0 < ea < —x(x —2)(x — 1)’ 
x>l x—1 x-1 
1.41. lim sina 1.42. lim x cos x 1.43. lim (x hace 
° - : . x0 x 
148 145. fe 1.46. lima ®t" 


x>0 X X00 xX 


1.5 Limits Based on sinc (x) Function 


Calculate limits in P.1.47 to P.1.52. 


1.47. lim x + sin) 1.48. lim exer 
x0 x 730 nix 
n(2 Se 
1.50. tim 28°” 1.51. tim “S"O*) 
x30 Xx x0 sin(4x) 


1.6 Limits Based on the Constant e 


1.49. 


1.52. 


1 


. l—-cosx 
lim 
x0 x 
sin(2x) 


im — 
x>0 sin(3x) 


Limits 


Reminder: One of the most common derivations of the mathematical constant e is as the limit 


x—0O 
or, equivalently after the change of variable 1/x = f, as 


lim(1+1)i =e 
t>0 


Calculate limits in P.1.53 to P.1.60. 


1 3x 2 x 
1.53. lim (: + ) 1.54. lim (: + =) 
X00 x X00 x 
1" 1.57 a 
06. |i = Of. ili 
ps x+l1 
1.59. lim (1+ =) 1.60. lim (=) 
x00 x2 x>00 \x— 1 


1.7. __ Limits Involving Trigonometric Functions 


Calculate limits in P.1.62 to P.1.70. 


1.62. lim x sinx 1.63. lim anms) 
x> x 


1 —cos2x 2. 
1.65. lim —— 1.66. lim sin (- *) 
Xx 


x>0 Xx Sinx x72 


1 x 
lim (1 de ) =e or, in general lim 
x 


f(x)>00 


1 


ree ee 
* F@) 


1.55. 


1.58. 


1.61. 


1.64. 


1.67. 


ff) 
) me 


—2x 
lim 
x0 x 
. Ll—cos2x 
lim 5 
x0 x 


lim (1 + sin x)!” 
x>0 


1.9 Asymptotes 5 


1.68. jim 2 —0°8* 1.69. lim SC = 8) 4 79, 4, 1 Ve0s2x cosx 
a x x>0 x4 ere ee 


1.8 Limits of Piecewise Functions 


Calculate limits in P.1.71 to P.1.76. 


1.71, lim || 1.72, lim |x +1 1.73. tim =! 
x>0 X 
_ |x —2| 1 («>0 3 2 
1.74. lim ~—> 1.75. lim}? &2® (76) tims” @ 
7010 (x <0) x2 | 1 (x <2) 


1.9 Asymptotes 


Reminder: Function asymptotes are found by calculating limits of that given function f(x). 
There are three types of asymptotes: vertical, horizontal, and oblique. 


(a) Vertical asymptotes: if point of discontinuity is found at x = xo, then the vertical line at 
xX = Xo is said to be vertical asymptote of f(x). Formal syntax for calculating vertical 
asymptote at this point is 


lim f(x) = +00 (from the left (“below”) side of x9) 


ery 


lim f(x) = +00 (from the right (“above”) side of xo) 
aS x0 
where “x — xo ’ reads as “x approaches xo from the left side” and “x — oo > reads as “x 


approaches xo chon the right side”. If the left-side limit is not equal to the dees limit, 
it is said that the limit does not exist; however, the vertical asymptote does exist. 


(b) Horizontal asymptotes: if there is a real number dp so that 
lim f(x) =ao 
X—>0O 
then it is said that the horizontal line at y = ap is the horizontal asymptote of f(x). 
(c) Oblique asymptotes: if the following two limits exist 
Bs 
lim i = and lim (f(x) — ax =b 
xX>00 X X00 


where a, b are real numbers, then it is said that the linear function y = ax +b is the oblique 
asymptote of f(x). 


Calculate asymptotes of functions in P.1.77 to P.1.85. 


! 1.78. — 
1.77. . 78. 34 
= 3 
1.80, —~—1! 1.81, _*~ 
x? + 5x +6 2(x + 1)? 
x-1 x+1 


1.84. 
Vx2+1 x2 —4 


1.82. 


1.85. 


1 
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Answers 


1.1 Simple Limits 


1.1. A constant is a constant; it does not change its value. It does not matter what is the value of 
variable x; a constant keeps its own value. That is to say, lim,.25 = 5. 


1.2. Limit of a function f(x) when x tend to certain point a is simply the value of that function at 
that point, i.e., f(a), if defined. That is to say, calculate f(a) by direct substitution, in this case 


lim c= fete = 2 |= 2 


x2 


The resulting value (‘‘2”) is well defined; therefore, no other calculation is needed. 


1.3. By direct substitution, set x = —1, as 
. x —1 1 
lim -—~=—-—=- 
x1 3 3 3 


The resulting value “‘!/3” is well defined; thus, no further calculation is needed. 
1.4. By direct substitution, set x = —2, ie., 
dim, (2x + 1) = 2(-2)+1=-3 
and no other calculation is needed. 
1.5. Limits of polynomials are straightforward, as 
Tim (x° + 2x + 1) = {setx =0} = (0)? +20)x+1=1 
1.6. Once x “arrives” to x = 0 value, the function equals 
lim (—3x* + 2x* — x) = —3(0)* + 2(0)°(0) =0 
and there is not much else left to do. 


1.7. Intuitively, as the first attempt, by direct substitution x = 0, it follows that 


However, this result is not complete; “approaching” a certain number may be done either from its 
“upper” or from its “lower” side. The two outcomes may be vastly different. Let us consider the 
following values of x “approaching” x = 0, first from its “lower” and then from its “upper” side, and 
then calculate the corresponding values of f(x) = 1/x as x — 0 (which reads as “x tends to 0”) 


8 1 Limits 
f@=¥e + -O1 -1 —-10 -—100 -—1000 -—10000 -:-- —-oo 


or from the “upper” side of x = 0 


f@=¥Ye +) 401 41 +10 +100 +1000 +10000 --- +00 


The two final results for x = 0, “—oo” and “+00”, are vastly different. Thus, two separate limits 
are to be calculated, one by approaching from its “lower” and one by approaching from its “upper” 
side relative to the limiting point (here, x = 0), as indicated by underscore arrow symbols, 


where, in this case, the only debating issue was the positive/negative sign of the infinity; see Fig. 1.1. 
It is evident that by approaching x = 0 from the left side, this function delivers smaller and smaller 
negative numbers leading into the negative infinity. Similarly, while approaching x = 0 from the right 
side, this function delivers larger and larger positive numbers leading into the positive infinity. When 
two limits are not equal, it is said that limit at x = O does not exist. 


1.8. Given a rational function form, by direct substitution, it follows that 


= 4 
ie = 26 
x1 x 1 1 


This continuous function is well defined in all points, including for x = 1. 


1.9. Given a rational function form, by direct substitution, it follows that 


Fig. 1.1. Example P.1.7 
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This continuous function is well defined in all points, including for x = 1. The final result of this 
limit is therefore well defined, and there is nothing else to do. 


1.10. Given this rational function f(x), after factorization and by direct substitution, its limit is 
calculated as 


2 
; SIX 4. . FO = 2) . 
1 = —— = lim ——— 0); =1 —2)=0-2=-2 

2 F@) Xx per, ra 1 7 ) } ear ) 

where this rational function is not continuous at x = 0 point (due to the ambiguity of possible 0/0 

division). However, approaching this point of discontinuity from the left or the right side leads to the 


same value f(0) = —2, as 


FQ) - -12 -3 —2.1 —2.01 —2.001 -—2.0001_ =--- —2 
as well as 
ff) - 8 —l -19 —1.99 —1.999 —1.9999_ ... —2 


Considering that both left-side and right-side limits are equal, it is said that the limit at x = 0 
exists, despite the fact the f (0) is not defined (1.e., x 4 0), as 


| x7 —2x ; 
lim = lim(« —-2) = 0-2=-2 
x> 0 Xx x> 0 = 
and 

2 

—2. 
fin ek a O 2 = 
x>0 x x>0 e 


where the single discontinuity point f (0) is marked by a crossed circle; see Fig. 1.2. It is evident that, 
while approaching x = 0 point, this function tends to f(0) = —2 from both the left and right sides. 


Fig. 1.2 Example P.1.10 f(x) 
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1.11. Given rational function may be factorized, as 


. 2x —6 . 2(x — 3) 
im =~ — = lim — 
wo-5 x24 x-—2 1-5 (x +2)(x-—1) 


so that its discontinuity points are evident, at x = —2 and x = 1. Therefore, this rational function is 
continuous at x = 5 where the limit is calculated by direct substitution 


2(x — 3) 2(—5 — 3) -16 ~=8 


lim = = = 
x>-5 (x +2)4%-1) (—54+2)(-5-1) 18 9 
1.12. Given rational function may be factorized as 


ar6 4 1 Geet tae —-12 Dt) x6 
+a = Lim = Lim Re — = lim RH WR = lim 
xoln x —2 x 1/2 x—2 x> 1/2 2x2 (x = 2) x 1/2 2x? (x—7) x 1/2 2x2 


where x = 2 is the discontinuity point, thus excluded. Obviously, this rational function is continuous 
at x = 1/2 point (because its denominator equals to zero for x = 0 not for x = !/2); therefore, the 
limit may be found by direct substitution as 


x+6 Ip+6 13 


= = = 13 
xi 2x2 2(Ya/? 4 


1.13. Given rational function is discontinuous at x = 2; therefore, its limit to 1/2 is found by direct 
substitution as 


xo+2x—-1 (> +20~)-1 Yet t-f 1 


; 
fe ed (2) —2 — 3/3 12 


1.14. Evidently, given rational function has discontinuity at x = 1, and in addition, it is not defined 
at that point because it takes the form of 0/0 division as 


Vat P-1 | 
xol x-1 1-1 


(5) { (not defined) | 


Therefore, its limiting value at x = | must be calculated, for example, after algebraic simplification 
as 


1 ‘ ‘ 
= lim ge Se {a4l}=d+)=2 
In conclusion, even though this function is not defined at x = 1 point, its limiting value is “2”. 


1.15. Similar to problem A. 1.14, the limiting value of this rational function may be calculated as 


_ x 4+2x-3 _ (&-T)(x + 3) 
lim = lim 


x>1 x-1 x1 x=T eas ea («#4 D} 


In summary, f (1) is not defined; however, the limiting value at that point equals “4”. 
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1.16. Algebraic method for calculating given limit, for example, is 


— x2 +4+2x —15 — x2 —3x4+5x —15 . x(x — 3)+5(x — 3) 
lim —————— = lim = lim 
x5 x27 48x 415 x5 x2743x45x4+15 15-5 x(x +3)4+5(x +3) 


i (+5) (x — 3) 
=> 1m — 2 — 
x>—5 (4-45) (x + 3) 
=3=3 
= ag 


In summary, f(—5) is not defined; however, the limiting value at that point equals “4”. 


1.17. First, given rational function may be factorized as 


FQ) x-—1 x—-1 x—-1 x—-1 P(x) 

ea — = = = = 
x2—5x+6 x242x4+3x+6 x(x+2)4+30%4+2) (*4+2)(x+3) Ox) 

Evidently, there are two values when denominator Q(x) = 0, namely, x = —2 and x = —3. At each 


of these two points, this function tends to infinity; therefore, these points must be approached from 
both left (“lower”) and right (“upper’’) sides. Algebraic method to calculate given limit may be as 
follows. 


Case (x — —3): only binomial term (x + 3) becomes zero, and by consequence, f(x) — oo. At the 
same time, the other two binomial terms do not cause neither infinity nor ambiguous values, therefore 
may be calculated by direct substitution as 


. x—-1 : —3-1 : —4 —4 
kim =H. = lim  ———————- = lim = 
a3 (X4+2)@4+3) 293(-34+2)@4+3) 23 -@+3) -—(-3)+3) 


=A 24 
—(0O) 04 


—0oO 


= {ifx <-3> @+3) <0}= 


. x—1 : —3-1 . —4 —4 
im =. = lim ——_————- = lim = 
rs 4 DEP) 03 (3+ DEES) ed —@43) —C-3)+3) 


| 


an a al) alee a 


+00 


At the beginning, this technique may appear a bit intimidating. The reason is that it may not be so 
evident why some of the binomial terms are “allowed to arrive” exactly to the point of discontinuity, 
in this case (x + 2) and (x — 1), while at the same time some other terms are not, such as (x + 3). 
It is because, at the end, it is the product and/or ratio of polynomial terms that is the source of 
discontinuity. The infinity is certain; the only question is to find its sign. Thus, to determine the 
left-/right-side signs of each term is the goal of this analysis, followed by the overall sign. 
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Similarly, for the sake of the completeness, 


Case (x — —2): only binomial term (x + 2) becomes zero, and by consequence, f(x) — oo. At the 
same time, the other two binomial terms do not cause neither infinity nor ambiguous values, therefore 
may be calculated by direct substitution as 


x-1 21 —3 


ia i Tt i 
x32 (x +243) 29-2 4+2)(-243) 9-20 +2) 


= {ifr <-23 @+2) <0} = > = 400 


x-1 a] =3 


im —— —— = lim ———W——— = lim 
x>—2 (x + 2)(x + 3) x> 22 (x + 2)(—2 + 3) x> 2 (x + 2) 
3 


= {ifx > 25 +2) > 0} =— =-0 
0, 
Note that left- and right-side limits around each of the points x = —2 and x = —3 tend to the opposite 
sides of infinity. 
1.18. First, given rational function may be factorized as 
x3 x3 P(x) 
ff) = 5) = — 

x*—-4  (x-—2)(x+2) Q(x) 

Evidently, there are two values when denominator Q(x) = 0, namely, x = +2 and x = —2. At each 


of these two points, this function tends to infinity; therefore, these points must be approached from 
both left (“lower’’) and right (“upper”) sides. An algebraic method to calculate this limit may be as 
follows. 


Case (x — —2): only binomial term (x + 2) becomes zero, thus responsible for f(x) — oo. The 


other two binomial terms are well defined at x — —2; hence, 
4° x (—2)3 —8 
lim = kn A Ae = Lin J = lim —_ 
x72 x2-—4 x2 (X —2)K42) > -2(-2-—2)(%42) 1-2 -4(% + 2) 
—8 —8 
= jifx < -2>5 (x+2) <0} = ee 
—40_) (04) 
x a . (—2)3 —8 


1 5) = lim 2s _ = Lim 2 _ = Lim AH _ 
ro-2x2— 4 x2 (x —2D(QXH2) > -2(—-2- DAH 1-2-4 $2) 


-8 — -8 © = 
=4(01)° 6.” 


= {ifx > -2>(@+4+2)>0}= 
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Case (x — +2): only binomial term (x — 2) becomes zero, thus responsible for f(x) — oo. 


eae x (2)3 
lim = lim — WWJ = lm 2H = lim ——_ 
x2 x2—4 x2 (x — 2)(x + 2) x 2 (x — 2)(2 + 2) x2 A(x — 2) 
8 8 
= fif 2 — 2) <0} = —~— = — =- 
{i xe 2S & )< | 40.) 0. oO 
x ae (2)3 
lim = lim WH = lim —_W— 2= lim —W—_ 
wr 2x?—4 252 (@=—2)@42) 2 2@42)(242) +2442) 
= igst4 Geils: "= 2 ou 
40.) 0. 
1.2 Limits to Infinity 
1.19. By direct substitution, it follows that 
; x oo 
lim —~ = —— =-—oo 
x00 3 


1.20. In the case of inverse functions (and often encountered in practice), note that 


1.21. Slightly more complicated form relative to A. 1.20 evidently has one discontinuity point at 
x = 0, and it may be resolved as 


Jim BOT = tim (¢- =) = (1--) {(x #0)} 


Note that this point of discontinuity is not problematic at all: positive infinity is very far away from 
x = 0; therefore, in that region, it is always valid that x/x = 1. That being said, 


1 1 
lim (1--) = lim (1) — lim (=) =1-0=1 
x00 x x00 x00 \x 


because the second term tends to zero; see A. 1.20. In the shorthand syntax, the last equation may be 
written as 


0 


lim (i-f)- lim (1) = 1 
x00 ‘x X00 


1.22. This rational form has one discontinuity at x = 0; however, as (x — oo), there is no problem 
in dividing x/x = 1. Similar to A. 1.20 and A. 1.21, 
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—2 . x 1 2 . 1 1 
5 = lim { ~— — = lim —-=—=0 


X00 X foe) 


1.23. This rational form may be transformed by factorizing the highest power in both numerator and 
denominator polynomials, so that its limit is calculated as follows: 


lim — — lim te = lim fe A = lim c= lim (0) = 0 
x00 Xx x-— x00 Df 8 x00 x00 X00 
aie ae 14 yd 


It should be evident that, as (x — oo), this rational form tends to zero because its denominator 
polynomial is of higher order than its numerator polynomial. 


1.24. Similar to A. 1.23, 


— xt 2x15 PLA Ye — fat), 12 pe 
Les ar i ta me CI : : = lim = ima =1 
X00 X x> e ey) x00 x> 
(1 + 8/x + 15/x?) Leyte ie” 


1.3. Limits Involving Radicals 


1.25. Given 


2x 
m —— 
x—>—2 J/x +2 


note that this rational function includes radical in its denominator. That being the case, the domain of 
radical function term as well as denominator not equal to zero constraints must be considered. Here, 


tvVx4+2>5>x>-2 


which is to say that for (x < —2), this radical is not defined, and by consequence, the left-side limit 
of /x + 2 does not exist. By extension, the left-side limit of the given function also does not exist. 
The right-side limit, however, may be calculated as follows: 


2x —4 
lim. ——— = lim —W=- 
x>~2 +x + 2: x>—2 +4/ O+ 
assuming positive value of the square root; see Fig. 1.3. For the negative value of the square root, 


2x - 
lim. ——_—— = lim 
x>—2 —J/x +2 x>—2 —/04 


= +00 


In conclusion, due to the disparate left-side (does not exist) and right-side (co) limits, it is said that 
the overall limit when (x — —2) does not exist. 
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Fig. 1.3 Example P.1.25 


1.26. Given 


this rational form is limited to x > 0 (due to the radical) in addition to x 4 1| that creates discontinuity. 
Furthermore, direct substitution illustrates that as x — 1, this function is not determined as it takes 
the form of 0/0 division 


In general, rational functions that are not defined at certain point(s) and that include radicals should 
be converted into some other form by means of algebraic transformations. It is highly recommended 
to review techniques in Vol. I related to the factorization techniques, radical functions, and complex 
numbers. Sometimes, it is possible to “move” radical function from denominator to numerator by 
taking advantage of difference of squares identity a — b* = (a —b)(a +b), that is to say, to multiply 
both numerator and denominator by the appropriate binomial term. 


In this example, “moving” radical term from numerator down to denominator results in the form 
that is defined, (x > 0,x 4 1), as 


JE-1 


x—-1 


lim f(x) = lim 
{a? —b? = (a+b)(a—b)} 
{x -1= Wx - VP = (x4 D/x-D} 


ee 

= lim = Hm —— 

1 (A=TI(VI +1) ol Vx +1 
1 
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Fig. 1.4 Example P.1.26 


Fig. 1.5 Example P.1.27 


os) 


Ale 
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In conclusion, even though function is not defined for x = 1 (see Fig. 1.4), this limit exists because 
both left- and right-side limits tend to !/2. 


1.27. Given 
lim v7 t 1-3 _ ¥8+1-3 _ 0 
x8 x-8 £8-8 O 


it is evident that x 4 8 and x > —1. Algebraic transformations result in (Fig. 1.5) 


7 V¥x+1—-3 /x+1+4+3 F (x+1)-9 i 1-6 
im => 1m = hm 
x8 4-8 Vx+143 28 (~-8)(V¥x+143) 198-87 (Vx +143) 


1 1 
r8Jx4¢143  J84143 


; (x #8) 
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1.28. Given 
_ 3-Sx 
lim 


x39 x —9 


where, evidently, in addition to x > 0, this function is discontinuous at x = 9. Similar to A. 1.26, 
algebraic transformations facilitate the limit calculation as 


3a Ve de a - cee 
gas EEN aD 
fX=F | 


. 1 
= lim — 


1 
= lim — =— a 
199 (Le =BO/4 +3) 199 Vx +3 J9+3 


rf 9 
-z #9) 


1.29. Given 


that is to say, this form of limit is not determined. 


lim vx? 1 lim vx? — 37) _ [v2 = II] lim iv) 


~ xen00 x(2+ 5/x) 


x>-00 Q2x4+5 x>-00 =x(2+ 5/x) 


As (x — —o0o), which means x < 0, then |x| = —x, so that 
0 
1 — I _ 1- Yd 1 1 
im wo ) jim TX¥4 ye) =~ lim 5=-5 
X—>—00 x x X—>—00 x—>—00 
\(2+ 5K") 


1.30. Given two-variable function, 


i x—y a= 3 0 
im = = 
(493,39 .fx—f/y Jf3-/73 0 


that is to say, this form of limit is not determined. Algebraic method to rearrange the radical terms 


results in 


2 ie kf 
x-y J/x + /3 ea (xy) (./x + /Y) = itn 6a aap) 


lim _ == = 
@y7B3 fx -— fy Jxt+/¥ GBD Ly > G,3) 
= (V3+V3)=2V3; (x,y) # G,3) 


1.31. Given 
' x= 3 3-3 0 
im — = 
x>3.J/x+1-2 J/34+1-2 0 
it is evident that x 4 3 and x > —1 (due to domain of the square root term). Algebraic transformations 
result in 
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Fig. 1.6 Example P.1.31 


. x—3 Jx+14+2 ~ &=3)(V7x +142) 
lim = lim 
x93. /x+1-2 /x +142 433 x= 


= lim(Vx +1+2)=(W3+1+2)=4 


Even though given function is not continuous at x = 3, this limit exists because both left- and right- 
side limits tend to the same point (3, 4); see Fig. 1.6. 


1.32. Given 
pod See op. OF =e. 0 
x5 J/5x—5 195./5x5—-5 0 


that is to say, this form of limit is not determined. 


. x2 = 25 — (x —S5)e +5) V5x4+5  .. (e —5)(x +5)(/15x +5) 
lim ——— = lim = lim 
x35 /§5x—5 25 JS5x—5 J5x +5 235 5x — 25 

we GR Det DW5r+5) 1, = 

ape 5 5) ee ae aa 

1 
= 5 (5+5)(V75 x 5+5) = 20 
1.33. Given 


lim 22%. VI- V1 _ 0 

im = — 

rl ge— x YI- WI 0 

that is to say, this form of limit is not determined. Radicals are simplified by algebraic transformations 
as 
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. Whe — Sx Sx a JX mn CB + Vx) 8 ie _ -_ 
lim eo ge yee yea iim “ETE lim(Vx + Vx) =1+1=2 


1.34. Given 
SQ2—-v¥x—-2) 52-V76-2) 0 


hi = = 
6 ee 36 e436 0 


that is to say, this form of limit is not determined. 


. 2e Vx — 2) . 52-Vx—2) 24J7x—2 5(4 —(x-2)) 
lim ——~—_—— = lim = lim 
x6 x2 — 36 x96 (X— OX +6) 24+ Jx—2 x96 (x —O(X +624 Vx —2) 
im —5 (x+-6) im —5 
~ x6 (x6) (x + 6)(2 + Vx — 2) ~ x96 (x + 6)(2+ Vx — 2) 


—5 5 


~ 6402+V6—-2) 48 


1.35. Given 


a *-6 2?+4+277-6 0 
lim = = 


x>2 ./D al im /‘Q—-2 — 21-2 0 


that is to say, this form of limit is not determined. Among other methods (see Sect. 2.6), this limit 
form may be resolved by the change of variable method as follows (x ¥ 2). 


+36 | 24+227-6 |. 
in —_ —_ = 1 ae = =f ifx > 2 then t—> 4} 
x2 /Q-* —QI-x x52 2-4/2 —2.2-* 
t+8/t-6 t | #+8-—6t i: ?—6t+8 f4+2 
= hm AH _ _ — = Lm — = 1m = 
to41/tl/2—2/t ¢ ra t/2-2 4 f/t-2 Jt+2 
_ ¢-2)e—H/t+2) 
ee ee 


= lim (4 — 2)(v4+ 2) =8 


1.36. Given that direct substitution method results in 
: V 2x V2 00 fe.e) 
lim = = 
xo 
V3x+V3x+3x y3004+V304+V30 © 


that is to say, this form of limit is not determined. Among other methods, this limit form may be 
resolved by the change of variable method. That being said, note that as t — oo (thus ¢ is always 
positive), then it is true that Jt? = |t| = t. Furthermore, it is often possible for infinite limits to take 
advantage of the inverse function property, i.e., if x — oo, then 1/x — 0. 
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V 2x 2 
=| vir=: he ee as wellas,if x — co ,then 1 00] 
3x4 ¥3x + 3x 


ate linen Os 
too a 124 Je+t a 
el ae P+ iP (147 
B rf 
: t 2 x, oe ie . 2 
m = lim = [2 sim 1 = = 
t>00 t>0o ———— t>oo 3 
/ 1 0 0 
t2+t 1+ - 1 1 
ore t ve t 


1.37. Given that direct substitution method results in 


lim (vx? +x —1- Vx? =x +1) = Yoo? +00 — 1 - Yoo? = 00 + 1 = 00 oo 
xO 


that is to say, this form of limit is not determined. Algebraic transformation may be used as 


/,2 : 2 : 
xe +x—l+vVx*-—x4+1 
lim (vx? +x —1- Vx? =x 41) = é = = 
x co - 


> 


— P4x-1-4x-1 
= lim 


x00 J/x2 +x —1+ 7x2 —-x41 


2x —2 


x(fiti-b4+/1-i4 =. i y(jisi- 44 fi 144) 
{all inverse terms tend to zero | 


2 
— VT+ V1 


1.38. Given that direct substitution method results in 
lim (Jory x+Jx 8) = (ee eee co + Veo 
x7 OO 


that is to say, this form of limit is not determined. Algebraic transformation may be used as 


—-—V/WO = WO—- C 


| A ree ee ak 
im ( x+ ri) OS we Se 
x00 / x00 

yf Bb aX l/h balk x+VSx t+ Sx + fx 
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ae 
= lim aatias = {expand by | = lim a=. WE. 
78 Let et let VE eT ee 
We 


= lim evi {1/x > 0} = sg 


£560 1+1 2 
Jit fares vit +1 a 


1.4 The Squeeze Theorem 


1.39. Given that 2x < f(x) < x’, it is said that f(x) is bound by function on the left (here: 2x) 
and by function on the right (here: x7) side. In other words, f(x) cannot take any value neither 
smaller than 2x nor greater than x7. It is permanently “imprisoned” between these two walls. By 
consequence, if both left- and right-side “walls” move toward a certain point, f(x) is squeezed 
between the two and must end up at the same spot. (There are a number of popular names for this 
theorem: two policemen and a thief theorem, the sandwich theorem, etc.) 


Note that, as given, it is customary to write double inequalities in a single line, that is to say, if 


2x < f(x) and f(x) <x? 
then these two inequalities may be written in a single line as 


ay <= fix) <x 


The squeeze theorem is applied by calculating the left- and right-side limits first and then by 
concluding that f(x) must take the same value. Given double inequality 


on = f(xy sx 


2 


lim 2x < lim f@< lim x {left and right sides are moving toward x = 2} 


4< lim f(x) <4 > lim f(x) = 4 


as the only possible conclusion. 


1.40. Direct substitution method results in a non-defined result as 


_ (x-1P Gd-b* 0 
lim = = 
xol x—1 1-1 0) 


Thus, it is necessary to use some other methods to resolve this limit. Given that 
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(a= dy 


x—1 


< (—x(x — 2)(x — 1)’) 


the squeeze theorem is applied by calculating the left- and right-side limits first, as 


— 1) 
lim 0 < lim a= 1y < lim(—x(x — 2)(x — 1)’) 
x>1 x>l X¥— x>1 
. 1° 2 
10 < lim ——— < (-1(1-2)(1 - 1)’) 
x>l x—] 
— 1) — 1) 
102i og Ss i BG 
x>1 x-—] x>l x—1 
; ic fh on ee TY gs 
As x — 1, the squeezing process is illustrated in Fig. 1.7 showing ed? being squeezed between 


x= 
regions bounded by the other two functions and therefore “forced” to settle at 0 value. 


1.41. Consider the unit circle in Fig. 1.8, where value of sina is evidently equal to the length of the 
vertical blue projection line. Its length varies between zero, when aw = 0, and one, when a = 7/2. At 
the same time, the arc length (in red) is equal to ra = a@ (because the unit circle radius r = 1). 


In Euclidean geometry, an arc connecting two points is always longer than a line (i.e., the shortest 
path) connecting the same two points. At any given point along the circle, the blue line length (i.e. 
sin @) is bound by zero length on one side and is always inferior to the arc length a on the other side. 
That relation may be formalized as 


0 < sina <a 


The left-side function equals zero, and the right-side function equals a, while sina is squeezed 
between them. Therefore, left- and right-side limits are bounds for sin@ function, as 


Fig. 1.7 Example P.1.40 
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Fig. 1.8 Example P.1.41 


lim 0 < lim sina < ima 


a>0 a>0 a>0 


Left- and right-side limits are solved first, as 


0 < lim sina < 0 
a>0 


Therefore, there is only one possible conclusion: 


lim sina = 0 


a>0 


This example is a classic illustration of the squeeze theorem and a proof of a very important 
trigonometric limit. As extension to this example, note that 


lim cosa = cosO0 = 1 


a—>0 


is well defined at a = 0. 


1.42. In this case, direct substitution method does produce correct answer because the function is 
continuous at x = 0, as 


lim xcosx =0-1=0 


x0 


However, for the sake of exercise, the squeezing method may be applied as 


—l1<cosx <1 


—xX <xcosx <x 


lim(—x) < lim(x cosx) < lim x 
x>0 x>0 x0 
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0 < lim(xcosx) <0 =} < lim(xcosx) =0 
x>0 x0 
1.43. Direct substitution method does not produce correct limit, due to division by zero, as 


1 1 
lim (: sin =) = 0 sin - = 0 sin(oo) 
x 0 


x0 


which is a non-determined form. By definition, sinusoidal functions are bound between +1 for any 
argument; thus, it is true to write 


1 
—1<sin—- <1 
x 
Then, multiplication of all three functions by x leads to 
_ ol 
—x <xsm—-<vxXx 
x 
and therefore to limits 


1 
lim(—x) < lim (: sin ) < lim x 
x0 x0 X 


1 
0 < lim (sin) <0 
x0 x 


1 
lim (: sin =) =0 
x>0 x 


As x — 0, the squeezing process is illustrated in Fig. 1.9 showing x sin(1/x) being squeezed between 


661.99 


x” and “—x” functions and therefore “forced” to settle at sinO = O value. 


1.44. Given sinus cardinal function sinc (x), direct substitution results in 


Box: . sinx sind O 
lim sinc (x) = lim = = 
x>0 x>0 X 0 0 


that is to say, not defined. Among other methods (see Sect. 2.6), this limit may be solved by the 
squeezing theorem after applying similar logic as in A. 1.41 where it was shown that sina < a. With 
the same argument, by creating Pythagorean triangle (7, 4, @) in Fig. 1.10 (left), it is evident that 
the line whose length equals to tana is always greater than the arc whose length equals to a. 


1.4 The Squeeze Theorem 
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Fig. 1.9 Example P.1.43 f(x) 


—xsin(1/x) 


Reminder: Note that Pythagorean triangle (.&, 4, @) has the length of one of the two catheti 
(@, Z) equal to one. By definition, the tangent of angle a is the ratio of the opposite cathetus 
relative to the adjunct cathetus, i.e., 


_ (8,6) (B®) 
(FB 1 


tan a 


* tana =(&, @) 


This relation among the intervals and arc lengths may be formalized with double inequality 
sina < a < tana 


where it is said that sinw is lower bound and tana is higher bound of @ value. Thus, 


sin a 


sina <a< {divide all three terns by sina | 


cosa 
sure | a sua | 
F ere < ; 
SHO sin a@ COSQ@ SH 


sina 
< 


< cosa 
First, calculate left- and right-side limits 


. _ sina . 
lim 1 < lim —— < limcosa 
x0 x>-0 @ x>0 


_ sina 
1 < lim —— <1 
x>0 @ 


with the only conclusion that 
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f(x) 1 
—cosx 
1 —> sinc (x) 
0 * - 
A 
(1,0) x ; 


Fig. 1.10 Example P.1.44 


As x — 0, the squeezing process is illustrated in Fig. 1.10 (right) showing sinc (x) being squeezed 
between “1” and “cos x” functions and therefore “forced” to settle at sinc (0) = 1 value. 


1.45. Direct substitution method results in a non-defined form as 


. 2x+sinx 200+ sin(co) 
lim = 
x00 x [o,@) 


Therefore, this limit must be resolved by some other methods. By definition, the sinusoidal functions 
are bound between +1; thus, the required form is forced by algebraic transformations as 
—l<sinx <1 
2x —1<2x+sinx <2x+1 
2x — 1 2x +sinx — 2x +1 


x x = x 
7 — 1 gs 2542 
x x x 


0 0 
. ; 2x + sinx . 
lim { 2 — < lim | ———— ] < lim [2+ 
X00 Xx X00 x X00 X 


iki (a) 25. 5. -iy (a) = 


x00 x x00 x 


1.46. Direct substitution method results in a non-defined form as 
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Fig. 1.11 Example P.1.46 


= exp(sin(1/x)) 
0 


lim x esin(l/x) — 0 esind/0) = 0 esin(co) 


x0 


By definition, sinusoidal functions are bound by +1 for any argument. Thus, it follows that 


-1 


IA 


sin(1/x) <1 


e < esin(l/x) < e! 


< x ein /x) <ex 


ales 


_ * , " . . 
lim — < limx e""/ < limex 
x70 e x0 x>0 


0<limxe™™ <0 3 limxe™(™ =0 
x0 x>0 


As x — 0 (see Fig. 1.11), this exponential trigonometric function is squeezed between “‘x/e” and 
“e x” linear functions and therefore “forced” to settle at 0 value, where it is not defined. 


1.5 Limits Based on sinc (x) Function 


1.47. Limit of sinc (x) function is resolved in A. 1.44 as well in A. 2.86; thus, it follows 


1 
im 2 + sin(x) is ( o sin(w ) _ 
x>0 x x0 x 


1.48. Direct substitution method results in a non-defined form as 


. 2x +sinx 2-0+sin0 0 
lim - — : = 
x>0 sinx sinO 0 
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Thus, given that this function is not defined for x = 0, at all the other points, it may be simplified as 


. 2x+sinx . 2x . 2x . . 2x 
lim ————— = lim {| —— +1 = {e720} = lim —— )+ lim1 = lim {| ——]+1 


x>0 = sinx x>0 \ sin x x>0 \ sin x x>0 x>0 \ sin x 
. 2 20 SIE 
= lim | ——— } + 1 = ——._, + 1= j lim — =1;  seeA.1.44 
x0 \ (sinx)/x lim,_,0 (22+) x30 =X 
=2+1=3 
1.49. Direct substitution method results in a non-defined form as 
. l—-cosx 1-1 0 
lim = = 
x>0 x 0 0 
Classic algebraic resolution of this form is as follows: 
. l—-cosx . l—-cosx 1+cosx 4 5 . 1 —cos? x 
lim ———— = lim = {(a—b)(a+b) =a —b*} = lim ————_ 
x>0 x x>0 x 1+ cos x x>0 x(1 + cos x) 


> a . sin? x . sin x sin x 
= {1—cos x= sn x } = lim ——— = lim —_ 
x>0x(1+cosx) +x0\ x 1+cosx 
sin x sin 0 


_ sinx 
= lim lim =| 
x>0 Xx x>0 1+ cosx 1+cos0 


while one other method is shown in Sect. 2.6. 


1.50. Note that sinc (x) function is defined so that argument of sinus is equal to the denominator. If 
that is not the case, it is necessary to use algebraic transformations followed by the change of variables 
technique, as 


1 


we en ais 
mo Se ae {t =2x} = tim —* 9 
x0 x x30 2 x x>0 2x 0 ¢ 


1.51. Both numerator and denominator may be forced into sinc (x) form; as x 4 0, it follows that 


: 5x sin(5 
4sin(sx) , SING*) gk 
m ——— = lim ——_——_ = - =5 
x>0 sin(4x) x>0 sin(4x) x x30 X 1 
— = sin( 
4 x 
4x 


1.52. Both numerator and denominator may be forced into sinc (x) form; as x 4 0, it follows that 


1 


| sin( 
in(2 = sin(2x 2. 2 
my ee = din OS = tim a 
x>0 sin(3x x>0 =~ sin(3x) > x ain 


3x 
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1.6 Limits Based on the Constant e 


1.53. As the e limit requires x in the exponent, it follows that 


1\3* We x e743 
tim (14+ ~) = im | (1+ =) =| jim S =e 
X00 x x00 x 2 Co Xx 


1.54. By definition, the numerator of the inverse term in the sum must be equal to one; therefore, the 
change of variable is applied as 


2 
2\* —-=- », x=2t, 1 2t t 
lim (1+ =) = ix t = lim (1+7) =] lim (44 - =e 
x—>00 x too t t—> t 
x7m7Owo .. t7- }w 


1.55. By definition, the denominator of the inverse term in the sum must equal to one; therefore, the 
change of variable method is applied as 


1\* — So fe Sey 1\2 : 
lim (1+5) = {2x t¢t 2 } = lim (1+7) = | lim [44 - = Je 
x> 2x t>00 t i t 


x= 00 J. ES CO 


1.56. The exponential term may be resolved as 


1 x+5 1 x 1 5 1 x 1 5 
lim {1+— lim 1+- 1+- = lim [1+ —- lim {1+— 
x00 x x00 x x X00 x X00 x 
x, @ Q, 
e600 x wOOO X 


1.57. After algebraic transformations, it follows that 


x 
1 


a ae 1 lims<P 1 1 
lim = lim = == -,= 
x>eo \l+x x—>00 1+x . 1+x } e 
an limy—s 50 | ——— lim, _ 
Xx x x 


1.58. Evidently, this form hints to some relationship with e; however, the exponential term is not 
right — instead of x, there is 1/x function. One possible way to transform this limit’s form may be by 
exploiting properties of logarithmic functions as follows. 
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ifx >0 then: el" S@) — f(x) 
Ina? = bina 


lim In f (x) = Inlim f (x) 


. Nh a i 1 
lim exp {Inj 1+ —- = lim exp({ — In{1+—- 
X00 x x— 00 Xx XxX 

0 0 
= ex0( Jin lim in( 1 +f )) 
oxX xX>00 EX: 


= eo Int _ 40 _] 


{= 

Qe 
<i 
+ 

Sle 
ll 


1.59. With the same ideas as in A. 1.58, it follows that 


1\* le aia 1 1 
lim (1 + =) = lim exp | In (1 + =) = lim exp (- In (1 + =) 
X00 x X00 x X00 x x 
0 


wa 


1.60. The combination of algebraic transformations and the change of variables leads to 


x4+3\*t! x-1l=t .. x=t+4+1 picay ir 
tim ( ) = = jim (“**) 
x-oo \ x — ] x>0 . t>ow t>00 t 


0 
p+a\! #447 A\' 4 2 
= lim (=) lim (=) = lim (1+ *) lim (1+ ) 
t>0o t too t too t too t 
4 . 
i 5 1 


er 
= lim — =e 
a P 


1.61. Direct substitution method results in a non-defined form as 


lim => = — 
x0 x 0 0 0 
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Among other techniques, algebraic resolution of this limit by the change of variables method may be 
as follows. 


e“—l=t .. ifx—>0O ,then t—-0 


1 
eM att+lo=x=— 7 inl +?) 


ex — 1] _ t _ 1 1 
~ ol sae | ~ I/x 
x 5 In(1 +12) - In(l +1) Indi +f) 
so that the original problem is transformed into 
e* —1 1 1 1 


lim. ———— = =-2 = 2 — =—2-1=-2 


—2 lim 
x30 Xx 7-0 Indi +r)! e Ine 
In | lim, tl 


1.7. _ Limits Involving Trigonometric Functions 
1.62. Direct substitution method results in 


lim x sinx = 0 sn0=0 
xz 


1.63. Direct substitution method results in a non-defined value at x = 0, as 


sin(sinx) sin(sinO) O 
a _ = 


x>0 x 0 0 


Algebraic transformation may be as follows. 


sin(sinx) sinx _ sin(si » Si 


- = = i 
x30 x sin x s0 sinx 0 x 
1.64. Direct substitution method results in a non-defined value as 


_ l—cos2x l1—cos2:0 0O 
lim = = 
x>0 x2 02 0 


which is to say that this function is not continuous at x = 0. Therefore, this limit must be resolved 
by other methods. The change of variables method combined with the basic trigonometric identity 
sin? x + cos? x = 1 as well as result in A. 1.44 may be used as follows. 


. l—cos2x t : 
lim ——"= = [2x =1 “. xX=- as wellas, if r>0>1>0] 
x>0 x2 2 
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. Ll—-cost 1+ cost . 1 —cos?t . sin? t 1 
=4 lim = 4 lim ~————_ = 4 lim a 
t>0 ff? 1+cost t>0 t2 (1+ cost) w>0 «ft? = (14+cost) 


: 2 
. sin t : 1 5 1 
= 4 [lim —)} lim —— =4.1* —_=2 
t-0 «oft t-0 1+ cost 14+1 


1.65. As an extension to A. 1.44 and A. 1.64, it is straightforward to write 


_ Ll—cos2x _ Ll—cos2x _ Ll—cos2x 1 
lim t———— = lim z = lim 5 me = = 
x>0 xsiInx x30 ° : x>0 x . 
— xX SINX lim,_,0 peaiaiiaicadan 
x 


1.66. Direct substitution method results in a non-defined value at x = 2, as 


— . fx2-4 (2-4 _ 0 
lim sin = sin = sin - 
x2 x—-2 2-2 0 


Algebraic identities may be applied as follows: 


.. (x -4 _. { &=2)(x +2) . 
lim sin = lim sin | ———————— } = sin 4 
x> x—-2 x2 x= 


1.67. As given, lim (1 + sin ae this limit is not defined at x = 0 due to the inverse exponent 
term. There are multiple techniques that may be applied. For example, 


Method 1: Resolution of this limit may be reached by applying a non-rigorous but correct argument 
as follows. For small argument, i.e., in the proximity of zero, there is a well-known “small angle 
approximation” (see Taylor expansion examples) stating that as > 0, then sinx — x. That being 
said, it is correct to conclude that 


Ix . 
lim (1 + sin” *) =lim(1 +2)" =e 


Method 2: Otherwise, algebraic transformations may be applied as follows. 


é\ lima ®t 
1 sin 1 sinx 
lim (1+sinx)* °° = lim (1 +sinx)a “= (tim (1b sina” ) Eng 
x>0 x>0 x 
1.68. Direct substitution method results in a non-defined value at x = 0, as 


: “—cosx e —cos0 0 
lim = = 
x0 x2 02 0 


Algebraic transformations may be as follows: 


2 1 

_  e* —cosx . e —l1+1—cosx . e -i 1 —cosx 
lim t———— = lim —_—_. 
x>0 x 


where the first limit may be resolved as 
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Pe | ef —-1=t -, x? =In(t+1) 
lim = 
x>0 Xx x>0>3>t-0 
t 1 1 1 
nee od eet 2 
t> i= t> 
> In +1) . in (im pHi ) 
1 
|= — 1 
Ine 


and the second limit may be resolved as 


. l-cosx 1+ cosx : 1 —cos? x 
lim = 


sin? x 


; mn ———__—_, = in 
x>0 x l+cosx «x30 x*(1+cosx) x30 x*(1+cosx) 


( si ) 1 I? 
= hi ———— lim 7=—— = — 
0 x (l+cosx) 2 


Therefore, in total, 


2 
x 


e* —cosx e —1 1 —cosx 


lim. ————— = lim + lim = 


x>0 x2 x> x2 x>0 x2 


1.69. Direct substitution method results in a non-defined value at x = 0, as 


1 — cos(1 — cos x) _ 1 — cos(1 — cos 0) _ 1 — cos(0) _ 0 


lim 
x0 x4 04 


0 0 


Using half-angle trigonometric identity, algebraic transformation may be as follows. 


. 1—cos(1 — cos x) 9 : 
lim 3 = {1 —cos(2a) = 2sin*(a) } = lim 


_ . i) _ —_ . 
= {sin*(z/2)=0} = lim 


x> x4 


= lim ———— = li 


1 — cos(2 sin?(x/2)) 


x4 


1— cos(2 0) i 2 sin? 0 


= him 
x0 Xx 


4 


x0 x x0 


2sin’(sin®(x/2)) _ | sin*(sin(5)) (sin?(3))” 
" 2 


sin(sin?($)) sin(sin?($)) sin?(4) sin*(4) 


= lim ae =a 
x0 sin” (3) sin’ (5) 


1 sin(sin?(x/2)) \” 
a (in ae (im 
8 \x+0 sin® (x /2) x0 


2 x? 4 x? 


59 4 
sin(x/2)\* 
x/2 ) 


34 1 Limits 


: 2 : 
1 _ Sh . Sh 
=-|{ lim li 
8 0 oa x0) =D 


1.70. Direct substitution method results in a non-defined value at x = 0, as 


1—J/cos2x cosx 1 — /cos(2-0) cos(0) _ 1-1 _ 0 


a x2 - 02 0 0 


nn 
a 
ll 
Cool 


Algebraic transformation may be as follows. 


i 1—<Jcos2x cosx 1+ ./cos2x cosx . 1 — cos? x cos 2x 
im ———— = lim 
x30 x? 1+ J/cos2x cosx  *>0 x2 (1 + /cos 2x cos x) 


1- 2 1—2si 2 
= {1 —cos(2a) = 2sin’(a) } = lim cos? x ( sin” x) 


x0 x2 (1 + Jcos 2x cos x) 


1 1—cos?x +2cos?x sin? x . sin? x +2cos?x sin? x 

= in ——— = lim — 

x70 x2 (1 + /cos 2x cos x) x0 x2 (1 + /cos 2x cos x) 

1 1 
( : si ) i 1 fa ( ? si ) ‘ 2 cos? x 
— i im i im 
0 x x>0 (1 + /cos 2x cos x) SO XX x>0 (1 + /cos 2x cos x) 
1 2 cos? 0 1 2: 3 


(1+ Vcos2-0 cos 0) (1+ -+/cos2-0 cos 0) 2 2 2 


1.8 Limits of Piecewise Functions 


1.71. Give absolute function, by definition, if x < 0, then |x| = —x; therefore, direct substitution 
method results in 


li = lim (—x) = (—(—2)) =2 
Jo Ba 2) 
1.72. Given absolute function, direct substitution method results in 

lim |x+1)/=|—1+1]=0 
This function is continuous at x = 0. 


1.73. Given absolute function, direct substitution method results in 


_ |x| 0 
lim — = - 
x>0 X 0 
because sign (x) = |x|/x = x/|x| is not continuous at x = 0. Therefore, limits must be resolved 


separately from the left and right sides of x = 0, as 
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Fig. 1.12 Example P.1.73 


. Xx : 
x<O: 3. |jxJ}=-x 3S lim49 — =lim -l1=-1 
|x| x x0 
lim — 
x>0 X x 
x>0O: .. |x} =x => lim,.9 - = lm 1=1 
x x70 


which is to say that, because the left- and right-side limits are not equal (see Fig. 1.12), this limit 
does not exist. Function sign (x) belongs to the family of special functions that is very important in 
mathematics and engineering. 


1.74. Given absolute function, direct substitution method results in 


. |x-2I |2 —2| 0) 
lim = = 
x32 x—2 2-2 0) 


Because this function is not continuous at x = 2, limits on the left and right sides of x = 2 are 


. |x-2I 
lim 
x32 x —2 
; =o ee 
x—-2<0: ..x <2 then |x —2| =—-—(x* -2) ee og 
as x- x> 
x-2>0: ..x>2 then |x -2|/=x-2 => lim, 59 -— = lim l= 


x—2 x2 


which is to say that, because the left- and right-side limits are not equal, this limit does not exist. 


1.75. Given piecewise linear “unit step (Heaviside step)” function u(x) as 


nt =timd > * =” 
x>010 (x <0) 
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Fig. 1.13 Example P.1.75 


which is to say, limits of the constants “1” and 0 are simply the constants themselves. It is evident 
that the left- and right-side limits are not equal (see Fig. 1.13); therefore, this limit does not exist. The 
point of discontinuity x = 0 is included in the equality part of x > 0 definition. 


1.76. As defined, this function 


: 3 (x > 2) 
lim 
x>2 11 (x < 2) 


is not continuous at x = 2. For the reason that the left-side and right-side limits are not equal, lim,_,2 
of this function does not exist. 
1.9 Asymptotes 


1.77. Given rational function may be factorized as 


foes 
x O(x) 


There is one point of discontinuity that is calculated as the root of denominator Q(x) = 0, i.e., x = 0, 
that separates total domain into two intervals: (—oo, 0) and (0, +00) (see Fig. 1.14). By consequence, 
there is one vertical asymptote at x = 0. The study of a function with one discontinuity therefore 
requires calculation of four limits in total. 


Horizontal asymptote(s): 


1. Left-side limit as (x + —oo): 


. @ 
lim — =Of 


xX—-00 xX 


2. Right-side limit as (x — +00): 
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. i 
lim — = 0| 


X00 X 


In conclusion: as these two left-/right-side infinite limits are equal, it is said that horizontal 
asymptote does exist at y = 0. 
Vertical asymptote(s): 


3. Left-side limit around vertical asymptote x = 0: 


lim — = —oo 
x>0X 


4. Right-side limit around vertical asymptote x = 0: 


lim — = +00 
x>0X 


As these two left-/right-side limits are not equal, it is said that limit lim,_,9 does not exist. 


Oblique asymptote(s): 
In order to determine the existence of oblique asymptotes yp» = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


1 
ns Gh Es tie B86 
x30 X x00 x 


Given that a = 0, it follows that yp, = D, that is to say, there is no oblique asymptote. 

The sketch of this function (see Fig. 1.14) illustrates tendencies of these four limits, as well as 
positions of vertical and horizontal asymptotes. Evidently, just by knowing function’s limits, it is 
possible to sketch its rough graph. 


Fig. 1.14 Example P.1.77 
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1.78. Given rational function may be factorized as 


— xk | P(x) 
I= sy = Oe 


Possible discontinuities would be at Q(x) = 0 points. In this case, x?+1 # Oin R domain. Therefore, 
there are no vertical asymptotes. The study of a function without discontinuities therefore requires 
calculation of two limits in total. 


Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): 


lim = lim = 
x00 x2 + J] x—>—00 x (x + 1/x) —0o 


# 1 Lo) 


where “ 0[” reads as “approaching y = 0 from below (i.e., negative y-axis side)”. 
2. Right-side limit as (x — +00): 


1 
lim = lim = 
x oo x2 + | x>oo ¥ (x + 1/x) CO 


where “ 0|” reads as “approaching y = 0 from above (i.e., positive y-axis side)”. 
Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes yp» = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


f@)_., x x 1 


a= lim =0 


————_— = lim —1—_ = — 
x00 X os x (x2 +1) pee a (x2 + 1) CO 


Given that a = 0, it follows that yp, = b, that is to say, there is not oblique asymptote; see Fig. 1.15. 
However, note that function can cross its horizontal asymptote. 


1.79. Given rational function may be factorized as 


_ x _ x _ P(x) 
IO) =a GaGa) OG) 


There are two points of discontinuity that are calculated as roots of denominator Q(x) = 0: 
(x +2)(x -—2)=0 «. x) =-2, x2 =2 


that separate total domain into three intervals, (—oo, —2), (—2, 2), and (2, +00) (see Fig. 1.16), where 
within each interval, there are two limits to calculate (left and right sides). By consequence, there 
are two vertical asymptotes: at x = —2 and x = 2. The study of a function with two discontinuities 
therefore requires calculation of six limits in total. 
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Fig. 1.15 Example P.1.78 


Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): 


; x° Ex 
a, x2—4 _ athe Ape x—>—00 
oa ) 


2. Right-side limit as (x — +00): 


ca xe 


lim = lim 


x>00 x2 —4 me (I 4p”) x00 


In conclusion: as these two left-/right-side infinite limits are not equal, it is said that horizontal 
asymptote does not exist. 


Vertical asymptote(s): 
3. Left-side limit around vertical asymptote x = —2: 


; x ; “3 (—2)3 
lim — lim ——— ee lim = 
r202—4 a2 -Da+D 19-2(—-2—-DOE+D 


—8 —8 
= li —_,. wa if —2 2 0 = = 
ron? —AGe + 2) | 403° 
4. Right-side limit around vertical asymptote x = —2: 
: x : (-2)° 


lim ——— = lim a es im —-—_—_ 
re2x2—4 0 x9 -2(K-—DR+2 9-2 (-2- 242) 
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—8 
—4( 0 ) 


lim oo 
x>~2 —4(x + 2) 


{ifx >—-2 .. @+2)>0}= = +00 


As these two left-/right-side limits are not equal, it is said that limit lim,_,_2 does not exist. 
5. Left-side limit around vertical asymptote x = 2: 


ee ' as (2)3 
lim = lim —WH — = lim — WW 
x2 x2—4 292 (x-—D+2) x2 (x —2)(2+2) 
: : 8 
= lim —— = {ifx <2 Fis (x — 2) <0} = —— =-0co 
x2 4(x — 2) 4(0 ) 
6. Right-side limit around vertical asymptote x = 2: 
x x (2)3 
lim = lim ——— = lim —— WH 
x92 x7-4 x92 (x—2)(X42) x2 (X—2)(242) 
= lim ——_ = {iese2 * evbetle— 2a 
x> 2 4(x — 2) 4(0 ) 


As these two left-/right-side limits are not equal, it is said that limit lim,_,2 does not exist. 


Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes y,, = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


a= lim *—4 = lim —2— = lim ——*>___ = 1 


and 


: x . x3 — x(x? — 4) ; Ook + 4x 
b= lim —-x)J= li —— = lin — 
x00 \ x2 — xX—>00 x2—4 xX—>00 x2—4 
4 4 


ea ae: — 4”) X>OOX 


Therefore, there is one oblique asymptote y,, = x; see Fig. 1.16. 


1.80. Given rational function may be factorized as 


x—-—1 _ x—-1 _ x-—1 _ x-1 _ PQ) 
e4SK4+6) 224249046 264243049) G@FDGE+3) OG) 


f) = 
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Fig. 1.16 Example P.1.79 


There are two points of discontinuity that are calculated as roots of denominator Q(x) = 0: 
(x+2)(x4+3)=0 0. xy =—-2, 1. = -3 

that separate total domain into three intervals, (—oo, —3), (—3,—2), and (—2,+00) (see 

Fig. 1.17 (left)), where within each interval, there are two limits to calculate (left and right sides). By 

consequence, there are two vertical asymptotes: at x = —3 and x = —2. The study of a function with 

two discontinuities therefore requires calculation of six limits in total. 


Horizontal asymptote(s): 


1. Left-side limit as (x + —oo): 


where “ O[” reads as “approaching y = 0 from below (i.e., negative y-axis side)”. 
2. Right-side limit as (x — +00): 


1 
x1  #(l- #) 4 1 
lim —————. = _ lim lim == 
x>too x2? + 5x +6 x>5+00 0 x>toox +5 +00 
x (x +5+ gf 


where “ 0|” reads as “approaching y = 0 from above (i.e., positive y-axis side)”. 

In conclusion: there is one horizontal asymptote at y = 0; see Fig. 1.17 (right). Note that graph 
does not show completely x > O side — after reaching its maximum, this function drops to zero as 
correctly calculated by lim,_, +0. 
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Vertical asymptote(s): 


1. Left-side limit around vertical asymptote x = —3: 
. =) . =a 1 ; —4 
iim, —— A. =-_s Fim_—s~X A _ = lim. ——_ 
x3 (XA 2)(KX43) 4923 (-3+2)%43) 223-43) 
; —4 
— {if x <=) (6-3) 0S = + 3) *O}= 7 cite 
2. Right-side limit around vertical asymptote x = —3: 
. x-1 . —3-1 ; —4 
iim, —— A. =_s Fim_—s~X A _ = lim. ——_ 
r-3@F DAP) 29-3 (—342IH43) x-3-@ $3) 
: —4 
— {if x >—-35 («+3) >05 -( +3) <0} = Teac 


As these two left-/right-side limits are not equal, it is said that limit lim,_,_3 does not exist. 


3. Left-side limit around vertical asymptote x = —2: 
: x—-1 : —2-1 . —3 
im ——_——_ =_ lim ——W— = lim —— 
x92 (KX 4+2)443) 29-24 4+2)(-243) 19-2 (4 +2) 
; —3 
= {ifx <-2> (+2) <0}= az =+% 
4. Right-side limit around vertical asymptote x = —2: 
; x—1 ’ —2-1 ~3 
iim, —————. =_ lim. ———__—_—_ =. lim. ——— 
x2 (KF 2443) 2972 42)(-243) x92 (K+ 2) 
‘ —3 
= {if x > —2=> (x+2) 20} = Faas 


As these two left-/right-side limits are not equal, it is said that limit lim,_,_2 does not exist. 
Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes yp»p» = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


pa FO as c= a = Ye) 1 
a= lim = lim ——~——_—— _ = lim = 
x00 Xx x00 x (x24 5x46) x0 x (x7+5x+6) 0 


Given that a = 0, it follows that yp, = D, that is to say, there is no oblique asymptote. 

The sketch of this function (see Fig. 1.17 (right)) illustrates tendencies of the six limits, as well 
as positions of two vertical asymptotes. Evidently, just by knowing function’s limits, it is possible to 
sketch its rough graph. 
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ie) 
[© 


— 
ay. av 
=3 —2 0 


Fig. 1.17 Example P.1.80 


1.81. Given rational function 


x3 _ P(x) 
2(x+1)2 Q(x) 


f(x) = 
There is one point of discontinuity that is calculated as the root of denominator Q(x) = 0: 
Ax+1?=0 .. x+1=0 «. x, =-1 
that separates total domain into two intervals, (—oo, —1) and (—1, +00) (see Fig. 1.18), where within 
each interval, there are two limits to calculate (left and right sides). By consequence, there is one 
vertical asymptote: at x = —1. The study of a function with one discontinuity therefore requires 
calculation of four limits in total. 


Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): 


x3 . x x 


lim Tea hy ae lim i lim = = —90 
xXx—>—00 xX—>—00 Xx—>—00 
2. Right-side limit as (x — +00): 
x? 3 x x 
= m—-~=o© 


lim 5 lim z= lim I= li 
x00 2(x + 1)* x00 2(x + 1) X00 2 A(1 +I 3 x00 2 


In conclusion: as both of these left-/right-side limits tend to infinity, it is said that horizontal 
asymptote does not exist. 
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Vertical asymptote(s): 


3. Left-side limit around vertical asymptote x = —1: 
- (-1)3 -1 
el 2x + 1)2 ol (x + 1)2 {(x les } 2-0 oo 
4. Right-side limit around vertical asymptote x = —1: 
x (-1)3 -1 
ron We +2 2-1 2@ + 1? iat = 3 ee 


As these two left-/right-side limits are equal, it is said that limit lim,_,_2 does exist and, in this 
case, tends to —oo; see Fig. 1.18. 


Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes yp, = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


xe . | 1 


| 


im —W¥—— = lim 
roe 2x (+I > Baye)? 2 


and 
0 
: 3 1)? 2x?7(-1-1 
ies Tig a ws Ge ee ( Ve), 
X00 2(x + 1)2 2 X00 2(x + 1)2 X00 27 (1 +e"? 


Therefore, there is one oblique asymptote ya, = x/2 — 1; see Fig. 1.18. 


Fig. 1.18 Example P.1.81 
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1.82. Given rational function may be factorized as 


x+x41 = P(x) 
x Q(x) 


(ease 
X 


There is one point of discontinuity that is calculated as the root of denominator Q(x) = 0, i.e., x = 0, 
that separates total domain into two intervals: (— oo, 0), and (0, +00); see Fig. 1.19. By consequence, 
there is one vertical asymptote at x = 0. The study of a function with one discontinuity therefore 
requires calculation of four limits in total. 


Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): 


. we txtl X(x+14I4°$ 
lim —MWW— = lim 
x—>—00 x xX—>—00 x 


= lim «+1)=-c 
xX—>—00 


0 
eoxtl . £64141) 
m —— = lim 


x00 x x00 


= lim (x + 1) = 
X>0O 


In conclusion: as these two left-/right-side infinite limits are not equal, it is said that horizontal 
asymptote does not exist. 


Vertical asymptote(s): 


3. Left-side limit around vertical asymptote x = 0: 


1 1 1 
lim (s+1+2)= lim (1+2)=14 lim — = —oo 
x> 0 x x> 0 x x>0 0 


4. Right-side limit around vertical asymptote x 


| 
i? 


As these two left-/right-side limits are not equal, it is said that limit lim,_,9 does not exist. 


Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes yp» = ax + D to the given function, it is 
necessary to evaluate the following limit(s). 
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Fig. 1.19 Example P.1.82 7] 
Fle) 2 
fo 
a 


, FR — ew 4+xtl 
a= lim = lim —,— = lim 
x>0oo X X00 x x00 as 


and 


. 1 » 1 1 
b= lim (¥+1+--7)=14+ lim -=1+ =1 
X00 x X>OCOX CO 


Therefore, there is one oblique asymptote yaa = x + 1; see Fig. 1.19. 


1.83. Given rational function 
x—-—1 _ P(x) 
Vx24+1 Ox) 


as Q(x) # 0 in R domain, this function is continuous. By consequence, there are no vertical 
asymptotes and therefore only two limits are calculated. 


f@) = 


Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): direct substitution method results in 


x—-1 . x (1-14) ; x 


= lim —— = lim —=-— 


a yee | 0 Ix] 
x7>-Ow x + 43> X7>—-OO 1X 
Ix] Vv 1+ La” 


2. Right-side limit as (x — +00): similarly, 


x—-l : x 


lim —— = lim — = 
X00 Jx2 41 X00 |x| 
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In conclusion: on the left side for x < 0, there is horizontal asymptote at y = —1, and on the 
right side for x > 0, there is horizontal asymptote at y = 1. 
Vertical asymptote(s): as this function is continuous, there are no vertical asymptotes. 
Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes yp,» = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


x-1 (1-18 


Therefore, there are no oblique asymptotes; see Fig. 1.20. 


1.84. Given rational function may be factorized as 


x+1 x+1 _ P(r) 


I'="aaa JG=DEED OW) 


There are two points of discontinuity that are calculated as roots of denominator Q(x) = 0: 
(x +2)(x -—2)=0 ». x) =-2, x2 =2 


that separate total domain into three intervals: (—oo, —2), (—2, 2), and (2, +00); see Fig. 1.21. Note 
that this function is not defined within (—2, 2) because the square root argument must be positive in 
R domain. Consequently, neither the right-side limit at x = —2 nor the left-side limit at x = 2 is 
defined. In this case, calculation of four limits in total is required. 


Fig. 1.20 Example P.1.83 
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Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): 


. x+1 x (1 al : x 
oi JG DEED Fs Se ee 
: inl (1-24 J(1 +207) 


2. Right-side limit as (x — +00): similarly, 


x+1 : x 
mn ————— _= lim — = 
roo /G—D+2) 10 |x| 
In conclusion: on the left side for x < 0, there is horizontal asymptote at y = —1, and on the 


right side for x > 0, there is horizontal asymptote at y = 1. 


Vertical asymptote(s): 


3. Left-side limit around vertical asymptote x = —2: 


pa ae ; (—2)+1 = 


2 VG-DEFD 2 ed ae 


= {ifx <-2> (+2) <0} = —00 


“a 0) 


4. Right-side limit around vertical asymptote x = —2: not defined. 


As these two left-/right-side limits are not equal, it is said that limit lim,_,_2 does not exist. 
5. Left-side limit around vertical asymptote x = 2: not defined. 


6. Right-side limit around vertical asymptote x = 2: 


i x+1 . 2+1 : 3 

im = Jim ——____ _ = ]im ——___ 

i392 J/@—Dat2) 2JG—-D2F2) +2/4G—2) 
3 


= {ifx >2> @-2)>0} = ___= 
[4.0 ) 


As these two left-/right-side limits are not equal, it is said that limit lim,_, does not exist. 


Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes ypp» = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 
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Fig. 1.21 Example P.1.84 f(x) | 
| 
| 
a.h. | : 
ain a ios a 
| | 
° ace x 
— 1 i ere 
a.h. | | 
ay. | a.v. 
0 


lim gaits = lim £Ut) Sie = 
x00 tf /(x — 2)(x + 2) mr el (I — 2 \(1 +2407) soo |x| 


a= 


Therefore, there are no oblique asymptotes; see Fig. 1.21. 


1.85. Given function 
1 
fx) = xe? 
There is one point of discontinuity at x = 0, due to 1/x power term, that separates total domain into 
two intervals, (—oo, 0) and (0, +00) (see Fig. 1.22), where within each interval, there are two limits 
to calculate (left and right sides). By consequence, there is one vertical asymptote: at x = 0. The 
study of a function with one discontinuity therefore requires calculation of four limits in total. 


Horizontal asymptote(s): 


1. Left-side limit as (x — —oo): 


1 
1 
lim xe* = lim x lim c! = 00: exp ( lim =) = ~00 = 00 


x—>—0O x—+>—0O x7>-0CO 7>-CO Xx 


2. Right-side limit as (x — +00): 


x00 X00 x00 x 


1 
1 
lim xe* = lim x lim e# = 00: exp (tim ~) = 00:2" 00 
x—0O 


In conclusion: as both of these two left-/right-side limits tend to infinity, it is said that horizontal 
asymptote does not exist. 
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Vertical asymptote(s): 


3. Left-side limit around vertical asymptote x = 0: direct substitution method results in 


lim xel/* = (.im x) (ers ") = (0) (e®) =0-0=0 


x> 0 
fait 


4. Right-side limit around vertical asymptote x = 0: direct substitution method results in 


ime (im *) (ne ") = (0) (e*%) = 0-00 


x> 0 x>0 
< - 


which is a non-determined form, thus must be resolved by some other methods. This classic 
form of limit is resolved most elegantly with L’H6pital’s rule (the seventeenth-century French 
mathematician Guillaume de |’ H6pital) after some algebraic transformations. For example, 


1/x 
4 . e oo 
lim xe!* = lim — = — 
x> 0 x>0 1/x CO 


which is the form required by L’H6pital’s rule. Or, similarly, 


1 1 em a, 
Him xe = |b erp et 2x 01 oo} = tim © im et = 00 
x> 0 x a — x>oo ¢ X00 


where the last limit to infinity is a classic form easily resolved by L’ H6pital’s rule (see Sect. 2.6). 
As these two left-/right-side limits are not equal, it is said that limit lim,_,9 does not exist. 


Oblique asymptote(s): 


In order to determine the existence of oblique asymptotes yp» = ax + b to the given function, it is 
necessary to evaluate the following limit(s). 


x el/x 


a= lim = lim e/* = 2° =1 
X00 x xX 0oO 
and 
1/x = =— 
e/*-l=t 3>x = —- 
b= lim (xe'/* — x) = lim (x (e* —1)) = Int + 1) 
X00 x00 


x>os>t-0 


1 . 1 1 1 


t 
= lim —— = lim = lim — - = i 
x>0In(t+1)  x30(1/t) Int@+1) x0 In(t + 1)1/4 In (lim,—o(1 + i") jae” 


=1 


Therefore, there is one oblique asymptote yaa = x + 1; see Fig. 1.22. 
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Fig. 1.22 Example P.1.85 


® 


Check for 
updates 


Derivatives 2 


Notation: there are two standard notations for the derivative operation: 


1. In the case of single-variable functions, y’ is a derivative of y assuming that the relevant variable 
is a priori known, such as x or f. 

2. In the case of multiple-variable functions, for example, dy/dx explicitly specifies x as the relevant 
variable, where x may be one among possible variables. 


Basic function derivatives are obtained from the fundamental theorem of calculus and are traditionally 
given in the form of “tabular derivatives”, which are then simply used without additional proofs. 
Arguably, a minimal list of tabular derivatives and basic properties of derivation may be as follows 
(assuming that constant a > 0): 


Tabular derivatives: 


f(x) f(x) 
a = const. 0 
x* aa? 
1 
log, x, (x >0,a> 0) 
x Ina 
a“, (a>0) a“ Ina 
Ix sign(x) (x £0) 
sin x cos x 
cos x — sinx 
‘ 1 
arcsinx, (|x| < 1) —— 
V1 — x? 
1 
arccosx, (|x| < 1) = 
V1 — x? 
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Fig. 2.1 Geometrical 
interpretation of derivative 
as a tangent at a given point 


+ discontinuity 


1 
14+ x? 


arctan x 


Basic properties and rules of derivation: 


E f | =a f'(x) (constant a is factorized) 
f@+ so] = = f'(x) + ¢'(x) (derivative of a sum is sum of derivatives) 


[yen | = = f'(x) g(x) + f(x) g’(x) (derivative of a product) 


' f'x) g(x) — fx) g(x) 
g(x) 


(derivative of a ratio) 


|] - 


(x) 


f ceo] = f'(g(x)) g(x) (derivative of a composite function) 


Geometrical interpretation: Geometrical interpretation of a derivative at a given point (see Fig. 2.1) 
is as a tangent whose slope corresponds to: 


¢ Function increase, i.e., f’(x) > 0 
* Decrease, ie., f’(x) < 0 
* Constant, i.e., f’(x) = 0 (i.e., neither increase nor decrease) 


Problems 


2.1 Basic Derivatives 


Calculate derivatives in P.2.1 to P.2.24 by using the list of basic derivatives. 


2.3. Quotient Rule 


i 2.2. x3+2x+1 23, 1,133 
27 18 
2.4, 2 x3 2.5. <x! 2.6. 2x3 
x3 2 3 
2.7. »/x 2.8. x? 2.9. 5x —2Wx3 
2.10. x 2.11. = 2.12, af _ ve 42 
2.13. 1* 2.14. 2° 2.15. e* 
2.16. 10° 2.17. aX +x" 2.18. eX +x3 
2.19. Inx 2.20. logx 2.21. logs x 
2.22. Inx +e 2.23. Inx + 2arctanx 2.24. arcsinx — arccos x 


2.2 Product Rule 


Reminder: The product rule of derivation is 


(f(x) g(x)’ = f/x) g(x) + f(x) 8x) 


Calculate derivatives in P.2.25 to P.2.33. 


2.25. xsinx 2.26. e* cosx 2.27. 2x/x 
2.28. /xInx 2.29. x73* 2.30. (2x — 1)(1—~x) 
2.31. x —sinxcosx 232. P=) —3e4D) 2:53. eae =@) 


2.3 Quotient Rule 


Reminder: Derivative of a two-function ratio is done by the quotient rule, 


(2) _ fH) 8) ~ fo) s'@) 
(x) g?(x) 


Calculate derivatives in P.2.34 to P.2.42. 


56 


2.34. 


2.37. 


2.40. 


2.4 


tan x 


Chain Rule 


2.38. 


2.41. 


sin x 


Inx — 2 


Inx 


cos x 
1+2sinx 


2.36. 


2.39. 


2.42. 


2 Derivatives 


Reminder: Derivative of two or more composite functions is done by the chain rule, 


(F(g(x)))' = f’(g@)) 9’) 


That is to say, in the first step, derivative of most external function form, in this case 
f (argument), is resolved while keeping (argument = g(x)) form as is. In the next step, the 
argument derivative, here (g(x)), itself is resolved. Finally, the two results are multiplied. In the 
case of multiple chained functions, for example, f(f(i(x))), the same process is resolved until 
most inner function derivative is resolved and results are multiplied. 


Calculate derivatives in P.2.43 to P.2.75. 


2.43. 


2.46. 


2.49. 


2.52. 


2.55. 


2.58. 


2.61. 


ex 


cos(2x) 


i a/Ox — 5 


px? +2x— 1 


1 


log, (x? + 2x + 1) 


sin /x 


2.44. 


2.47. 


2.50. 


2.53. 


2.56. 


2.59. 


2.62. 


sin(x”) 
(1 — 2x) 


2 sin(In(3x°)) 


cos(sin(1 — x)) 


2.45. 


2.48. 


2.51. 


2.54. 


2.57. 


2.60. 


2.63. 


sin(abc x) 


x2 +2 


In(1 — x) 


sin(2x — 1) 


1 
In(sin x) 


2.5 Taylor Polynomial 


2.64. sin (<) 
x 


2.67. Lee _2x-1 
6 x24+x41 

2.70. sin(x — 1) 
cos(1 — x) 


1 
2.73. aa arctan 


2.65. 


2.68. 


2.71. 


2.74. 


In (sin. +714 sin? x) 


sin(x — 1) cos(1 — x) 


log(x — 1) 
cos(1 — x) 
Indn(n x)) 


2.66. 


2.69. 


2.72. 


2.75. 


log(x — 1) cos(1 — x) 


1 
log(2x — 3) 


sin 2x 
In ,/ ——_— 
1 — sin 2x 
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2.5 Taylor Polynomial 


Reminder: The Taylor polynomial of a function f(x) that is differentiable at a point xo is in 


the form 
=f (xo) z 
= d ~ (= 0) 
f(x) f' (Xo) 
= =e xo)? + 7 


where n! denotes the factorial of n (by definition 0! = 1) and f (xy) denotes the n-th derivative 


f" @o) 


(x — x0 


(ey ae 


at the point x9. By definition, zero derivative f (x) = f (x) and (x — xo)° = 1. 


Develop the following functions in P.2.76 to P.2.84 into its equivalent Taylor polynomials, and 
calculate only the first four terms of the polynomials. 


2.76. e, x) =0 


2.79. JX, Xo = 1 


2 


2.82. e*-* x) =0 


2.77. 


2.80. 


2.83. 


cosx, X» = 0 


In(1 +x), x» =0 


2.78. 


2.81. 


sinx, X9 = 0 


er »>x = 1 
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2.6 ~L'Hdpital’s Rule 


Reminder: L’H6pital’s rule is a very powerful technique to calculate limits that take the 
following non-determined indeterminate forms: 


0 0 0 
oe 0-co, 0, co, WC-—C 


However, note that L’ H6pital’s rule is applicable only in the case of rational functions that take 
the form of 


lim 


= = or, 
x>x0 B(x) 8 (Xo) 


0 ee) 


fe) f@o) _ @ = 


Only in these two cases, the rational function’s limit may be calculated after calculating one or 
more derivatives of its numerator and denominator separately, 1.e., 


if lim = 
x>x0 g(x) 


oe (5 or =) sy ped wee 


0 oo xx g(x) 440 g!(x) 


Orthogonality between two functions, for example, at a given point (x, y), relation f(x) L g(x) 
is satisfied for 


1 
UO. ede 
8) 


where yy is a derivative of f(x) and (—1/ yy) is a derivative of g(x), that is to say tangent, at a 
given point (x, y). 


Resolve limits in P.2.85 to P.2.93 by applying L’H6pital’s rule. 


sin(x) 


265° jin 2.86. lim —— 2.87. lim ae 
x 1 x-—1 x0 x x0 x 
2.88) ten 2.89, lim 20”) 2.90. lim 2) 
x0 x x>0 sin(4x) x0 sin(3x) 
2.91. In(sin x) 2.92. lim In(1 + x) 2.98. jim e* —cosx 
x >n/2 COSX x30 x x30 x2 
3:64) fies 2.95. lim — 2.96. lim xe 
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2.97. lim x Inx 2.98. lim x* 2.99. Aen eine" 


x>0\ Xx sin x x00 


1 1 : 1/x x+5 
2.100. lim (- as =) 2.101. lim x 2.102. lim (: ie -) 
Xx 


60 2 Derivatives 
Answers 

2.1 Basic Derivatives 

2.1. (x5)’ = 5x>! = 5x4 


2.2. (x? + 2x +1) = (x7) + x) + (1)! = 3x? +2 +0 


1 lL ay | ae ae 1 3 y) 3 x? 

7 a (a ec) ee ee fe Ft eo Se 2 —_ 

( ea 5") ( 4) Nise a9" * T8* is’ 1B” Is 

4 9 
24, (27 | ar? =e") Sa a en Sa a Se 

3 4 
Xx X 
/ 

re ee) ee ee | ee 

a 22 4 4x2 Ase 
a6. (4,4) £4 (2) mi td 

3 A x7/4 F7 
27. (fz) =(@!?) = 50104 2 yt = 

2 2 2/x 

Say — (23) — 223-1 2,-13_ 2 _2 } 

2.8. ( 2) (x ) 3° 3° IB 3 Ty 
3 . 3/3)! 1/4 "5 aig o o 1 
2.9. (S¥x— 2x3) = (Sx'4 — 2499) = (5x — 2x81) = 2x94 2 -i7e7? 
5 : 5 : —~1/4)/ 

2.10. (=) - (<2) sf 


1 5 1 
5(—-) 3/4 = > 
( i)* 4 Vx) 


1 \' : 4 4 1 4 1 4 1 
( 3 :) (x ) 3 3 ra 3 3/6 x 3 x2. Sx 


l s_ ve ‘=(}e)-(4) (asa hae Aa 
2.12. (5-442) =(5°) (5v5 + (2) =x ce 


2.13. (\*/ = 7 
2.14. (2") =2* In2 
2.15. (e*)’ =e lve” =e 


2.16. (10*)’ = 10" Inl0 
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2.17. 


2.18. 


2.19. 


2.20. 


2.21. 


2.22. 


2.23. 


2.24. 


2.2 


2.25. 


2.26. 


2.27. 


2.28. 


2.29. 


(a* + a =a‘ Ina+ax*! 


(e* fgg?) = (e*)’ + (x3) —_ e + 3x2 


; 1 1 
(nx) = —— ,; =— 
x 
x Ine 
1 ——— 
OES) = inal 
1 
l ‘= 
(logs x) In5 
: 4] 
(Inx +e") = _ tein = — es 
x Ine sa 
1 2 742x+1 
(Inx + 2 arctanx)’ = . 5 = 7 esl = 
lag 1+.x x(x? + 1) 
: ; 1 1 2 
(arcsin x — arccosx) = 


+ a 
V1—-x2 VY1l—-x? V1 —x? 


Product Rule 


(x sinx)’ = {(f(x)g(x)) = f’ (g(x) + fx)g' (x) } = x’ sinx + x(sinx)’ 


= sinx +x cosx 


(e* cos x)’ — (e*)’ cos x + e* (cosx)’ = e* cos x — e* sinx = e*(cosx — sinx) 


Qigx) = [x 20) = Qu/vr+ 2x (Vay = 2a +2 gh = ave ME 
=1i+ faa veaws 
/ / ! 1 1 
(JxInx) = (fx) Inx+./x (Inx)! = Ti A 


= WE 
~~ Dide g Seele 


(x? 3*)' = (x?) 3* + x? (3*)' = 2x 3* + x? 3* In3 = x 3*(2 + x In3) 
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2.30. 


2.31. 


2.32. 


2.33. 


2.3 


2.34. 


2.35. 


2.36. 


2.37. 


2.38. 


2.39. 


2 Derivatives 


((2x — Id —x))' = (2x —1)/(1—x)+ Qx —)U—x) =20 —x)—- 2x -1) 
=2-—-2x-2x+1=-4x+3 


Or, after polynomial development, the total derivative is calculated as 


((Qx — 1) — x))' = (—2x? + 3x — 1)’ 


=-4x +3 


(x — sinx cos x)’ = x’ — ((sinx)' cos x + sinx(cosx)') = 1 — (cos x cos x — sin x sin x) 


=l1- (cos? 


= 2sin* x 


x sin’ x) = 1-—cos?x +sin?x = {cos x + sin? x = 1} 


((x3 — 1) (2x? — 3x +.2))’ = (x3 — 1)' (2x? — 3x +2) + (x? — 1) (2x? — 3x +2)’ 
= 3x°(2x? — 3x +2) + (x? — 1)(4x — 3) 
= 10x* — 12x? + 6x? — 4x +3 


(x? +4°)( 


—a)) = (2 a2) (x? a) + (2 +02) (02-02) 
= 2x (x? — a’) + (x? +a’) 2x = 2x Ca = +x? +2") = 4x3 


Quotient Rule 


( 


aT) =i) t=2)= Or da) = weer. 1 
i=-x jf (1 — x)? _ (1 — x)? =F 
x ) _ x’ sinx — x(sinx)’ __ sinx — x cosx 
sinx/ sin? x 7 sin? x 
mt) _ (sinx)’ eX —sinx (e")’ _ cosx e* —sinx e* Zz ghee — sinx 
i a (ex)? 7 on efx 


cos x — sinx 


ex 
ve) (vx) Inx— Ye (Inxy — pyeinx— Jee xpye—Yye  Inx—2 
Inx]} In? x 7 In? x WW x Se In? x 
Inx — 2) (nx — 2)! Inx = (Inx —2)(Inx)’ x Inx — (Inx — 2) I/x 
Inx = In? x 7 In? x 
_Inx—(Inx—2) 2 
> x In? x ~ x In? x 


_ Gee +2) -G- eV +2 _ eX (e+2)—-G-ere* 


(ex + 2)? 
Beak oe oe ee Te* 
7 (+2)? ~ aay 


(+2) 


2.4 Chain Rule 

« if r , ‘: , ‘ ¥ 

j sin x (sin x)’ cos x — sin x(cos x) cos x cosx + sinx sinx 
2.40. (tanx)’ = = 5 = 5 
COs x cos’ x cos? x 
1 
cos” sin’ x 1 
cos? x cos? x 


or, 


cos?x+sin?x  ces*x sin? x 
cos? x cos7 x 


cos x "(cos x) (1 + 2sinx) — (cos x)(1 + 2sinx)’ 
2.41 (=) - (1+ 2sinxy 
(— sinx)(1 + 2sinx) — (cos x)(2 cos x) 

(14+ 2sinx)? 


_ —sinx — 2sin? x — 2cos? x an sin x — 2(sin? x + cos? x) 
(1 + 2sinx)2 ~ (1 + 2sinx)2 
sinx +2 


~ (1 + 2sinx)2 


2.42. ( tan x ) = (tan.x)/(1 — tan x) — (tanx)(1 — tanx)’ _ ic 2.40} 


1 —tanx (1 — tan x)? 
oe + Bh ol -tanc+ianr 1 
~ (1=tanx)? ~~ cos?x(1—tanx)? cos? x (1 — tan x)? 
or, 
_ 1+ tan? x 
~ (1 — tan x)? 


2.4 Chain Rule 

2.43. (e%)' = {(e/)' = ef fi} =e Gx) = 5e™ 

2.44. (sin(x?)) = {(sin f(x)’ = cos f(x) f’(x) } = cos(x?) (x?) = 2x cos(x”) 
2.45. (sin(abcx))' = {(sin f (x))’ = cos f (x) f'(x) } = abe cos(abe x) 

2.46. (cos(2x))’= — sin(2x) (2x)' = —2 sin(2x) 


2.47. ((1 — 2x)5)' = {((fe0)")’ =n( f(x)" ro| = §(1— 2x)! @ — 2xy 
= 5(1 — 2x)* (—2) = —10(1 — 2x)* 
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2.48. 


2.49. 


2.50. 


2.51. 


2.52. 


2.53. 


2.54. 


2.55. 


2.56. 


2.57. 


2.58. 


2.59. 


(V2) = (4297) = Ft 42)" (49) 


(=) 


(2 sin(In(3x?)))’ = 2 cos(In(3x)) (In(3x7))’ = 2 cos(In(3x7)) 


2 Derivatives 


! 1 1 Xx 
— x= 
2 ames Vx? +2 


= [eae] = ((2r-9)") = (2x9) 


~ 6 


1 


1 1 1 
Oy RE fo SS ee SO 
ll A ale ial al CT or 
2\/ 
3x2 ar Ga ) 
2 
= 2.cos(In(3x?))—= 6 2X4 (x) = 4 cos(In(3x*)) 
axt x 


1 
(el) _ el-* Ine” al ra x) = —el-* 


2 f 2 2 
(2°41) = 2°81 Ind) (? + 2x = 1! = In) 2x +2274 


= Z In(2) (x + 1) gr42x yf In(2) (x + 1) Qxr+2) 


1 


(e") =e" lne™ (x?) = 2x e* 


“—— 
fas) 
a 
= 
¥ 
wo 
eee 
ll 
a’ 
— 
fay 
nH 
ba 
uo 
— 
= 
ww 
NS 
ll 
—~ 
fas) 
a 
= 
ds 
Y 
—~_ 
tw 
— 
ll 
— 
fax} 
N 
s 
| 
es, 
ll 
No 
tax} 
nN 
s 
| 
—_ 


(In(l — x))' = 


~ eV2-3x 


1) = (ry = 
Pe = 


1 


1 


(log, (x? + 2x + 1))’ 


V2—x iw 


1 
7) 


(1 —x) Jae” 


~ G2 42x +1 InQ) 


1 


1 


1 
ev 23x 


(-3) (2 — 3x) 77/7 (2 -— 3x) = ; 


a a 
= XxX = = 
1-x x 


1 


2-+Ty 2 


(7? 42% 41) = 


| 
lee ((2 — 3x)7"””) 


i 
ev2-3x/(2 — 3x) 


2x +2 
In(2) (x? + 2x + 1) 


~ nQa+thi mQ@+) 


1 
2—-—x 


1 


(v2=3) = — 


(2—x) 1? (2-x) = 


((2- x)'?)' 


1 1 1 
2 
S ae ae ) 2(x — 2) 
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2.60. (sin(2x — 1))’ = cos(2x — 1) (2x — 1)’ = 2 cos(2x — 1) 


2.61. (sin /Z) = cos) (W/Z) = cos) (xy = cos(/Z) 5 x71? = SO) 
2 2% 
(cos(sin(1 - x)))’ =-— sin(sin(1 - 4) (sin(1 = x))’ 


= —sin(sin(1 — x)) cos(1 — x) (1 — x) 
= sin(sin(1 — x)) cos(1 — x) 


2.62. 


2.63. ( ; ) = ((In(sinxy)"") = = (In(sinx)) > (In(sin x9) 


In(sin x) 
1 1 ; F 1 cos x cotx 
=-T 7; (sinx) = — roe : = -—= 
In*(sin x) sina: dee” In*(sinx) sinx In“ (sin x) 
1\\' 1 1\' 1 1 
2.64. (si (<)) = cos (<) (=) = cos (<) x) = = cos (= ) (-l)x? = ei) 
x x x x x 
! 1 ! 
2.65. (In (sin x +vV71+4 sin’ x)) = (sin. +V71+ sin? x) 
sinx + 71+ sin* x 
1 Zsinx cosx 
= cos x -- ——————— 
sinx + ¥1+sin? x A/1 4+ sin? x 


cos x im x + sinx cos x 
si ¥ sin’ x V1-+ sin? x JV1-+ sin? x 


266, [sr Fl -G9 («n(2+:)) 
a GG) 
rene 
wa) 


_ ¥ 2 as td 
267. lia 2x —1 = 1 x-+x4+1 2x —1 
6 x24+x4+1 6 (2x —1) Ine \x?+x+1 


— ite F11 Ox - 1G? +x4D-Qx-DO? 4x40! 


~6 wx Gti ei 
1 ot Q(x? ++%+1)-— Qx—-—NDQx4+1) 
62x —1 x24+x+1 
—2x? +2x +3 


~ 62x —Do2+x4+) 


66 2 Derivatives 


2.68. (sin(x — 1) cos(1 — x))’ = (sin(x — 1))’ cos(1 — x) + sin(x — 1)(cos(1 — x))’ 
= cos(x — 1)(x — 1)’ cos(1 — x) — sin(x — 1) sin(1 — x)(1 — xy’ 
= cos(x — 1) cos(1 — x) + sin(x — 1) sin(1 — x) 
= {cos(x — y) =cosxcos y + sinx sin y } 


= cos(2x — 2) Lee” 


2.69. (log(x — 1) cos(1 — x))’ = (log(x — 1))’ cos(1 — x) + log(x — 1) (cos(1 — x))’ 


1 / 
= G-Dini0 (x — 1)’ cos(1 — x) 


— log(x — 1) sin(1 — x) 1 — x)’ 


= ns cos(1 — x) + log(x — 1) sin(1 — x) 


(= -1) ) cos(x — 1) cos(1 — x) + sin(x — 1) sind — x) (-1) 
2.70. = 
cos(1 — x) cos2(1 — x) 


{cos(—x) =cosx and = sin(—x) = — sin(x) } 


cos(x — 1) cos(x — 1) + sin(x — 1) sin(x — 1) 
cos2(1 — x) 


cos*(x — 1) + sin?(x — 1) _ 1 


cos?(1 — x) ~ cos2(1 — x) 


! cos(1—x) : 
271. Ge - 2) _ G=pmio t log(x — 1) sin — x)(—)) 


cos(1 — x) cos2(1 — x) 
_ cos(1 — x) — In 10 (x — 1) log(x — 1) sin(1 — x) _ Ina 
= In 10 (x — 1) cos*(1 — x) ~ ~ In 10 


cos(1 — x) — (x — 1) In( — 1) sin(1 — x) 
In 10 (x — 1) cos?(1 — x) 


2.72. (=) = ((log2x - »)') = — (log(2x — 3))~? (log(2x — 3))' 
1 1 
~~ Jog?(2x — 3) (2x — 3) In10 
2 
~ (2x — 3) In 10 log?(2x — 3) 


_ € wctan 2°") 1 1 Ee 1 Wy 2 
V3 J3 V3 Pi oe Oral 


(2x — 3)’ 
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1 1 1 


(In x)'= (xy 


In(dnx) Inx x Ine 


1 j 
2.74. (In(in(Inx)))'= =indng) ne (2m) = 


1 1 1 


~ Tndn x) Inx x 


sn2x.\ /1—sin2x 1 sin2x\' 
2.75. {| In,/ ———— } = ; - 
1 — sin2x sin2x Ine 1 — sin2x 


oy eee — sin2x \' 
Vo sin2x 2V  sin2x \1-sin2x 


1 1 —sin2x (sin 2x)’ (1 — sin 2x) — (sin2x)(1 — sin 2x)’ 
(1 — sin 2x)? 
1 1 2cos2x (1 — sin2x) — (sin2x)(—2 cos 2x) 


Indnx) Inx Ine 


~ 92 sin2x 


~ 2 sin2x 1 — sin 2x 

1 1 2cos2x —2 cos2xsin2x + 2sin2xcos2x 
~ 2 sin2x 1 — sin 2x 

1 1 Z cos 2x cot 2x 
~ % sin2x 1—sin2x 1 —sin2x 


2.5 Taylor Polynomial 


2.76. Given xo = 0 point and exponential function, the first four terms of Taylor polynomial are 


fase f0) = 1 
f@=e f@=1 
Ha) =e f"O=1 
fase 2. f"O=!1 
T(x) = 190, — 0° + —0)'+ OO — 0) + re Oe 0)? 
ae a 
Sa Ma ee 


That is to say, as more and more higher-order monomial terms are added, Taylor polynomial becomes 
a better and better approximation of f(x) (see Fig. 2.2 (left)), as 


(1) one-term approximation: 7; (x) = | is correct at only one point x = 0; 

(2) two-term approximation: 73(x) = 1 + x is a linear approximation around x = 0; 

(3) three-term approximation: 73(x) = 1 + x + x?/2 is a quadratic approximation around x = 0; 
(4) four-term approximation: 74(x) = 1 + x + x?/2 + x3/6 is a cubic approximation around x = 0; 
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Fig. 2.2. Example P.2.76 


and at the same time, as the polynomial order increases, the difference f(x) — T(x) is reduced 
within the given interval x € (—a, a) (see Fig. 2.2 (right)). Obviously, if the interval is increased, the 
approximation’s maximal error becomes larger. 

Estimate of difference between the original functions and Taylor polynomial may be estimated by 
calculating what is referred to as the remainder, 


(k+D (yy 
R(x) = earea = Sey 


where k is the highest derivative of 7;,(«) polynomial. For example, the upper bound of the four-term 
polynomial approximation within x € (—1, 1) interval may be estimated by calculating (k + 1)-st 
derivative and applying the remainder formula as 


f(x) — e Ai f*O) = 1 


IV 4 4 
(FO) 4 oy =< @ 


1 
= ((1)4| = — & 6.0417 
A! 24 24 


2.77. Given xo = 0 point and a sinusoidal periodic function, the first four terms of Taylor polynomial 
are 
f(x) =cosx, ». f(0)=cos0=1 
f'@)=-—sinx .. f'(0) =—sin0=0 
f"@) =-cosx ». f”() =—cos0=—1 
f(x) =sinx 2. f”"(0) = sind =0 


that is to say, 
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Fig. 2.3 Examples P.2.77 and P.2.78 


r= fe Oe, oy LO qo LO qo LOG oy 
1 1 0 2 
oe a a ta mle 


It should be noted that all odd-order polynomial terms are multiplied by zero. Therefore, quadratic 
polynomial reasonably well approximates cos x within around x = 0 point; see Fig. 2.3 (left). 


2.78. Given xo = 0 point and a sinusoidal periodic function, then 


f(x) =sinx .. f(0)=sin0=0 

f'@)=cosx «. f’'(0) =cos0O=1 
f"@)=-—sinx «. f"(0) =—sin0=0, 
f(x) =—-cosx o,f’ (0) =—cos0 = —1 


0 ‘0 "(0 "O 
ry 0 LO reo i 6 - 07+ FO - 09° 
0 1 0 1 , x? 
=o Pat Pg a 8 


It should be noted that all even-order polynomial terms are multiplied by zero. Therefore, cubic 
polynomial reasonably well approximates sinx within around x = O point within x € (—a,a) 
interval; see Fig. 2.3 (right). It is evident that, for x ~ 0, function sinx is very well approximated 
with only the linear term, this linear approximation sin x * x is very often used. 


70 2 Derivatives 


2.79. Given xo = | point and a square root function, the first four terms of Taylor polynomial are 
fa)avx -. fD=1 
/ 1 tf 1 
FO)= se -. P)=s5 


2./x 
Mae P"W=-5 
Ae 4 
f(x) —_ 3 é f" A) _ 3 
BV x5 7 8 
Therefore, 
(0) 1 | "YW Wd 
T(x) = niet) = ae —1)°+ mm re —1!+ i Ley —1)?+ 7 are =i" 
aie (x — 1)? + (x —1)° 
a 4x 2! 8 x 3! 
_ =i G@=1)P @=1) 
an ae aac aaa 


Comparison between f(x) and T(x) within a given interval x € (a, b) is shown in Fig. 2.4 (left). 


2.80. Given x9 = 0 point and a logarithmic function f(x) = In(1 + x), the first four terms of Taylor 
polynomial are 


f(x) =Ind+x) -. f(0)=0 


i. f OSt 


A as ee 


1 


“Gate? f"(0) =-1 


f"(@) = 


Fig. 2.4 Examples P.2.79 and P.2.80 


2.5 Taylor Polynomial 


Me = 2 ‘ m = 
M@O=qzppi - FO) =2 
Therefore, 
ee) ‘CO "(0 "oO 
sd : 7 “= 0) + Te — 0) + Te 0 + a 


1 1 
Sx- 5x + ral 


(x — 0) 


71 


Comparison between f(x) and T(x) within a given interval x € (—a, a) is shown in Fig. 2.4 (right). 


2.81. Given x9 = 1 point and an exponential rational function, the first four terms of Taylor 


polynomial are 


x 


f@)=sy + fa)=1 
f= . ray=o 
f(a) = <=  f"Q=-1 
fl" = —* 2 f") =2 
Therefore, 
T(x) = Lew -9°+ 9G -y'+ Fe -1 + F@—y 


1 1 
=i Ye iyo = 1 
a & ) +30 ) 


Comparison between f(x) and T(x) within a given interval x € (a, b) is shown in Fig. 2.5 (left). 


\ 


Woe 
AN 


NN 
WW \ \ \ N \ 


| 
Q 
oN 
Q 


Fig. 2.5 Examples P.2.81 and P.2.82 
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2.82. Given xo = 0 point and an exponential function, the first four terms of Taylor polynomial are 


(ose = FOS 
f'@) =e" Q-2x) 
f"(x) =e (4x? — 8x + 2) 
fms 


Therefore, 


oe — 0 + LO —0)! 


fO) 
ee a 


= 14 2xtx?— 52° 


fO=2 
f"O) =2 
ge (6 £04 = 104 = 4) 


ph (0) == 


(0) 
x= 0) + 7 (x 


= 0)? 


Comparison between f(x) and T(x) within a given interval x € (—a, a) is shown in Fig. 2.5 (right). 


2.83. Given xo = a point and a rational function, the first four terms of Taylor polynomial are 


1 
P= aay IO= 5 
, 2x M1) = 1 
(@= —GraDpe PM =—-5 
" = 23x? = 1) " = i 
YO =e OES 
_ _ 24x (x -—-la@st+l) ie 
f"@) = aie f") =0 
Therefore, 
1 al 1 md 
ra) = Me yp FOG ye FOG 4 LOG -1y 
_. eee. -1)? _ 1 1 > 
= 55h D+ 5 : =.=) Gi) 


Comparison between f(x) and T(x) within a given interval x € (a, b) is shown in Fig. 2.6. 


2.84. Given x; = a point and the inverse function, the first four terms of Taylor polynomial are 


f@) = 


f@=- 


1 
x 
1 

x2 


f= 


f=- 
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Fig. 2.6 Example P.2.83 


Fig. 2.7. Example P.2.84 f(x) 


— f(x) 
— T(z) 
V/s WD 
iN 
O + 7 
0 a x0 b 


2 
faa ze. fdy=2 
xX 


6 
f"@=-yQ FD =-6 
XxX 


Therefore, 
O(] 'd "qY md 
T(x) = rt @- 0+ e+ Se -4 E @-1)3 
_ 42 _ 193 
=i-yente" ar -s¢ 7 StaG=Da@olyoa=)) 


= —x3+4x7—6x+4 


Comparison between f(x) and T(x) within a given interval x € (a, b) is shown in Fig. 2.7. 
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2.6 —L’Hopital’s Rule 
2.85. Direct substitution method shows that for x = 1, this limit tends to the one of the non- 


determined forms, as 


— x7 +2x—3 17+2(1)-3 0 
lim = — 
x1 x-1l x=1 1-1 0 


Therefore, L’ H6pital’s rule may be used as 


2.86. 


2.87. 


2.88. 


2.89. 


2.90. 


2.91. 


2.92. 


2.93. 


— x? 4+2x —3 O\ m.. (x2 +2x — 3) . 2x+2 
lim = (|) tim SS = tim == = 4 
x>1 x-—1 x=1 \Q x >1 (x — 1)’ x>1 1 
. sin(x) sin(0) O\ mm ..  (sin(x)) .  cOs(x) cos(0) 
lim — = (5) 2 tim SO = tim OR OR = 
x0 x x=0 0) 0 x0 (x)! x>0 1 1 
_ x +sin(x) O\ mo. («+ sin(x))’ . 1L+cos(x) 
lim = ( ) 2 im SE = lim SO = 2 
x>0 x x=0 O x >0 (x) x>0 1 
. sin(2x) O\ m..  (sin(2x))’ . 2 cos(2x) 
lim ——— = (5) Sim SE = tim AE = 2 
x>0 x x=0 0 x>0 (x)! x0 1 
4sin(5x) O\ m.. (4sin(5x)) _ Ax 5 cos(5x) 
m ——— = (<) tim - = lim = 
x>0 sin(4x) x=0 \ 0 x>0 (sin(4x))’ x0 4 cos(4x) 
. sin(2x) O\ m..  (sin(2x))’ . 2 cos(2x) 2 
lim — = (<) 2 tim SO = tim = 
x30 sin(3x) x=0 \ 0, x30 (sin(3x))’ x0 3 cos(3x) 3 
_  In(sin x) ( rm ..  (n(sinx))’ , ‘ F 
] = _— = 1 = = 
im, Sp (5) et coy = HLF eI = F'@O) 8} 
(cos x/ sin x) . cos x 0 
= lim ———— = lim =— =0 
xon/2 (—sinx) xon/2—sin?x  —I1? 
_ In(l+x) — /0\m, (Ind +x) _ _— 
a ee (5) = lim “Gy = [Y@@) = £E@) 8'@) 


= lim ————_—_ = 
x30 (1 + x) (1) 


10 (xy 


2.6 L'Hdpital’s Rule 
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/ / 
(2x e + sin x) (2e" + 4x? e + cos x) 
+ = lim 
x>0 (2x) x >0 2 


/ 
(2 +4)?" +c0s0) 3 


2 
ae | 0 ; x _ 4) x 0 
2.94. lim = (5) Stim SH = tim © = = 1 
x30 =X x=0 \O x30) (x)! x30 | 1 
2 4 5) , x\/ x 0 : © eV x 
2.95. lim 5 = (~)# lim a a (~)# fp ese aes 
x>00 x2 x=00 \oo x00 (x2) x00 Dx x=00 \OO x00 (2x) x+oo 2 
/ 
1 
2.96. lim xe~ = (co-0)= lim = (—)= Gy =0 
x00 = x>-00 e7~* x=-00 \OO x>—00 (e-*)/ x>-—00 —e7* 
| 00) 1 Inx) 1 
2.97. limxInx = (0-00) = lim —~ (=) Bit NOD tiie 2 He 
x0 x=0 x30 1/x x= =0 oe) x30 (1/x)’ x30 —1/xt x0 
2.98, lim x* = (0°) = {e™* =x}= lim e™” = {Ina’ = bina} = lim e*™ 
x>04 x=0 x04 x04 
= ae Serre ae toie = ee As Se 1 
2.99. fea (sin = (1°) = {e"" =e, na” =dina} 
= ns exp (In(sinx)""*) = a exp (tan.x In(sin x)) 
‘ sinx” ; ._ In(sinx) 
=exp{ lm In(sinx) |} =exp{ lm 
x—>1/2 COSX x>1/2 COSX 
= (ace AZO =e = 1 
1 1 inx — 0 
2.100. lim { —-— ——)]) = (co-—co)=lim a = (5) 
x>0\x  sinx J x=0 x30\ x sinx / x=0 \0 
fi oe sinx — x)’ 
= 1 — — 
tim ( aa )= { [F@) gl = f/@)g@) + foe’ co 
. cosx — | = (5) oe (cos x — 1) 
= lim | ———————_ } = = lim | —_ 
x>0 \sinx + x cosx 0 x>0 \ (sinx +x cosx)’ 
= tim (- —sinx )=3-0 
x70 \cosx + cosx — x sinx 2 
2.101. lim x! = (co°)= fee =a} = lim exp(In ao) — {Ina? = bina} 
X—>0oO X=00 X—>>0O 


x 
tH -. Citay _ I /x 0 0 
=exp( lim : =exp( lim ——]}]=exp(-]=e =1 
X—>0O xX X00 1 1 
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2 Derivatives 


x+5 1 x 1 5 
lim (1 + ) = lim (: + ) (1 + ) ‘ 
x00 x x x00 x x 
0° l 5 
X=00 X00 x00 lore) x=00 


ina’ = bina 


—— 


1 x 
= lim exp ln (1 + -) — 
X00 x 


= lim exp E in( + -)| 
X00 x 
In(1 + ] 


(exp(oo -0)) = exp lim 
x00 1/x 


* 
ll l| 


- (In (1 + | ( 2. ) 

= exp} lm —————— | = exp{ lim — = , : 
x00 (1/x) x>00 x2 + x J x=00 foe) 

].= (#(S)) 200] tim 5 


=00 


= exp| lim 
7 Pl soo 2x +1 


® 


Check for 
updates 


Function Analysis 3 


Problems 


The following tutorials are progressively more “sophisticated” and grouped by the similarity of 
functional forms. Basic polynomial forms are simplest, and they include linear, quadratic, or any 
higher-order polynomials. Their natural extension is rational polynomial forms, followed by radicals, 
exponential, logarithmic, and trigonometric forms. Important (and in reality, dominant) form of 
functions are known as “transcendental,” and they are analyzed with the help of numerical techniques. 
Lastly, in the most general sense, one function may be argument of another, which by itself may be 
an argument of yet another function, etc., where this chain of input-output functions is referred to as 
a composite function. 


3.1 Polynomial Functions 


Reminder: this basic form of functions is created by adding monomials, i.e., ax” terms as 


PG) =i ae eae ak 
ge) Ce) Ce) 


where x), X2,...,X, are roots, i.e., solutions, of f(x) = 0 equation, and jZ), f2,..., 4, are 
possible root multiplicities (i.e., repetitions), 4; = 1,2,.... 


Theorem 3.1. /f P(x) is a polynomial of degree n > 1, then P(x) = 0 has exactly n roots, 
including multiplicities and complex roots x, X2,...,Xn- 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 77 
R. Sobot, Engineering Mathematics by Example, 
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Reminder: Any polynomial of degree n > 1| can be therefore factorized into its linear factors 


as 


260) = Ops ar eae SP 990 SOE Ein) 


= (x — x1 )(® — X2)--- (% — Xn) 


Even/odd orders (multiplicities) of polynomial roots control the function’s shape and sign very 
differently. More precisely, odd roots force function to cross the horizontal axis (thus function 
changes its + sign), while even roots force function to just touch the horizontal axis in one single 
point either from above or below the axis (thus, function does not change its + sign). In addition, two 
different functions that are symmetrical (mirrored) relative to the horizontal axis do have identical set 
of zeros. 


Reminder: Factoring techniques include: 


1. 


Common factor: either a constant or variable can be factored from all polynomial terms, for 
example, 


6x? + 12x7y —3xz= 3x (2x? + 4xy — z) 


. Grouping similar terms: either a constant or variable can be factored from a few polynomial 


terms at the time, for example, 


10mx + 14nx — 1S5my — 21ny = 2x(5m + Tn) — 3y(Sm + Tn) = (Sm + 7n)(2x — 3y) 


. Binomial power forms: (recall Pascal’s triangle): 


xe 4+2xyt+y=at+yP?=+y(«et+y) 
4 3x*y4+3xy+yaety~P=atyatyaty) 


etc. 


. Expanding with the “ghost” terms: sometimes it is useful to artificially expand a polynomial 


form to reach some of the known identities or factorizations, for example: 


peels ets ee ee tel) es ETN SG ae 


. Algebraic identities: difference of two squares, completing the square, difference of two 


cubes, trinomials and cubic formulas, etc.. For example, completing the square: 
x? +6x+7=0 


(continued) 


3.2 


Rational Functions 
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0 eae 9 10 
-_—_———_—— 


(x +3)? -2=0 


x43=4V2 3. x. =-34V2 


Analyze polynomial functions in P.3.1 to P.3.19, and sketch their respective plots. 


3.1. 


3.4. 


3.7. 


3.10. 


3.13. 


3.16. 


3.19. 


3.2 


f(x)=x 3.2. f(x) =—-x 
f@=x? 3.5. f(x) =—x? 
f(x) = —x3 3.8. f(x) =x" 

faj=2 =2=9 3411. fay =—9' 444-2 


ff) =—x?+2x-1 344. f(x) =2x?-2x42 
f(x) =x? 43x27 42x 3417. fx) = x9 +227 +x 


f(x) =x? 4+2x7-— x -2 


Rational Functions 


3.3. f(x) =2x4+1 

3.6. f(x) =x? 

3.9. f(x)=x° 

$12.. fajyaH eae 
3.15. f(x) = —x*4+2x —2 


3.18. f(x) =x? 42 


Reminder: General form of a rational function R(z) in its factorised form is: 


R(z) = 


IQ) Ge ees a aria) Ce ae = aa Ge an 


Q(z) = Dye Deiat eG - Dn ( — Zp)! @= Zp2)* s03(Z= Gade 


where jz; are multiplicities of zeros and &; are multiplicities of poles. 


Zeros are roots of R(z) = 0 equation; therefore, the numerator P(z) = 0 equation. Main idea 


is to recall that if A- B- D--- = 0, then any or all of A, B,C,... 


must equal zero. Similarly, 


if A/B = 0, then it must be that A = 0. Also, note the ambiguous use of the word “zero”: just 
because R(zp) = 0, Le., zp is a “zero” of R(z), does not automatically mean that zy) = 0 (it 
may as well be the case, but not necessarily). 


(continued) 
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Poles are roots of Q(z) = 0 equation. Consequently, if O(z,) = 0, then R(z,) = 00; therefore, 
it is said that at z, is a “pole” of R(z) where R(z) has discontinuity, i.e., a vertical asymptote. 


Pole-zero cancelation: in the special case when one of the given zeros equals to one of the 
poles, i.e., z9 = Zp, their rational function R(z) is simplified (those two binomials may are 
removed; thus, numerator and denominator orders are reduced by one), and it is said that a 
pole-zero cancelation occurred. In that case, although the vertical asymptote is removed, the 


point z = Z, is still excluded. 


In summary, function’s form is controlled by number and order of its poles and zeros, as well 
as the existence of pole-zero cancelations. 


Analyze rational functions in P.3.20 to P.3.47, and sketch their respective plots. The problems 
progressively illustrate relations between multiple zeros and poles within a rational function. 


3.20. f(x) = - 
3.23. f(x) = oF 
3.26. f(x) = — 
3.29. f(x) = — 
x+1 a 
3.32. f(x) = (- — ") 
1 
3.35. f(x) = — 
1 3 
3.38. f(x) = oo ? 
x 
3.41. f= epee 


3.21. 


3.24. 


3.27. 


3.30. 


3.33. 


3.36. 


3.39. 


3.42. 


1 
IG) = 
1 
FO) = Gp 
1 
f(x) = @aD? 
x+1 
(= 5 
4, & +)? 
(= 5 
x+1 
IO= Gap 
_ (tI 
f(x) = G41? 
_ x(x + 1) 
FO) = Tari 


3.22. f(x) = — 
3.25. 
3.28. 
3.31. 
3.34, 
3.37. 
3.40. 


3.43. 


1 


f@)=— 


f(x) = 


f@)= 


f(x) = 


f(x) = 


f(x) = 


f= as 
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ee 2(1 — x) _ 
344. fx) = 348 f@S2-—5,, 34 1°)= Gane aw 


3.47. f(x) = —_ 


xX 


3.3 Radical Functions 


Reminder: for all even order (2k,k = 1,2,3,...) radicals, it is true that their argument is 
limited to zero or positive values, as 


A OD Cok) Fe ey on Cel GO 


On the other hand, for all odd order (2k + 1,k = 1,2,3,...) radicals, it is true that negative 
arguments produce negative results and positive arguments produce positive results, as 


: if f@«)<05 *“/f@) <0 
VIO FO fe). {i Gy) 0 = EG) D 


(Try to calculate, e.g., ./—8 and ¥/8.) 


Analyze radical functions in P.3.48 to P.3.67, and sketch their respective plots. 


3.48. f(x) = Jx 3.49. f(x) =Vx41 3.50. f(x) = Vx? 
3.51. f(x) = J/-x 3.52. f(x) =VJV-x-1 3.53. f(x) =1—/—x 


3.54. f(x) = Vx2— x3 3.55. f(x) = Vx2— x3 3.56. f(x) =J14+|z| 
3.57. f(x) = Vxt [a| 3.58. f(x) =x —Vx 3.59. f(x) =Vx3-1 


3.62. f(x) = Vx2+2x-1 
3.60. F(x) = [+t S61 gop =e oe x) = Vx? + 2x 
xX X 


3.63. f(x) =Vx2?4+2x4+1 3.64. f(x) =Vx342x241 3.65. f(x) = x3 +2x?-1 


3.66. f(x) =Vx34+3x2 4+ 3x41 3.67. f(x) =Vx3 + 3x? —3x-1 
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3.4 Exponential and Log Functions 


Reminder: by definition, logarithmic functions are defined only for strictly positive arguments, 
ie., log f(x) => f(x) > 0. Exponential functions are inverse to logarithms; thus a* > 0, 
regardless of the argument’s sign. 


Analyze exp/log functions in P.3.68 to P.3.89, and sketch their respective plots. 


3.68. f(x) =2° 3.69. f(x) =e" 3.70. f(x) = 10" 

3.71. f(x) =27 3.72. f(x) =e™* 3.73. f(x) = 10" 

3.74. f(x) =2* -2 3.75. f(x) =3* -—3"% 3.76. f(x) = |S"! —2 
3.77. f(x) =Inx 3.78. f(x) =log,x 3.79. f(x) = |log, x| 
3.80. f(x) =e™ 3.81. f(x) = In(e*) 3.82. f(x) = In(x? — x) 
3.83. f(x)=e*—2e°+1 3.84. f(xy=lte°r 3.85. f(x) =e" In(2x + 1) 
3.86. f(x)=xl(Qx*+x) 3.87. f(x) = logy, »)(x) 3.88. f(x) =xIn’ x 


3.89. f(x) = _ Andie? +k 2% 4 1) 


Xx 


3.5  Trigonometric Functions 


Reminder: Trigonometric functions (aka “circular functions”) are transcendental, because for 
a given argument x, the resulting value y = f(x) cannot be calculated using algebraic methods, 
that is to say, based on addition, subtraction, multiplication, division, raising to a power, and 
root extraction operations. 


Reminder: By definition, function f(x) is periodic if it repeats its values at regular intervals. 
That is to say if f(x + nT) = f(x) for all values of x in the domain, where n = 1, 2,3,.... 
The non-zero value T is then referred to as a period of this function. It is important to note that 
if T is period, so is any other integer multiple, i.e., 27, 3T, 4T.... 


3.5. Trigonometric Functions 


Reminder: Periodic functions may be studied over one basic period only (1.e., n = 1). 
Periodicity of trigonometric functions is easily visualized by the unit circle: the one whose 
radius r = | thus its circumference equals C = 27r = 27. Consequently, a moving point 
that follows circular path is found at the same location every 27 distance, or in other words, 
sin(x + 277) = sin(x). 


Reminder: Among many trigonometric identities,“ some are used more often than the others, 


a’ +b=c’ (Pythagoras’ theorem ) 


sin? @ + cos? = 1 (Pythagoras’ theorem in disguise, for c = 1) 


sin a 


tana 


COS @ 


Sum to product identities, 


sin(a + 6) = sina cos B + cosa sin B 
sin(a — 6) = sina cos B — cosa sin B 
cos(a + 6) = cosa cos f — sina sin B 
cos(a — 6B) = cosacos f + sina sin B 
{if, a = B, note double angle identities | 
sin2a = 2sina cosa 


cos 2a = cos* a — sin” 


Product to sum identities, 


sing sin 6B = ; (costa — B) —cos(a + ») 
cosa cos Bp = ; (costa + B) + cos(a — p>) 
sina cos B = , (sinc + 6B) + sin(a — p>) 


{if, a = £, then square to double angle identities | 


: 1 — cos(2a . 
sin? a = teose@) “, |sina| = V1 —cos?a@ 


2 


1 2 
costa = +s “. |cosa| = V1—sin’?a 


*See, for example, https://en.wikipedia.org/wiki/List_of_trigonometric_identities (as of: Sep. 01, 2022). 
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Analyze functions in P.3.90 to P.3.103 that include trigonometric terms,! and sketch their respective 
plots (it is sufficient to make plots of only one period). 


3.90. f(x) = sin (x + 77/2) 3.91. f(x) =sin’x, x €[—z,7] 

362; Fe) “aneee. 4210.20) 3.93. f(x) =sin(rx), x€ |-v2, v2| 
3.94. f(x) =e" sin(Qxx), x € [3,3] 3.95. f(x) =Inx sin(4x), x € [0,27] 
3.96. f(x) =cos*x—cosx, x € [0,27] 3.97. f(x) = me 

3.98. f(x) = tanx 3.99. f(x) = arctanx 

3.100. f(x) = . + arctan (—x” + 1) 3.101. f(x) = , (1 — cos(2x)) 


‘ i Iv 
3.102. f(x) =2sin?x+sinx, xe€[—x,2] 3.103. f(x) = sin(2x) — sin (« e 5) 


3.6 Composite Functions 


Analyze examples of composite functions in P.3.104 to P.3.114, and sketch their respective plots. 


3.104. f(x) = x4 — 2x? 3.105. f(x) =el/* 3.106. f(x) =x* 
3.107. f(x) =(2-x)e 3.108. f(x) =In*(1/(e°+ 1) 3.109. f(x) =xe™™* 
3.110. f(x) =142x3—x4 3.114. fx) = |x? -[x]-2| 3.112. fx) = In|x? — 2x] 


3.113. f(x) = (« — 1/4) In(1 — 1/x) 3.114. f(x) =sin(2e"), x € [-27, 7] 


' Some authors use tan~! x notification instead of arctan x. Note that tan~! x 4 1/tan.x, which is sometimes confusing 
to the readers. 


3.7. Orthogonal Functions 


3.7. Orthogonal Functions 


Reminder: In general: 


1. It is said that two arbitrary functions f(x) and g(x) intersect at a given point x9 if they are 


equal at that point; in other words, they share point (xo, yo), 1.e., 


yi = fr) = g(a) 


2. Two straight lines with slopes m, and mz are parallel if their slopes (i.e., derivatives) at any 


given point are equal, 1.e., 


m,; =m 


3. Two straight lines with slopes m, and mz are orthogonal if their slopes (1.e., derivatives) at 


the given point have negative inverse relationship as 


hh 
my 


Analyze relationships between functions given in each of P.3.115 to P.3.121, and sketch their 


respective plots. 
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3.115. Given linear function f(x) = —(1/2) x + 1, derive equation of a linear function g(x) = ax + 


b that intersects f(x) at x, = O point. 


3.116. Given linear function f(x) = f(x) = —(/2)x +1, derive equation of a linear function 
g(x) = ax + b that intersects f(x) at x = O point and, at the same time, crosses 4 = (—1, —-1) 


point. 


3.117. Given linear functions f(x) and g(x) in P.3.116, calculate the angle between the two straight 


lines. 
3.118. Given linear function f(x) = 4x +3 


1. Derive equation of a linear function Nj (x) = ax + b that is normal to f(x) for x = 0. 


2. Derive equation of a linear function No(x) = ax + b that is parallel to N; (x) for x = —1. 


3.119. Given linear function f(x) = —x? +2 
1. Derive equation of a linear function Nj (x) = ax + b that is normal to f(x) for x = 1. 
2. Derive equation of a linear function N2(x) = ax + b that is normal to f(x) for x = —2. 


3. Calculate the intersect point < = (x, y) of N(x) and N2(x). 


3.120. Given function studied in P.3.45: 
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2(1— x) 


ae as 


1. Derive equation of a tangent 7; to this function f(x) at point x = 1. 
2. Determine coordinates of point B so that tangent T, to f(x) crossing B is parallel to line y = —x. 
What is the relationship between 7; and 7>? 


3.121. Given cubic function f(x) = x*+2x?—1, calculate parameters “a” and “b” so that 
quadratic function g(x) = ax” + bx + 1/2 is normal to f (x). 


1. at point x = —1, 2. at point x = 1 
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Answers 
3.1 Simple Polynomial Functions 


3.1. Given polynomial function in P.3.1, 


f(x) =x 


1. Domain of definition D: x € {IR}, i.e., (—0o, +00). 
2. Function’s parity: 
Reminder: a function can be odd, even, or none. 


if: f(x) = f(—x) .. even, for example, x7 


if: f(x) =—f(—x) .. odd, for example, x? 


even: f(—x)=-—x 4 f(x)=> _ noteven 
odd: — f(—x) = —(-x) =x = f(x) => odd 


In conclusion, this function is odd, i.e., symmetric relative to the origin point. 
3. Function’s sign: 


Reminder: Solve equation: f(x) = 0 to determine intervals of x where the function is 
positive (+) (i.e., above the horizontal axis, f(x) > 0) and where the function is negative 
(—) (i.e., below the horizontal axis, f(x) < 0). 


Thus, 
f(x) =0: 1. x=0 7. x, =0 
To note, there is a first-order zero of f(x) at x = 0. The positive/negative intervals of a 


function are determined by its zeros and poles. What is more, function’s behavior is very different 
depending on whether zeros/poles are even or odd. In this case, x = 0 is odd, 


x 
3 _ 0 + 
UG ee 0 a 


In conclusion, f(x) is negative for x < 0, and f(x) changes its sign by crossing its odd zero 
x = 0; then, it is positive for x > 0. 
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4. Function’s parity: 


even: f(—x) = (-x)=-—x 4 f(x) => _ noteven 
odd: — f(—x) = -—(-x) =x = f(x) => odd 


In conclusion, this function is odd, i.e., symmetric relative to the origin point. 
5. Limits: there are no vertical asymptotes; thus, there are only two far extreme limits at oo to be 
evaluated 
lim f(x)= lim x=-c 
x—>>—CO x—>—-CO 
lim f(x)= lim x=+c0 
x—-+00 x—>-+00 
6. Oblique asymptote: 


Reminder: if a function f(x) limits to a linear function yzz = ax + D, i.e., the difference 
between f(x) and ya_ tends to zero, as 


Jim [fo ~ (ax + b)| =o 


then yaa is referred to as its “oblique asymptote.” Determine yaa = ax +b by finding limits 


a= lim J) and, b= lim (s@) - ax) af a #0) 
> Coney, x00 
Thus, 
a= lim £@) = li 52 { division is valid because x # 0} = lim | 
x—>00 x x—>00 xX>0o 
=1 
b= lim (7@) = x) = lim (x —x) = limO 
x00 x00 X00 


0 


In conclusion, oblique asymptote is yaq = x, i.e., the function f(x) itself (trivial case). 
7. Critical points: 


Reminder: Extreme minimum/maxim points are found by solving f’(x) = O and 
convex/concave (aka inflection) points by solving f”(x) = 0 equation. 


Thus, 
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fe) =0: f'@) = =140 
f(x) =0: f"() = (x) =0 (ie. const.) 
In conclusion, because f(x) 4 0, there are no extreme points to calculate. What is more, because 
the first derivative is constant, consequently, the function is linear. On the other hand, because 
f(x) = 0 is constant and equal to zero, the function is neither convex M nor concave U. These 
are trivial cases. 


8. Graphical representation: results of the analysis for P.3.1 are summarized by f(x) graph (see 
Fig. 3.1) and compared with linear functions in P.3.2 and P.3.3. 


3.2. Given polynomial function in P.3.2, 
f(x) = x 
and already done procedure in P.3.1, we repeat the same steps. 


1. Domain of definition D: x € {R}, 1.e. (—00, +00). 
2. Function’s parity: 


even: f(—x) =—(-—x) =x f(x)=> _ noteven 
odd: — f(—x) = -—(@®7) = -x = f(x) => odd 


In conclusion, this function is odd, i.e., symmetric relative to the origin point. 
3. Function’s sign: 


f@)=0: 1. -x=0 2. x, =0 
To note, there is a first-order zero of f(x) at x = 0. The positive/negative intervals of a 


function are determined by its zeros and poles. What is more, function’s behavior is very different 
depending on whether zeros/poles are even or odd. In this case, x = 0 is odd, 


Fig. 3.1 Example P.3.1 
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Xx + 0 - 


In conclusion, f(x) is positive for x < 0 and changes its sign at x = 0, and it is negative for 
x>0. 
4. Limits: there are no vertical asymptotes, and thus at the far extremes +00, we find 


lim f(x) = lim —x = —(—oo) = +00 

xXx—>—00 xX—>—00 
lim f(x)= lim —x = —(+c00) = —oo 

x—-+00 x—>+00 

5. Oblique asymptote: 
a= lim £@) = lim =X = { division is valid because x # 0} = lim —-1 
I> OO xX x70 x-0O 
=-1l 


b= lim (Fe = ax) = lim [—x — (—1) x] = lim (-x +x) = limo 
x00 x00 x00 x00 
=i 


In conclusion, oblique asymptote is: yag = —X, 1.e., the function f(x) itself (trivial case). 
6. Critical points: 
fx) =0: fe) =x =-140 
f"@) =0: f"(x~) = (—x)” =0° const. 
In conclusion, because f’(x) 4 0, there are no extreme points to calculate. What is more, because 
the first derivative is constant, consequently, the function is linear. On the other hand, because 
f(x) = 0is constant and equal to zero, the function is neither convex (M) nor concave (U). These 
are trivial cases. 


7. Graphical representation: results of the analysis for function in P.3.2 are summarized by f(x) 
graph (see Fig. 3.1) and compared with linear functions in P.3.2 and P.3.2. 


3.3. Given polynomial function 

f(x) =2x4+1 
1. Domain of definition D: x € {R}, i.e., (—0o, +00). 
2. Function’s parity: 


even: f(—x) =2(-—x)+1=-—2x+14 f(x) => _ noteven 
odd: — f(—x) = —(—2x + 1) =2x-14 f(x) => not odd 
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This function is neither even nor odd, i.e., there is no symmetry. 
3. Function’s sign: 


f(x) =0: .. 2x4+1=0 -. x, =-= 


To note, there is a first-order zero of f(x) atx = —!/2. The positive/negative intervals of a function 
are determined by its zeros and poles; in this case, x = —!/2 as: 


2x+1 _ 0 + 


In conclusion, f(x) is negative for x < —!/2 and changes its sign at its odd zero x = 0, and it is 
positive for x > —1/2. 
4. y-axis crossing point: Considering that the function does not cross the graph origin, 


yi = FO) =20)+1=1 
In conclusion, (x;, y;) = (0, 1) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus at there are only two far extremes limits --oo to 
evaluate 
lim f(x)= lim (x +1) =2(—oo) +1 =—-0co 
X—>—00 X—>—00 


lim f(x) = lim (2x + 1) = 2(+00) +1 = +00 
x—-+00 x—>+00 


6. Oblique asymptote: 


0 
eT 
sie ae = lim (2+ ) = Jim 2 
x>00 =X X>00 =6X x00 00 
=2 


b= lim (f(x) — ax) = lim [24+ 1—2«)] = lim 1 


1 


In conclusion, oblique asymptote is: yaq = 2x + 1, i.e., the function f(x) itself (trivial case). In 
general, a linear function is always its own oblique asymptote. 
7. Critical points: 


fe) =0: fe) = (2x41) =2>0 
f"@) =0: f"(~) = (2x +1)” =0 const. 


In conclusion, because f(x) 4 0, there are no extreme points to calculate. What is more, because 
the first derivative is constant, consequently, the function is linear. On the other hand, because 
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f(x) = 0is constant and equal to zero, the function is neither convex (M) nor concave (U). These 
are trivial cases. 

8. Graphical representation: results of the analysis for function in P.3.3 are summarized by f(x) 
graph (see Fig. 3.1) and compared with linear functions in P.3.1 and P.3.2. 


3.4. Given polynomial function 
LC) os 


1. Domain of definition D: x € {R}, i.e., (—0o, +00). 
2. Function’s parity: 


even: f(-—x)= (—x)* == f(x) => even 


odd: — f(—x) = —(x?) = —x? # f(x) > not odd 


This function is even because f(x) = f(— x), i-e., symmetrical relative to the vertical axis. 
3. Function’s sign: 


fx) =0: 0. x7 =0 xX, =0,x2 =0, (ie., second-order zerox, = x2 = 0) 


To note, there is a second-order zero of f(x) at x = 0. The positive/negative intervals of a function 
are controlled by its zeros and poles; in this case, x = 0 as: 


In conclusion, f (x) is always positive and does not change its sign before and after its second (i.e., 
even)-order zero; instead, the function only touches the horizontal axis in one single point x = 0. 
This is a general property of even order zeros. 

4. y-axis crossing point: 


f(0) = 0) =0 
In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which in this case is also function’s 
Zero. 
5. Limits: there are no vertical asymptotes, and thus at the far extremes too, we find 
lim f(x)= lim x? = (—oo)? = +00 
xX—>—00 x—>—00 


lim f(x)= lim x? = (400)? =+00 
x—-+00 x—>-+00 


In conclusion, f(x) = x? is an even always positive function, and both left- and right-side limits 
tend to +00. 
6. Oblique asymptote: note that x 4 0, and by consequence, x/x = 1 is always determined 
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ogi 
a= lim — 


x00 =X x—>00 x x00 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


fi) =0: fix) = (x) =2x > 2x =0 +. my =0 (and, fe) = 0) 
f"@)=0: f"@)= Gy =2>0 const. 


Thus, there is one extreme point (x, y) = (0,0), whose nature (i.e., whether it is minimum or 
maximum point) is determined as: 


That is to say, there is minimum point at (x, y) = (0,0). On the other hand, because f” (x) 
is constant and always positive, and there are no zeros, there are no points where f”(x) could 
change its sign; thus, there are no inflection points, and by consequence, the function form is 
always concave (i.e., f(x) > 0 > UV). 

In conclusion, this always concave function has one second-order extreme point at (x, y) = (0, 0), 
where the function only touches the horizontal axis from the upper (positive) side of the graph. 
8. Summary of the important points: 


parity: (even) 
zeros: (x, y) = (0,0) 
y-axis crossing point f(0): y=0 


extremes: (x, y) = (0,0) (min) 
9. Graphical representation: results of the analysis for function in P.3.4 are summarized by f(x) 
graph (see Fig. 3.2) and compared with f(x) = —x? function in P.3.5. 
3.5. Given polynomial function (note that it is mirrored version of x7) 


f(«) = —x? 


1. Domain of definition D: x € {R}, i.e., (—0o, +00). 
2. Function’s parity: 


even: f(—x) =—(—x)? =—x* = f(x) > even 
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Fig. 3.2 Example P.3.4 


odd: — f(—x) = —(—x”) = x” # f(x) > not odd 


This function is even because f(x) = f(— x), i-e., symmetrical relative to the vertical axis. 
3. Function’s sign: 


f(x) =0: .. —-x7=0 ., xX, =0, x2 =0, (ie., second-order zero x, = x2 ) 


To note, there is a second-order zero of f(x) at x = 0. The positive/negative Intervals of a 
function are controlled by its zeros and poles; in this case, x = 0 as: 


In conclusion, f(x) is always negative and does not change its sign before and after its second 
(i.e., even)-order zero; instead, the function only touches the horizontal axis in one single point 
(x, y) = (0, 0). 

4. y-axis crossing point: 


2 
f (0) = (0) =0 
In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which in this case is also zero. 
5. Limits: there are no vertical asymptotes, and thus there are only two extreme limits at oo to 
evaluate 


lim f(x) = lim —x? = —(—00)* = —00 
x—>—00 xX—>—00 


lim f(x) = lim —x? = —(+00)*? = —00 
X—>+00 X—> +00 
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In conclusion, f (x) = —x? is an even function that is always negative, and both left- and right-side 
limits tend to —oo. 
6. Oblique asymptote: note that for x 4 0, division x/x = 1 is always defined, thus 


_ f@)_. —# 
a= lim — = lim —— = lim —x 
X—>0O XxX X—>0O x X—>0O 
= —0o 
In conclusion, because a = —ov, thus oblique asymptote does not exist. 


7. Critical points: 


f'@)=0: f'@) =(-2?) =-2x > -2x =0 ». x =0 (and, f(0) =0) 
f"G) =0: f(x) = (-x?)"=-2 <0 (ie. const.) 


Thus, there is one extreme point (x, y) = (0,0), whose nature (i.e., whether it is minimum or 
maximum point) is determined as: 


— 2G + 0 - 
1) 0 = 


That is to say, there is maximum at (x, y) = (0, 0). On the other hand, because f” (x) is constant 
and always negative, there are no points where f”(x) could change its sign; thus, there are no 
inflection points, and by consequence, the function form is always convex (i.e., f"(x) <0 => /). 
In conclusion, this always convex function has one second-order zero at (x, y) = (0, 0), where the 
function only touches the horizontal axis from the lower (negative) side of the graph. 

8. Summary of the important points: 


parity: (even) 
zeros: (x, y) = (0,0) 
y-axis crossing point f(0): y=0 


extremes: (x,y) = (0,0) (max) 


9. Graphical representation: results of the analysis for function in P.3.5 are summarized by f(x) 
graph (see Fig. 3.2) and compared with f(x) = x? in P.3.4. It should be noted that even though 
f(x) = x? and f(x) = —x? share same zero points, they are not identical — one is a mirrored 
(relative to the horizontal axis) version of the other. 
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3.6. Given polynomial function 


{Hex 


1. Domain of definition D: x € {R}, i.e., (—0o, +00). 
2. Function’s parity: 


even: f(—x)= ey e=e° #~ f(x) => not even 


odd: — f(—x) = —(-x7) =x°7 = f(x) > odd 


This function is odd because f(x) = —f(—x), i.e., symmetrical relative to the graph origin. 
3. Function’s sign: 


f@)=0: 0. eH X1,.2,3 =0, (ie., third-order zero x, = x2 = x3) 


To note, there is a third (odd)-order zero of f(x) at x = 0. The positive/negative Intervals of a 
function are controlled by its zeros and poles; in this case, x = 0 as: 


In conclusion, f(x) is negative for x < 0, and then it crosses the horizontal axis at x = 0 and 
changes its sign after its third (i.e., odd)-order zero. 
4. y-axis crossing point: 


f@=0)' =0 


In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which in this case is also function’s 
Zero. 

5. Limits: there are no vertical asymptotes; thus, there are only two extreme limits +co to be 
evaluated 


lim f(x)= lim x? = (—oo)? = —oo 
Doe ated *,* sc — 00 

lim f(x) = lim x? = (+00)? = +00 
x—-+00 x—-+00 


In conclusion, f(x) = x? is an odd function that changes its sign before and after its odd order 
zero, while left- and right-side limits tend to the opposite sides. 


6. Oblique asymptote: note that x 4 0, and by consequence, x/x = 1 is always determined 


_ fx). xP 
a= lim = lim — = lim x*° = oo 
e-F OO KX x—>OO x x—>>CO 


In conclusion, oblique asymptote does not exist. 
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7. Critical points: 


f@=0: f@=([2] $3 S37 =0 & x Hm =0 (and, f() = 0) 


fl) =0: f'@) =[8]' =6r > 6r=0 « x =0 (and, f(0) = 0) 


Thus, there is one extreme second (even)-order point (x, y) = (0, 0), whose nature (i.e., whether 
it is minimum or maximum point) is determined as: 


ae 0 Hf 


na ar 0 


Note that second (even)-order root of f’(x) = 0 does not create extreme point, and the function 
constantly increases. There is a first (odd)-order root of f” (x) = Oat (x, y) = (0, 0), whose nature 
(i.e., convex and concave intervals) is determined as: 


~ + 


a = 0 


This function has one third-order zero at (x, y) = (0,0) where the function changes its sign 
from negative on the left to positive on the right side of the graph. In addition, (0, 0) is also 
inflection point where function changes from convex (NM) to concave (U) form. 

8. Summary of the important points: 
parity: (odd) 
zeros: (x, y) = (0,0) 
y-axis crossing point f(0): y=0 


9. Graphical representation: results of the analysis for function in P.3.6 are summarized by f(x) 
graph (see Fig. 3.3) and compared with f(x) = —x? function that is mirrored around the horizontal 
axis. 


3.7. Given polynomial function 


f@x)=- 


1. Domain of definition D: x € {IR}, i.e., (—00, +00). 
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Fig. 3.3 Example P.3.6 


2. Function’s parity: 


even: f(-—x)= a4" =7° #~ f(x) => not even 


odd: — f(—x) = —(x7) = —x?7 = f(x) > odd 


Tthis function is odd because f(x) = — f(— x), i.e., symmetrical relative to the graph origin. 
3. Function’s sign: 


f(x) =0: .. —=0 +. x, =X =x3 =0, (ie., third-order zero x, =x. =X) 


To note, there is a third (odd)-order zero of f(x) at x = 0. The positive/negative intervals of a 
function are controlled by its zeros and poles; in this case, x = 0 as: 


In conclusion, f(x) is positive for x < 0, crosses the horizontal axis at x = 0, and then changes 
its sign after its third-order zero. 
4. y-axis crossing point: 


f() = 0) =0 


In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which in this case is also zero. 

5. Limits: there are no vertical asymptotes, and thus, there are only two extreme limits at --oo to 
evaluate 

3 


lim f(x) = lim —x? =—(—oo)? = +00 
x—>—00 X—>—00 


lim f(x) = lim —x? =—(+400)? = —oo 
X— +00 X—>+00 
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In conclusion, f (x) is an odd function that changes its sign before and after its odd order zero, and 
left- and right-side limits tend to the opposite sides. 
6. Oblique asymptote: note that x 4 0, and by consequence, x/x = 1 is always determined 


: f(x) : =x? : 2 
a= lim = lim = lim —x* = —oo 
B te a 2 | XxX xO x Fe of ©?) 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


/ 


f(x) =0: f'(x) = (-x?) = -3x? > -3x7 =0 1. x. = 2x2 =0 (and, (0) = 0) 


f'@) =0: f"@) = (-2*)" =-6x > -6x =0 ». x =0 (and, £0) = 0) 


Thus, there is one extreme second (even)-order point (x, y) = (0, 0), whose nature (i.e., whether 
it is minimum or maximum point) is investigated as: 


Note that second (even)-order root of f’(x) = 0 does not create extreme point. There is one 
first-order root of f(x) = 0 at (x, y) = (0, 0), whose nature (i.e., convex and concave intervals) 
is evaluated as 


—6x + 0 _ 
i Gay as 0 = 


This function has one third-order zero at (x, y) = (0,0), where the function changes its sign 
from positive on the left to negative on the right side of the graph. In addition, (0, 0) is also the 
inflection point where function changes from concave U to convex M form. 

In general, it is important to note all similarities between symmetrical functions that share same 
zeros and to pay attention to the differences between them. 

8. Summary of the important points: 


parity: (odd) 


zeros: (x,y) = (0,0) 
y-axis crossing point f(0): y=0 


9. Graphical representation: results of the analysis for function in P.3.7 are summarized by f(x) 
graph (see Fig. 3.3) and compared with f(x) = x? function that is mirrored around the horizontal 
axis. 
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3.8. Given polynomial function 


{@o=z 


1. Domain of definition D: x € {R}, i.e., (—0o, +00). 
2. Function’s parity: 


even: f(—x) =(—x)t=x*= f(x) => even 
odd: — f(—x) = —(x*) = —x* ¥ f(x) > not odd 
In conclusion, this function is even because f(x) = f(—x), ie., symmetrical relative to the 
vertical axis. 
3. Function’s sign: 


f(x) =0: 0. x*=0 =. X1,2.3,4 =O (ie., fourth-order zero) 


To note, there is a fourth (even)-order zero of f(x) at x = 0. The positive/negative intervals of 
a function are controlled by its zeros and poles; in this case, x = 0 as 


In conclusion, f(x)4 is always positive, and thus it does not change its sign at zero; it merely 
touches the horizontal axis at x = 0 and stays in the upper (positive) side of the graph. 
4. y-axis crossing point: 


f(0) = (0)* =0 


In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which in this case is also zero. 
5. Limits: there are no vertical asymptotes, and thus, there are only two extreme limits at --oo to 
evaluate 


lim f(x) = lim x* = (—oo)* = +00 
X—>—00 x—>—00 


lim f(x) = lim x* = (4o00)* = +00 
X—+-+00 X—-+00 
In conclusion, f (x) is an even function that does not change its sign before and after its even order 
zero, and left- and right-side limits tend to the same sides, here to positive infinity. 
6. Oblique asymptote: note that x 4 0, and by consequence, x/x = 1 is always determined 


ec a ee 
a= lim = lim —~ = lim x 
x>00 2X x00 x x00 


= CO 
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In conclusion, oblique asymptote does not exist. 
7. Critical points: 


f'@)=0: f(x) = (x4) =40° > 4x7 =0 +. x12,3 =0 (and, f) =0) 


fx) =0: f" (x) = (x4*)" = 12x? > 12x77 =0 +. x12 =0 (and, f(0) = 0) 


Thus, there is one extreme odd order point (x, y) = (0,0), whose nature (i.e., whether it is 
minimum or maximum point) is evaluated as 


4x3 0 + 
7G) = 0 + 


There is one even order root of f”(x) = 0 at (x, y) = (0,0), whose nature (i.e., convex and 
concave intervals) is evaluated as 


12x27 + 0 + 
f'@) + 0 + 


In conclusion, this always positive function has one fourth-order zero at x = 0. Its second 
derivative f” (x) has second-order root at (0, 0); thus, because f”(x) > 0, this function is always 
in the concave U form. 
8. Summary of the important points: 
parity: (even) 
zeros: (x,y) = (0,0) 
y-axis crossing point f(0): y=0 


9. Graphical representation: results of the analysis for function in P.3.8 are summarized by f(x) 
graph (see Fig. 3.4) and compared with f(x) = x> function, P.3.9. We note that all simple x” 
functions share two points: one zero at (0,0) and one point at (1, 1) because of the algebraic 
identities 0” = 0 (where n ¥ 0), and 1” = 1. 


3.9. Given polynomial function 


fa=x 


Fig. 3.4 Example P.3.8 
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. Domain of definition D: x € {IR}, i.e., (—0o, +00). 


2. Function’s parity: 


even: f(—x) = (—x)? =—x° $ f(x) > not even 

odd: — f(—x) = —(—x°) =x° = f(x) => odd 
In conclusion, this function is odd because f(x) = —f (—x), i.e., symmetrical relative to the graph 
origin. 
. Function’s sign: 


f(x) =0: .. xv=0 «. X1,2.3,4,55 =O (ie., fifth-order zero) 


To note, there is a fifth (odd)-order zero of f(x) at x = 0. The positive/negative intervals of a 
function are controlled by its zeros and poles; in this case, x = 0 as 


In conclusion, f(x) is negative for x < 0, crosses its odd order zero (0, 0), and then changes its 
sign for x > 0. 
. y-axis crossing point: 


#0) =O =0 
In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which in this case is also function’s 
zero. 
. Limits: there are no vertical asymptotes, and thus two extreme limits oo to evaluate 


lim f(x) = lim x° = (—0o0) = —co 
Pt tees <> | tS 


lim f(x) = lim x° = (400) = +00 
x—>-+00 x—>-+00 
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In conclusion, f(x) is an odd function, and left- and right-side limits tend to the opposite sides. 
6. Oblique asymptote: 


ha 
= lim — (x £0) = lim x4 
xO XxX x—>0O ~ x7 OO 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


FQ=0. fW=S@) 58S 5° S0 4 mo64=0 (nd FO) =9) 


f'@)=0: Ff") = (°)" = 20x > 2027 =0 +. x123 =0 (and, FO) =0) 


Thus, there is an even extreme point (x, y) = (0, 0), whose nature (i.e., whether it is minimum or 
maximum point) is evaluated as 


oe im 0 + 


f'(x) ar 0 ae 


This function’s first derivative does not change its sign at zero and f’(x) > 0; therefore, the 
function is always increasing. There is one odd root of f” (x) = 0 at (x, y) = (0, 0), whose nature 
(i.e., convex and concave intervals) is evaluated as: 


20x = 0 + 


Ca 0 oP 


In conclusion, this function has one fifth-order zero at x = 0 where it changes its sign from being 
negative to being positive. Its second derivative f” (x) has third-order root at (0, 0), where function 
changes from being convex M to being concave U. 
8. Summary of the important points: 
parity: (odd) 
zeros: (x,y) = (0,0) 
y-axis crossing point f(0): y=0 


9. Graphical representation: results of the analysis for function in P.3.9 are summarized by f(x) 
graph (see Fig. 3.4) and compared with f(x) = x* function, P.3.8. We note that all simple x” 
functions share two points: one zero at (0,0) and one point at (1, 1) because of the algebraic 
identities 0” = 0 (where n 4 0) and 1” = 1. 
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3.10. Given polynomial function 


f@=x*-x-2 


1. Domain of definition D: x € {Ry}, i.e., (—oo, +00), because each of its three terms is in the simple 
a,x" monomial form whose domains are not limited. 
2. Function’s parity: 
even: f(—x) =(—x)* —(—x) -2=x°+x-2# f(x) => _ noteven 
odd: — f(—x) = -Q? +x —2) =-x? —x4+2 f(x) => _ notodd 
In conclusion, when looking at its graph, this function may look even, but as it is shifted from the 
vertical axis, it is not even because f(x) 4 f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: (note: it is useful to learn multiple techniques to factorize a quadratic polynomial.) 
f(x) =0 ». x?-x-2=0 
x Oe te = 2=0 
x(x —2)+ (x —2)=0 
(x —2)(x+1)=0 


“ Xy =2, X2 =-l 


There are two first-order zeros of f(x) atx, =2andx, =—1. 


Reminder: Recall that if A- B = 0, then it must be A = O or B = O. Similarly, if A/B = 0, 
then it must be that A = 0 and B + 0. Therefore, in order to determine sign of an expression, 
first the expression (or both numerator and denominator in the case of rational expressions) 
is factorized, and then finding positive/negative sign of products/ratios is straightforward, for 
example, 

(S) 


(])x(S)=GP) oF ey =(-) etc. 


Reminder: Sign of powers of a binomial form (a — b)” depends upon the relative 
relationship between the two terms (a,b > 0), as well as upon the parity of “n,” that is 
to say 


(a—b)">0_ if ‘n’ even 


ifa<b: >(a—b)<05 . 
(a—b)" <0 if ‘n’ odd 


(continued) 
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ifa=b: => (a—b)=053 (a—b)"=0 
ifa>b: >(a—b)>053 (a—b)" >0 


Instead of trying to memorize the obvious, which you already know, simply try a few 
combinations of positive/negative numbers, for example, 


(3 —7)* = (-4)? = (-4)(—4) = +16 i.., positive, ‘+’, but, 
(3 — 7) = (—4)? = (-4)(—4)(—4) = —64 iie., negative, ‘-’, etc. 
or, in the general form, (xo is a constant) 


G=) =O i, =m, 


(x —xo9)” >0 if, x > xo, ete. 


In order to determine positive/negative intervals of a function, it is advantageous to examine 
its factorized polynomial form and determine signs of each factor separately. In this notation, if 
A=x-+1and B= x — 2, then their product is: 


In conclusion, this function changes its sign after crossing through each its odd zeros. 
4. y-axis crossing point: 


f) = 0) —@-2=-2 
In conclusion, (x, y) = (0, —2) is the vertical axis crossing point. 


5. Limits: there are no vertical asymptotes, and thus only two extreme limits at too are to be 
evaluated 


lim f(@) = lim (x — 2) + 1) = (-00)(-00) = +00 


Ps f@)= dim .@ — 2)(x + 1) = (400)(+00) = +00 


In conclusion, f (x) tends to +00 on both sides. 
6. Oblique asymptote: recall that lim,_,.. ”/x = 0, so that 


2 
= 
Got ine” "ae eel 2 eel 
xXx>00 X x—>0o Xx 
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0 
= ji —~1-2% = li = 
ti (; ine ae 


= CC 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


2 r i 
f@=0: f@)=( =*=—2) =2e-1Sh=-1=0 4 4 = Ss 


2 
thus: f(x) = (:) _ (5) -2= = 
2 2 4 
extreme point: G. - 7) 
2 4 
f"@)=0: f"@~)= (x? -x- 2)" =2>0 (const.) 


Thus, there is one odd extreme point (x, y) = (1/2, —9/4), whose nature (i.e., whether it is minimum 
or maximum point) is determined as: 


2x — 1 — 0 + 
Nf) 0 - 
That is to say, there is minimum at x, = —1 and x2 = 2. Second derivative of this function is 


constant and positive; thus, f(x) form is always concave U. 
8. Summary of the important points: 


parity: (none) 
zeros: (x,y) = (—1,0) 


(x, y) = (2, 0) 
y-axis crossing point f(0): y= —2 


extremes: (x, y) = (1/2, —9/4) (min) 
9. Graphical representation: results of the analysis for function in P.3.10 are summarized by f(x) 
graph (see Fig. 3.5) and compared with f(x) = —x* + x + 2 function, P.3.11. This is an example 
of symmetric functions that share same zeros. 


3.11. Given polynomial function 


f(x) = —x? +x44+2=—-(x? —x—2) 


3.1 Simple Polynomial Functions 107 


Fig. 3.5 Example P.3.10 


1. Domain of definition D: x € {Ry}, i.e., (—oo, +00), because each of its three terms is in the simple 
a,x" monomial form whose domains are not limited. 
2. Function’s parity: 


even: f(-—x)= aay +) 4 Se oe # f(x)=> not even 
odd: — f(—x) = —(-x* —x4+2) =x? +x-2¢ f(x) => _ notodd 
Even though by looking at its graph this function may look even, it is shifted from the vertical axis, 
and therefore it is not even because f(x) #4 f(—x), and it is not odd because f(x) 4 —f(— x). 
3. Function’s sign: 
f@) =0: ». —x?4+x4+2=0 
2° 49e = 97 4+9=0 
—x(x —2)-—(x —2) =0 
-l@-2)(x4+1=0 


te WL eee oy =-1 


There are two first-order zeros of f(x) at x; = 2 and x. = —1. In order to determine 


positive/negative intervals of a function, it is advantageous to examine its factorized polynomial 
form. Note that there is ““— 1” factor as well, therefore: 


= _ = _ = = 
oo — O + ++ + 
me - - - oOo + 


This function changes its sign after crossing through each of its odd zeros. 
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4. y-axis crossing point: 
f0) =-O" +@+2=2 


In conclusion, (x, y) = (0, 2) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus two extreme limits at too are to be examined. 


lim f@) = lim —G — 2)(x + 1) = —(-00)(—00) = —00 
iim. fx)= iim, —(x — 2)(x + 1) = —(+00)(4+00) = —00 


In conclusion, f (x) tends to —oo on both sides. 
6. Oblique asymptote: recall that lim,-,.. ”/x = 0, so that 


2 
_ 2 
Si ain = ee Se A 
x>0o OX X—>0Oo x 
0 
= ij _ YK = Time 
jim, ore 4 Jim ( x +1) 
= CO 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


f'@)=0: f'@) =(-x? +442) =-2x 415 -2x41=0 ~ ma == 


2 
thus: f(x1) = — (5) + (5) +2= ; 


19 
extreme point: (. 7) 
f'G@)=0: Ff") = (—x? +x +2)" =-2 <0 (const) 


Thus, there is one odd extreme point (x, y) = (1/2, 9/4), whose nature (i.e., whether it is minimum 
or maximum point) is examined as: 


That is to say, there is maximum point at (x, y) = (!/2, 9/4). Second derivative of this function 
is constant and negative; thus its form is always convex M. 
8. Summary of the important points: 


parity: (none) 


3.1 


0. 
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zeros: (x, y) = (—1, 0) 
(x, y) = @, 0) 
y-axis crossing point f(0): y=2 


extremes: (x, y) = (!/2, 9/4) (max) 


Graphical representation: results of the analysis for function in P.3.11 are summarized by f(x) 
graph (see Fig. 3.5) and compared with f(x) = x* — x — 2 function, P.3.10. Even though they 
share same zeros, these two functions are symmetric but not same. 


3.12. Given polynomial function 


_ 


f@) =x =—2x41 


. Domain of definition D: x € {R}, 1.e., (—oo, +00), because each of its three terms is in the simple 


a,x" monomial form whose domains are not limited. 


. Function’s parity: 


even: f(—x) = (—x)* —2(-x) +1 =2x74+2x +1 f(x) => _ noteven 
odd: — f(—x) = —(a?7 + 2x +1) =—x? -—2x -—14 f(x) => notodd 


This function is not even because f(x) 4 f(—x), and it is not odd because f(x) 4 —f(—x). 


. Function’s sign: 


f(x) =0: ». x?-2x +1=0 

{recall (a+b)? =a’ +2ab+ b’ or, simply | 

x?-x —x+1=0 

x(x-1)-(-1=0 

(x-lI@w-1)=0 

(x- 1)? =0 

ee ce — al eee eae | 

This quadratic function f(x) is in the special form known as “square of a binomial,” as listed 
among other recognizable algebraic identities (patterns). Consequently, this form always has 


second-order zero, here at x = 1. In addition, a square function whose quadratic term is positive 
is also always positive: 


f@)=@-1P 20 
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4. y-axis crossing point: 
f) =) -2@)+1=1 


In conclusion, (x, y) = (0, 1) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes; thus 


lim f(x) = lim (« — 1)* = (—oo)”? = +00 
X—>—0o x—>—0o 

lim f(x) = lim (x+ 1)? = (400)? = +00 
xX—> +00 X—>-+00 


In conclusion, being always positive f(x) = (x + 1)” tends to +00 on both sides. 
6. Oblique asymptote: recall that lim,-, 9 "/x = 0 and x ¥ 0, so that 


X00 2X x00 


ei 
pa a = tin (s—24 4) = tims 2) 
X—>0O 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


f'(x) =0: f'(®) = @? — 2x41) = 2x -25 2x -2=0 
. W@xe-1I)=0 «m4 =1 
thus: f(x) = (1)? — 2(1) +1 =0 
extreme point: (1, 0) 


f"(x) =0: f(x) = (x? — 2x +1)" =2 > 0 (const.) 


Thus, there is one odd extreme point (x, y) = (1, 0), whose nature (1.e., whether it is minimum or 
maximum point) is evaluated as: 


That is to say, there is minimum point at (x, y) = (1,0). Second derivative of this function 
is constant and positive; thus, its form is always concave U. In general, by their nature, quadratic 
functions are always either concave or convex, that is to say, they have no inflection points. 

8. Summary of the important points: 


parity: (none) 


zeros: (x, y) = (1,0) 
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Fig. 3.6 Example P.3.12 


y-axis crossing point f(0): y=1 


extremes: (x, y) = (1,0) (min) 
9. Graphical representation: results of the analysis for function in P.3.12 are summarized by f(x) 
graph (see Fig. 3.6) and compared with f(x) = —x? + 2x — 1 function, P.3.13. This is another 
example of symmetric functions that share same zeros. 


3.13. Given polynomial function 


f(x) = —x? +2x —1=—-(? — 2x41) =-(x — 19° 


1. Domain of definition D: x € {Ry}, i.e., (—oo, +00), because each of its three terms is in the simple 
a,x" monomial form whose domains are not limited. 
2. Function’s parity: 
even: f(—x) = —(—x)? + 2(—x) — 1 = —x? -2x —1¥ f(x) > noteven 
odd: — f(—x) = —(—x? — 2x — 1) =x?4+2x +1 f(x) => _ notodd 


This function is not even because f(x) ~ f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: 


f(x) =0: «. —x74+2x-1=0 «. -@’?-2x4+1=0 
{(a+b)* =a’ +2ab + b*} 


=G@=I1°=0 & weal. x=t 


In conclusion, this square of a binomial is multiplied by “-1”; by consequence, this function is 
always negative: 
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f@)=-@-1)’ <0 
4. y-axis crossing point: 
#0) =-) +20) -1=-1 


In conclusion, (x, y) = (0, —1) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes; thus 


lim f(x) = lim —(x — 1)? = —(—00)* = —00 
xX—>-00O X—>-—0O 
lim f(x)= lim —(« + 1)? = —(+00)? = —00 
x—-+00 x—-+00 
In conclusion, f(x) = —(x + 1) tends to —oo on both sides. 


6. Oblique asymptote: recall that lim,_,.. "/x = 0 and x ¥ 0, so that 


ye Ix —1 0 
jie! oie ie (-s42-4" = lim (—x +2) 
300 x00 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


fie) =0: fl) = (x? 42x — 1) = -2x 425-2 4+2=0 ». -20x-1)=0 
—2a-)=0 «. 4 =1 
thus: f(x;) = —(1)? +20) -1=0 
extreme point: (1, 0) 


f(x) =0: Ff") = (—x? + 2x - 1)" =-2 <0 (const.) 


Thus, there is one odd extreme point (x, y) = (1, 0), whose nature is 


—9 = a = 
se Il - 0 + 
fe 0 = 


That is to say, there is maximum point at (x, y) = (1, 0). Second derivative of this function is 
constant and negative; thus f(x) form is always convex /. In general, by their nature quadratic 
functions are always either concave or convex; in other words, there are no inflection points. 

8. Summary of the important points: 


parity: (none) 
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zeros: (x, y) = (1,0) 
y-axis crossing point f(0): y=-l 


extremes: (x,y) = (1,0) (max) 
9. Graphical representation: results of the analysis for function in P.3.13 are summarized by f(x) 
graph (see Fig. 3.6) and compared with f(x) = x? — 2x + 1 function, P.3.12. Even though they 
share same zeros, these two functions are symmetric but not same. 


3.14. Given polynomial function 


fo=x I-42 


1. Domain of definition D: x € {Ry}, i.e., (—oo, +00), because each of its three terms is in the simple 
a,x" monomial form whose domains are not limited. 
2. Function’s parity: 


even: f(—x) = (—x)* —2(—x) +2 =x? 42x +2 f(x) => noteven 
odd: — f(—x) = —(a?7 + 2x +2) = —x? —-2x -2¢ f(x) > notodd 


This function is not even because f(x) ~ f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: 


f(x) =0: ». x7-2x+2=0 
{complex roots } 
2+ /(-2)? —4-1-2 
2-1 
“ X1 =1+/7, X2 =1-i 


X12 = 


In conclusion, this quadratic function f(x) has two distinct complex zeros and thus never crosses 
the horizontal axis. By consequence, this square function is always strictly positive (note sign of 
the quadratic term “+x?”): 
f(x) =x? -2x4+2>0 
4. y-axis crossing point: 


f (0) = (0)? —2(0) +2 =2 


In conclusion, (x, y) = (0, 2) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus 


lim f(x) = lim x2-2x+2= lim x(x —2) +2 = (—o0)(—00) +2 = +00 
x—>—00 xXx—>—00 X—>—00 
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lim f(x) = lim x?-—2x+2= lim x(x —2)+2 = (+00)(+00) +2 = +00 
x—+>+00 x—>+00 X—-+00 


In conclusion, f (x) = x? — 2x + 2 tends to +00 on both sides. 
6. Oblique asymptote: recall that lim,_,.. ”/x = 0 and x # 0, so that 


x>00 =X x00 x 


~ +2 
pedi EO = lim n (24%) = mos 
xo 


= CC 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


f(x) =0: f(x) = (x? — 2x 4-2)’ = 2x -2 > 2x-2=0 
. W@e-1I)=0 «m= 1 
thus: f (x1) = (1)? — 20) +2=1 
extreme point: (1, 1) 


f(x) =0: f(x) = (x? — 2x +2)” =2>0 (const.) 


Thus, there is one odd extreme point (x, y) = (1, 1), as 


2 + + + 
J = Il - 0 + 
(CN = 0 + 


That is to say, there is minimum point at (x, y) = (1, 1). Second derivative of this function is 
constant and positive, and thus f(x) form is always concave U. 
8. Summary of the important points: 
parity: (none) 
zeros: (none) 


y-axis crossing point f(0): y=2 


extremes: (x, y)=(1,1) (min) 


9. Graphical representation: results of the analysis for function in P.3.14 are summarized by f(x) 
graph, (see Fig. 3.7) and compared with f(x) = —x? + 2x — 2 function, P.3.15. This is another 
example of symmetric functions that share same zeros. 
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Fig. 3.7 Example P.3.14 


3.15. Given polynomial function 


fay =]=7" 494 2 


1. Domain of definition D: x € {Ry}, i.e., (—oo, +00), because each of its three terms is in the simple 
a,x" monomial form whose domains are not limited. 
2. Function’s parity: 


even: f(—x) = (—x)* —2(—x) +2 =2x74+2x +2 f(x) => _ noteven 
odd: — f(—x) = —(a? + 2x +2) = —x? —2x —-2¢ f(x) => notodd 


This function is not even because f(x) ~ f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: 


f@)=0: «. —x74+2x-2=0 


{complex roots, quadratic equation } 


_ -24,/2? -4-(-1)-(—2) 
2*(=1) 


41,2 = 
“se #1 =1-1, X2 =1+i 
In conclusion, this quadratic function f(x) has two distinct complex zeros and thus never crosses 
the horizontal axis. By consequence, this square function is always strictly negative (note sign of 
the quadratic term “—x?”): 
f(x) =—x? +2x-2<0 


4. y-axis crossing point: 


£0) =-(0) + 2(0) -2= -2 
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In conclusion, (x, y) = (0, 2) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus 


0 0 
3 _ 7 2 49 jj _ 2 _» 2 
im f(x) im. x + 2x —2 jim. x (: Yh + ye 


= lim —x? = —(—00)? = —00 
t-— 60 
2 2 4 0 
. = ae fig Pees ofa 2 
im f 0) = Jim sx? + 2x -2= lim =x? (1 Yh + ye 
= lim —x* = —(+00)* = —00 
x—+>+00 


In conclusion, f (x) tends to +00 on both sides. 
6. Oblique asymptote: recall that lim,_,.. "/x = 0 and x ¥ 0, so that 


aged! Ix —2 0 
25 eye es ey a a (-s42-¥¢ = lim (—x +2) 
xXx—0O x 0O 


xXx>00 X X—>0O Xx 
= Co 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


f'(x) =0: f'(x) = (—x? + 2x — 2)’ = -2x 425 -2x4+2=0 
—%2-)=0 «am =1 
thus: f (x1) = —(1)? + 2(1) -2 =-1 
extreme point: (1, —1) 


Ff") =0: ff") = (—x? + 2x — 2)” = —2 <0 (const.) 


Thus, there is one odd extreme point (x, y) = (1, —1), as 


9 _ _ _ 
3¢ = Il _ 0 + 
Wey ae 0 = 


That is to say, there is maximum point at (x, y) = (1, —1). Second derivative of this function 
is constant and negative; thus f(x) form is always convex /. 
8. Summary of the important points: 


parity: (none) 


zeros: (none) 


3.1 Simple Polynomial Functions 117 


y-axis crossing point f(0): y= —2 


extremes: (x,y) =(1,-—1) (max) 
9. Graphical representation: results of the analysis for function in P.3.14 are summarized by f(x) 
graph (see Fig. 3.7) and compared with f(x) = —x? + 2x — 2 function, P.3.15. Even though they 
share same zeros, these two functions are symmetric but not same. 


3.16. Given polynomial function 


f(x) = x9 43x? + 2x = x(x? + 3x 4-2) 


1. Domain of definition D: x € {Ry}, ie., (—oo, +00), because all of the polynomial terms have 
simple monomial form a,x”, thus defined for all real arguments. 
2. Function’s parity: 


even: f(—x) = (—x)? +3(—x)? + 2(—x) = —x? + 3x7 —2x # f(x) > noteven 
odd: — f(—x) = —(—x? + 3x? — 2x) = x3 — 3x7 +2x # f(x) > not odd 


This function is not even because f(x) 4 f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: 


f@)=0: 0. x 43x27 42x = { factorise } 


(43x 4 2) 
= x(x?4+2x +x +2) 


=x(x@+2)+ +2) 


x(x + 1)(« + 2) 


xX, =0, x. =—-l1, x3 =-2 


x - = = = - 0 + 
x+1 - = - 0 + ae ale 
x+2 - O + + ++ + 4 


That is to say, this cubic function changes its sign after crossing through any of its odd zeros. 
4. y-axis crossing point: 


f (0) = (0) +30)? + 20) =0 
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In conclusion, (x, y) = (0, 0) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus there are only two far extreme limits at oo to 


evaluate 


' = 4s 3 2 = 
Jim fe) = tim x34 3x7 + 2x = tim. x’ (Layne 


= lim x° = (—oo)? = —00 
z-3—OS 


0 0 
: _— jj 3 2 a 3 3K 4 We 
Oe er ae ee (14x 


= lim x° = (+o)? = +00 
x—>-+00 
In conclusion, f(x) tends to —oo for negative numbers and to +00 for positive numbers, because 
x3 >0,ifx > 0,andx? <0,ifx <0. 
6. Oblique asymptote: note that for x 4 0, division x/x is always defined; thus 


3 2 
3x2 +2 
a= tim 2 = tim cree = lim (x? + 3x +2) 
x>00 Xx x00 x 2 OO) 
= lim x? (14.0439) im 
= 0O 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


f(x) =0: f'(x) = (0? F 3x? + 2x)! = 3x7 +6x 42 
3x7 +6x +2=0 {quadratic formula } 


6+ J@—4-3-2 


Ae 2.3 


(note that x2 < x, ) 


f" (x) =0: ff") = (3 + 3x7 + 2x) = 6x +6 
6x+6=0 .. x3 =—l 
so, f (x3) = (-1)? + 3(-1)? + 2-1) = 0 


And, y—coordinates of two extreme points x;,2 are 
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fy) =x), + D@,4+2) = (-14 *) (4 x) (14 — +201) 


v3 v3 v3 
-(F+)(5-)(5) 
{(a+b)(a—b) =a’ —b*} 


- (3-1) $--%4 mma (4%, 2 


and, 


f (2) = x22 + I)@2 +2) = (-: - 4 (-«- Fs) ( = - +21) 


(IE 
3 3 3 
{(a + b)(a— b) =a* —b*} 


3\ V3 23 J3 2/3 
=(1-3)S-= mas tama (1-8. 3) 


Two extreme points in f’(x) = (x — x1)(x — x2) are determined as 


Jb > 309) 
xX — Xx) - - - 0 + 
SQ) + 0 


That is to say, there is maximum point at x2, y2 and minimum point at x;, y;. Second derivative 
f(x) = 6(« + 1) = 0 points are examined as 


6 + 


. -_= 0 + 
f"@) - 0 


In conclusion, this cubic function has its inflection point at (x, y) = (—1, 0), where the function 
changes from convex M to concave (U) form. 
8. Summary of the important points: 
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y-axis crossing point f(0): y=0 


zeros: (x, y) = (—2,0) 


(x, y) = (-1,0) 
(x, y) = (0, 0) 
extremes: (x,y) = (-: _ oe 3) (max) 
3 9 
2 
(x,y) = (-: + _ 2 (min) 


inflections: (x, y) = (—1,0) 


9. Graphical representation: results of the analysis for function in P.3.16 are summarized by f(x) 
graph (see Fig. 3.8. 


3.17. Given polynomial function 


fia xe 4 toe er 4 ee 1 


1. Domain of definition D: x € {IR}, 1.e., (—0o, +00), because all of the polynomial terms have 
simple monomial form a,x”, thus defined for all real arguments. 
2. Function’s parity: 


even: f(—x) = (—x)? + 2(—x)* + (—x) = —x? 4+ 2x7 —x # f(x) > noteven 
odd: — f(—x) = —(—x? + 2x? — x) = x37 — 2x? +x f(x) > not odd 


Tthis function is not even because f(x) 4 f(—x), and it is not odd because f(x) 4 —f(—x). 


Fig. 3.8 Example P.3.16 
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3. Function’s sign: 
f(x) =0: .. 42x77 +x= {factorise } 
=x(x° +2x +1) = {@+b) =a? + 2ab+b*} 
= x(x +1) 


“ Xy = 0, X2 =-l, X3 =-1 


This cubic function f(x) has one first-order zero at (0, 0) and one second-order zero at (—1, 0); 
thus, its sign intervals are, 


x - - - 0 + 
(+1? + 0 4 1 + 


In conclusion, this cubic function does not change its sign at the second (even) order zero and thus 
stays negative in [—oo, 0) interval and becomes positive after passing through the first (odd)-order 
zero into (0, +00] interval. 

4. y-axis crossing point: 


f(0) = (0) +1)? =0 


In conclusion, (x, y) = (0, 0) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus there are only two extreme limits to evaluate 


0 0 

. = . 3 2 = . 3 wK 1 
lim, FO) im x + 2x" +x jim x (st ye 

= lim x° = (—oo)*? = —co 
x00 

3 2 3 

: aes 2, Ae ots 1 

dim FO) = tim x +2x° +x jim x 14+ 3404 ue 


= lim, x? = (+00)? = +00 


x>+ 


In conclusion, f(x) tends to —oo for negative numbers and to +00 for positive numbers, because 
x3 >0,ifx > 0,andx? <0,ifx <0. 
6. Oblique asymptote: note that for x 4 0, division x/x is always defined; thus 


3 2x2 
Siti = ig Jim (x? + 2x +1) 


x>0c 0X Xx—0o Xx 
= lim x? (1.34 ye?) = tn 


= 00 
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In conclusion, oblique asymptote does not exist. 
7. Critical points: 
fx) =O: f(x) =? +2x? +4) = 3x7 44x41 
*. 3x7+4x + 1 = 0 {factorise } 
3x74+3x+x+1=0 
3x@~@+)D+@+)D=0 
(x + 1)G6x+1)=0 


1 
“ Xy =-l, X2 = 73 


so, f(x1) =0 


4 
and, f (x2) = (—¥/3)? + 2(—1/3)? + (—1/3) = _ 


f(x) =0: f(x) = (x2 + 2x7 4+ x)” = 6x +4 


2 
. 64450 1 2Gx+250 = —5 


2 
so, f (x3) = (—2/3)? + 2(—2/3)? + (—2/3) = _ 


That is to say, the two possible extreme points at (—1,0) and (—!/3, —4/27) are determined as 


follows: 


x+1 _ 
3x +1 - _ - 0 + 
YC) ae 0 


That is to say, there is maximum at (—1,0) and minimum at (—!/3, —4/27). Intervals of 
function’s second derivative f"(x) = 2(3x + 2) are examined as: 


m+ + + 


Pe Zz 0 f 
ps) = 0 
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In conclusion, this cubic function has nflection point at (x, y) = (—?/3, —2/27), where the function 
changes from convex M to concave (U) form. 
8. Summary of the important points: 


y-axis crossing point f(0): y=0 


zeros: (x, y) = (-1,0) 
(x, y) = (0, 0) 
extremes: (x, y) = (—1,0) (max) 
(x, y) = (— 1/3, —4/27)_ (min) 


inflections: (x, y) = (—2/3, —2/27) 


9. Graphical representation: results of the analysis for function in P.3.17 are summarized by f(x) 
graph (see Fig. 3.9). 


3.18. Given polynomial function 


f@=P4tXVP =x7H4+1) 


1. Domain of definition D: x € {IR}, i.e., (—oo, +00), because all of the polynomial terms have 
simple monomial form a,x”, thus defined for all real arguments. 
2. Function’s parity: 


even: f(—x)= (<2 + (—x)* =x? +2" #~ f(x) => noteven 


odd: — f(—x) = —(-x7 +27) = x9 -— x? S f(x) > not odd 


This function is not even because f(x) ~ f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: 


Fig. 3.9 Example P.3.17 


—4/27 |- 


—-1 —Y¥3 0 
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f(x) =0: +. x? +x? = {factorize } 
=x7(x +1) 
" X1 =0, Xo =0, X3 =-l 


This cubic function f(x) has one first-order zero at (—1, 0) and one second-order zero at (0, 0); 
thus, its sign intervals are, 


x+1 _ 0) + + + 
In conclusion, once it crosses its first-order zero at x = —1, this cubic function does not change 


its sign at the second-order zero and thus stays positive in (—1, +00] interval. 
4. y-axis crossing point: 


f(0) = 00+) =0 


In conclusion, (x, y) = (0, 0) is the vertical axis crossing point. 
5. Limits: there are no vertical asymptotes, and thus there are only two extreme limits to evaluate 


0 
lim f(x) = lim x3+x?= lim x3 (144°) 
x—>—00 xX—>—00 X—>—00 
= lim x° = (—oo)? = —co 
xXx—>—00 
3 2 3 ” 
— = % r 
elim, 0) = fim x? a? = ima? (144 


= lim x° = (+00)? = +00 


x—>+00 


In conclusion, f(x) tends to —oo for negative numbers and to +00 for positive numbers, because 
x? >0,ifx > 0,andx? <0,ifx <0. 
6. Oblique asymptote: note that for x 4 0, division x/x is always defined; thus 


3 2 
eG a eae) 
xX>00 X x00 x x00 
2 2 
= li ly. = li 
bl a 
= 00 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 
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f(x) =0: f(x) = 7 +x?) = 3x? 4+ 2x 
* x(3x+2)=0 
2 
Xx, = 0, x2 = 73 
so, f(0) =0 


and, f (—2/3) = (2/3)? + (-33)7 = 


f(x) =0: f(x) = i 4+2x7)” = 6x +2 


1 
* 26x+1)=0 .. x3 =-= 


so, f (x3) = (—1/3)? + (—1/3)? = = 


There are two first-order roots of f’(x) = 0, atx, =Oand x2 = —2/3, so 


x - - = O + 


no? Zz O + + + 
f'@) + 


That is to say, there is one maximum at (x, y) = (—2/3, 4/27) and one minimum point at (0, 0). 


In addition, there is one first-order root of f” (x) = Oat x = —1/3, 
p) + + + 
3x+1 - 0 + 
Cee 0 


In conclusion, this cubic function has inflection point at (x, y) = (—!/3, 2/27), where the function 
changes from convex M to concave U form. 
8. Summary of the important points: 
zeros: (x,y) = (—1,0) 
(x, y) = (0, 0) 
y-axis crossing point f(0): y=0 


extremes: (x, y) = (—2/3, 4/27) (max) 


(x, y) = (0,0) (min) 
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Fig. 3.10 Example P.3.18 


min. x 


—1 —2/3 173 0 


inflections: (x, y) = (—}/3, 2/27) 
9. Graphical representation: results of the analysis for function in P.3.18 are summarized by f(x) 
graph (see Fig. 3.10). 
3.19. Given polynomial function 


finer 43 =4¢=9 


1. Domain of definition D: x € {IR}, i.e., (—oo, +00), because all of the polynomial terms have 
simple monomial form a,x”, thus defined for all real arguments. 
2. Function’s parity: 


even: f(—x) = (—x)? + 2(—x)? — (—-x) —2 = —x? 42x? 4+4-2¢ f(x) 
=>  noteven 
odd: — f(—x) = —(—x? + 2x? +x — 2) = x9 — 2x? -—x +2 f(x) 


=> not odd 


This function is not even because f(x) ~ f(—x), and it is not odd because f(x) 4 —f(—x). 
3. Function’s sign: 


f(x) =0: 2. x9 +2x7-—x—-2 {factorise } 
= x7(a + 2) — (x +2) 
=(x+2)°-1) {@—b*)=(a+b)(a—b)} 
= (*+2)a4+)D—-1) 


“ Xy = -2, X2 =-l, X3 =1 
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This cubic function f(x) = (x +2)(x+1)(x— 1) has three first-order zeros; thus, its sign intervals 
are 


xt2 - O + + ++ + + 
om - - - 0 + + + 
oe - - - - =~ oO + 


In conclusion, every time a function crosses one of its first-order zeros, function changes its sign. 
4. y-axis crossing point: 


f@) = (0)? + 20)? —- 0) -2=-2 
In conclusion, (x, y) = (0, —2) is the vertical axis crossing point. 


5. Limits: there are no vertical asymptotes, and thus there are only two extreme limits to be examined 
at +00 


0 0 0 
; _ 4: 3 2-7 I 3 DY gh — 2, 
dim f) = lim x +2x°—x—-2 Jim x (143 Ud Ue 


= lim x* = (—oo)*? = —0o 
x—>—00 


lim f(x)= lim x34+2x?-x-2= lim x3 1430 yt yd” 
x—>+00 x oo X—>+00 


= lim x° = (+00)? = +00 


x—>+00 


Inconclusion, f(x) = x? -+2x* — x —2 tends to —oo for negative numbers and to +00 for positive 
numbers, because x? > 0,ifx > 0, and x? < 0,ifx <0. 
6. Oblique asymptote: note that for x 4 0, division x/x is always defined; thus 


Bh GigO oo) 2 4 Oy 43, 
FO) yw Ree me? _ & (x? + 2x /.) 


= i. x x00 x =e x 
0 0 0 
= lim x” (1 yt ye = lim x’ 
=0o 


In conclusion, oblique asymptote does not exist. 
7. Critical points: 


fO=H=OC PQS +2r 2 = 2) 


3x7 +4x-1=0 {quadratic formula } 
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44+ JSP 44.3-1 
—— 2-3 
— 4474-7 -A242V7 
a 2. oa 7.3 
-24+V7 -2-J7 
4 a , 4 = a 


(note that x2 < x,) 


so, 
ff) = 1 — 2). — DG + 1) 


oo 
3 3 3 


{(a-b)(a+b)=a°-b*} 


_ (44v7 (2a 
7 3 9 


447 4-4V74+7-9 4477 2-47 | 


20+ 14/7 - 
y, = —————._ and similarly, 
27 
—20 + 14/7 
f (2) = y2 = a 
f' (x) = 08 +2x? —x — 2)" = 6x +4 
jai s0s wane 
aA X = oe 
3 3 
3 2 20 
80, f(%3) = ys = (-9/3)" + 2(-4)" — (-4/3) — 2 = - 


That is to say, there are two first-order roots of f’(x) = (x — x,)(x — x2). Keep in mind that 
x2 < x ,;in other words x; — x2 > Oor x. — x; < 0,80 
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That is to say, there is one maximum at (x, y) = (x2, y2) and one minimum extreme point at 
(x, y) = (x1, y1). In addition, there is one first-order root of f’ (x) = 2(3x + 2) at x3 = —2/3, 
thus: 


a + + + 
oe — 0 + 
1 0 = 


In conclusion, there is one inflection point at (x3, y3) = (—2/3, —29/27), where the function changes 
from convex M to concave U form. 
8. Summary of the important points: 


y-axis crossing point f(0): y= —2 


zeros: (x, y) = (—2,0) 


(x, y) = (-1, 0) 
(x, y) = (1, 90) 
=—Pa/7 —-20414/7 
extremes: (x,y) = rn i) (max) 


eae =O a/7, 204 14V7 (main) 
ace 3°? 27 aie 


inflections: (x, y) = (—2/3, —20/27) 


9. Graphical representation: results of the analysis for function in P.3.19 are summarized by f(x) 
graph (see Fig. 3.11). 


Fig. 3.11 Example P.3.19 
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3.2 Rational Functions 


3.20. Given rational function 


— 


Ge 2. 2 Peat a OOe 
I) = OG). x)= and Q(x)=x 


. Domain of definition D: all x where f (x) 4 co, i.e., O(x) 4 0, Le., 


Q(x) #0 -. x #0 


In conclusion, there is one first-order pole of f(x) at x = 0; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 0}. That is to say, there is one 
vertical asymptote at x = 0. 


. Function’s parity: 


even: f(-—x)= = #~ f(x) => noteven 


odd: -#-9=-(=) == odd 


x 


This function is odd because f(x) = —f(—x), 1.e., symmetrical relative to the graph origin. 


. Function’s sign: 


f(x) =0: P(x) =1# 0 therefore, there is no zero. 


Positive/negative intervals (keep in mind pole at x = 0) are examined as 


In conclusion, f(x) is an odd function, whose sign changes relative to its pole at x = 0 so that it 
is negative for x < 0 and positive for x > 0. 


. y-axis crossing point: This function does not cross the vertical axis because {R|x + 0}, (vertical 


asymptote). 
. Limits: there is one vertical asymptote at x = 0, and thus it is necessary to resolve four limits in 
total, 
; . 1 1 
lim f(x~)= lim —- =—=0| 
X—>—00 xX—>-00 X —oo 


i.e. as (x — —co), y > 0 from the negative (lower) side 


3.2 Rational Functions 131 


1 
lim f(x) = ad aa i.e. as (x > 0), y > —co 
1 . 
lim f(x) = a a i.e.as (x > 0), y > +00 
lim_ f(x) = lim = =— =0 
Puree ac pr rr ear 


i.e. as (x — +00), y > 0 from the positive (upper) side 


In conclusion, f(x) is an odd function that has one vertical asymptote at lim,_,9 f(x) and one 
horizontal asymptote at y = O because limy.1. f(x) = 0. These limits, asymptotes, and 
negative/positive regions are illustrated in Fig. 3.12 (left). In the following graphs, the excluded 
values of x are indicated by “@” symbol. 

6. Oblique asymptote: 


In conclusion, oblique asymptote yz, = ax + b does not exist because a = 0, which leaves only 
the constant “b” that would be a horizontal asymptote already found in the previous calculations 
above. 

7. Critical points: 


1\' 1 
fix) =0: fix) = (<) a <0 thatistosay, f’(x) 40 
1 ” 
f@H=0: 7 Qs (<) = 34#0 
—_ x x 
Thus, there are no extreme points (because f’(x) 4 0), sign of first derivative is examined as 
=i _ _ _ 


x2 +} 0 + 
f@) = n.d 


That is to say, f(x) always descends \,. Second derivative f(x) is examined as 


2 + + + 


x - 0 fF 
f'@)) | med 
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In conclusion, vertical asymptotes must be included in the analysis of sign, extremes, and inflection 
points because a function can change its form, as illustrated here, at x = 0, even though this 
function is not defined at that single point. 
8. Summary of the important points: 
defined: x40 
parity: (odd) 
v. asymptote: x =0 
h. asymptote: y=0 
9. Graphical representation: the analysis of f (x) in P.3.20 is summarized by its graph (see Fig. 3.12): 


sketch of various limits, asymptotes, and the negative/positive regions (left) and function’s 
complete plot (right). 


3.21. Given rational function 


1 PQ) 
PO= 7 = 0) 


P(x)=1 and QO(x)=x-1 


1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) # 0, ie., 


Ox) 40 - x-140 mF 


In conclusion, there is one first-order pole of f(x) at x = 1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, 1.e., {IR|x ~ 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


Via | a.v. 


0 


Fig. 3.12 Example P.3.20 
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1 
(—x)-1 


even: f(—x)= =e ; i H# f(x) =>  noteven 


odd: — f(—x) = — # f(x) => not odd 


This function is not odd because f(x) 4 —f(—x) and not even because f(x) 4 f(—x). 
3. Function’s sign: 


f(x) =0: .. P(x)=0_ however, P(x)=1#0 _ therefore, there is no zero. 


Positive/negative intervals (mind pole at x = 1) are examined as 


In conclusion, f (x) changes relative to its pole at x = | so that it is negative for x < 1 and positive 
forx > 1. 
4. y-axis crossing point: 


1 
FO = OF 7 


In conclusion, (x, y) = (0, —1) is the vertical axis crossing point. 
5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits in 
total. 


1 1 
li = h —— = — =0 
Para F&) Pia x—-—l1 =—00 } 


i.e., f(x) tends to zero from the lower (negative) side 


1 
lim f(x) = lim =—=-oo tie. f(x) tendsto —oo 
xo xo 1x 0 
‘ : 1 1 : 
lim f(x) = lim =—=40 ie. f(x) tendsto +00 
xo xo1lx—- 1 0 
1 


li = ili = — 
Pasian f) Pes x-l +00 


i.e., f(x) tends to zero from the upper (positive) side 
In conclusion, f(x) has one vertical asymptote at lim,_,; f(x) and one horizontal asymptote at 


y = 0 because lim, .4. f(x) = 0. 
6. Oblique asymptote: 
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In conclusion, oblique asymptote yz, = ax + b does not exist because a = 0, which leaves only 
the constant “b” that would be a horizontal asymptote already found in the previous calculations 
above. 


7. Critical points: 


/ _ : / _ 1 a 1 : / 
f(x)=0: r=(—) — Goie thatistosay, f(x) 40 


” _n. " _ 1 o 2 
fi @)=0: f w=(—) Gap? 


There are no extreme points; first derivative f’(x) is examined as 


= _ = 
coe + Oo + 
f'@) — nd 


That is to say, function always descends \,. Second derivative f” (x) is examined as 
2 iis 


i. — 0 + 
Cr n.d 


In conclusion, vertical asymptotes must be included in the analysis of sign, extremes, and inflection 
points because a function can change its form, as illustrated here at x = 1, even though this 
function is not defined at that single point. 

8. Summary of the important points: 


defined: xl 
y-axis crossing point f(0): y=-—l 


v. asymptote: x= 1 


h. asymptote: y=0 


9. Graphical representation: results of the analysis for function in P.3.21 are summarized by f(x) 
graph (see Fig. 3.13). 
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Fig. 3.13 Example P.3.21 


3.22. Given rational function 


Ke P(x) 
T= aa 


P(x)=x and Q(x)=x-1 


1. Domain of definition D: all x where f (x) 4 co, i.e., O(x) ¥ 0, Le., 


Q(x) #40 -. x-140 «1 Fl 


In conclusion, there is one first-order pole of f(x) at x = 1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


(—x) _ x 
(—\=—1 ° #41 


even: f(—x)= # f(x) => noteven 


odd: — f(—x) = -(+5) = ae A f(x) => not odd 


In conclusion, this function is not odd because f(x) #4 —f(—x) and not even because f(x) 4 
f (—x). 
3. Function’s sign: 


f(x) =0: .. P(@x)=0 .. x=0 _ therefore, there is zeroat x, =0 


Positive/negative intervals (keep in mind pole at x = 1) are examined as 
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In conclusion, f(x) is a function whose sign changes relative to its zero at (x; = 0) as well as its 
pole at x = 1, so the positive/negative intervals alternate. 
4. y-axis crossing point: 


fO2=— = 

(0) — 1 
In conclusion, (x, y) = (0, 0) is the vertical axis crossing point, which is where function’s zero is 
located as well. 

5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits 
in total. Multiple techniques could be used to resolve limits of the (00/00), etc. (i-e., not defined) 
form, for example, by L’ Hépital’s rule. 


lim f(x) = lim = (~) {L’Hopital } 
x—>—00 x>-00 x — | CO 
/ 
1 
ein —“— = ti: if 
x00 (x — 1)’ x—>-oco | 


i.e., f(x) tends to y = | from the negative (lower) side 


lim f() = lim : = 7 =~ ive. f(x) tends to — 00 
x— x—> i 


=-+00 Le. f(x) tendsto +00 


FolRe lole 


Xx 
li =i = 
asi f@) aa x-1 


li =a = (= \ traaial 
eos £@) ~ pray x-1 ~~ (—) { i ae } 
; y 1 
= lim ———= lim —=1| 
x++00 (x — 1)’ x>+00 | 


i.e., f(x) tends to y = 1 from the positive (upper) side 


In conclusion, f(x) has one vertical asymptote at lim,_,; f(x) and one horizontal asymptote at 
y = | because lim,_.4 f(x) = 1. 
6. Oblique asymptote: 


1 
pein EO ay ie RG 
x00 X xo (x —1)k x40 00 


In conclusion, oblique asymptote a = 0. 
7. Critical points: 


PfoHo0s f= (5) --— <0 thatistosay, f'(x) 40 


" W x 2 
f@=0: f w= (5) Baie” 


Thus, there are no extreme points, and first derivative f’(x) is examined as 
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| 
—_ 


Cas + + + 0 + 
f'(@) - - - n.d. - 


Second derivative f” (x) is examined (mind x = 1) as: 


m+ + + ++ «+ 
@-17 - - - 0 # 
@® - - - n.d. + 


In conclusion, this function changes its concavity/convexity around its vertical asymptote. 
8. Summary of the important points: 


defined: xl 
zero: (x, y) = (0, 0) 
y-axis crossing point f(0): y=0 


v. asymptote: x= 1 


h. asymptote: y= 1 


9. Graphical representation: results of the analysis for function in P.3.22 are summarized by f(x) 
graph (see Fig. 3.14). 


Fig. 3.14 Example P.3.22 
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3.23. Given rational function 


(x) = 1 _ P) 
eC 


P(x)=1 and Q(x) =x? 


1. Domain of definition D: all x where f (x) 4 ov, ie., Q(x) £ 0, Le., 


O(x) 40 ». x7 40 «. x1 40, x, £0 


In conclusion, there is one second-order pole of f(x) at x = 0; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 0}. That is to say, there is one 
vertical asymptote at x = 0. 

2. Function’s parity: 


even: f(—x)= — — = = f(x)=>_ even 


odd: - 4-9 =-(5) =-5 A f(x) => not odd 


This function is not odd because f(x) 4 — f(—x), and it is even because f(x) = f(—x). 
3. Function’s sign: 


f(x) =0: .«. P(x) =1 however, 140 (there arenozerosas f(x) > 0) 


Positive/negative intervals are determined (keep in mind pole at x = 0) as 


In conclusion, f(x) does not change its sign before and after its even order pole. 

4. y-axis crossing point: this function does not have the vertical axis crossing point; instead, the 
vertical axis is its vertical asymptote. 

5. Limits: there is one vertical asymptote at x = O, and thus there are four limits in total to resolve. 


1 
m >= lim =0| 


ao F@) = a oo x2 x—>—00 (—o0)2 


i.e., as (x — —oo), y > 0 from the positive (upper) side 


1 

on f@m= ao (Oy =+00 ie.as (x > 0), y > +00 
1 : 

lim f(x) = lim ae > ie. as (x > 0), y > +00 
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1 
lim f(x)= lim —— =0| 
x—+00 


x—>+00 (+00)2 
ie., as (x — +00), y > 0 from the positive (upper) side 
In conclusion, f(x) has one vertical asymptote at lim,—.9 f(x) and one horizontal asymptote at 


y = 0 because lim, .4.5 f(x) = 0. 
6. Oblique asymptote: 


In conclusion, oblique asymptote yaa = ax + b does not exist because a = 0, which leaves only 
the constant “b” that would be a horizontal asymptote already found in the previous calculations 
above. 

7. Critical points: 


1\" 6 
i @Mste 7 w= () = a0 
—_ x 
Thus, there are no extreme points, and first derivative f’(x) is examined as 


> = = 


xP - 0 =F 
SO) end 


That is to say, function ascends 7 before its vertical asymptote and descends \y after x = 0. 
Second derivative f” (x) is examined (keep in mind pole at x = 0), as: 


6 + 


x + 0 + 
Oy) ee  a.d: 


This function does not change it concavity/convexity before and after its even order pole. 
8. Summary of the important points: 


defined: x40 


parity: (even) 
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Fig. 3.15 Example P.3.23 


v. asymptote: x =0 
h. asymptote: y=0 


9. Graphical representation: results of the analysis for function in P.3.23 are summarized by f(x) 
graph (see Fig. 3.15). 


3.24. Given rational function 


1 Pa) 


= = _ 4)2 
@—1? = OG) P(x) =1 and O(x) => (x 1) 


f(x) = 


1. Domain of definition D: all x where f(x) 4 &,ie., Q(x) £ 0, ie., 


Q(x) 40 «. @-1° 40 «xy $1 x £1 


In conclusion, there is one second-order pole of f(x) at x = 1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, 1.e., {IR|x ~ 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


_.- 1 
(n= 1? ~ 17 Gs 


=>  noteven 


even: f(-—x)= 


1 
pe 7 FO) = Ga F FO) 


1 1 
odd: — f(—x) =— (= 5) = "G4? # LO) 
=> not odd 


This function is not odd because f(x) # — f(—x), and it is not even because f(x) # f(— x). 
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3. Function’s sign: 
f(x) =0: «. P(x) =1 however, 140 (there arenozerosas f(x) > 0) 


Positive/negative intervals (keep in mind pole at x = 1) are examined as 


1 + + + 
am + 0 + 


In conclusion, f(x) is always positive. 
4. y-axis crossing point: 


1 
0) = ——\— = 1 
ae (0); = 1) 


In conclusion, (x, y) = (0, 1) is the vertical axis crossing point. 
5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits in 
total. 


. 1 : 
Powe fa)= a (x—1)2 Poul (—oo)? 


Le., as (x — —0oo), y > 0 from the positive (upper) side 


1 1 
el f@wa= oa Ga = (Oy =+00 i.e., as (x > 1), y > +00 


lim f(x) = lim 


1 1 ; 
Gai? oe Le. as (x > 1), y > +00 


1 
li = ili = 
Pere F@) foe (x = 1)2 (+00)? 


Le., as (x — +00), y > 0 from the positive (upper) side 
In conclusion, f(x) = 1/(x — 1) has one vertical asymptote at lim,_,; f(x) and one horizontal 


asymptote at y = 0 because lim,_.+. f(x) = 0. 
6. Oblique asymptote: 


F@) _; I 


a= lim ——_~ = lim —{ 
x>00 X x00 X (xX — 1)2 x00 (oo)3 


In conclusion, oblique asymptote a = 0. 
7. Critical points: 


, = . / — 1 oe 
f=0: f= (5) @—?" 
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” _n. ” _ 1 a 6 
pes: r= (aR) ~@-p7” 


Thus, there are no extreme points, while the second derivative f” (x) is examined as (keep in mind 
pole at x = 1): 


6 + + + 
(x — 1)4 + 0 + 
f'(@) ++ n.d. -+- 


In conclusion, this function has one vertical and one horizontal asymptote, no zeros, and has no 
inflection points. 
8. Summary of the important points: 


defined: x1 


y-axis crossing point f(0): y=1 


v. asymptote: x= 1 
h. asymptote: y=0 


9. Graphical representation: results of the analysis for function in P.3.24 are summarized by f(x) 
graph (see Fig. 3.16). 


3.25. Given rational function 


P 
f@= a - p? — = -. P(x)=x and Q(x) =(x—- 1) 


Fig. 3.16 Example P.3.24 
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1. Domain of definition D: all x where f (x) 4 ov, ie., Q(x) £ 0, Le., 


O@#40 = GI 40 s a 41 a <1 


In conclusion, there is one second-order pole of f(x) at x = 1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


: _ os (—x) _ x 
even: f(—x)= Gpale> wai # f(x)=> _ noteven 


xX 1 
»— f(—x) = —[- = t odd 
odd f(—x) ( ce =z) G@ +1? # f(x)=>  noto 

This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@)=0: .. P@)=x 1. x=05%x, =0 


Positive/negative intervals (keep in mind zero at x; = 0) of function are determined as 


x - 0 + + + 
Cae + + + 0 + 


In conclusion, f(x) is negative for x < 0 and changes its sign after crossing first-order zero at 
x = 0, and it does not change sign around second-order pole. 
4. y-axis crossing point: 


0 
fO= Go -p-° 


1)2 
Therefore, f(x) crosses the vertical axis at 0, 0, which is also the function’s zero. 
5. Limits: there is one vertical asymptote at x = 1, and thus it is necessary to resolve four limits in 
total. Multiple techniques can be used to resolve limits of the (00/00), etc. (i.e., not determined) 
form, for example, by L’H6pital’s rule, 


[o,@) 
lim f@) = lim, —7 = (=) {L’ Hopital } 
rl x’ 1 1 


ote (@ ey IED ~ 280) 


Of 
i.e., f(x) tends to y = 0 from the negative (lower) side 


: x 
P= Ga {(x-—)*>0- for £#1} = coy = +00 
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lim fo) = Ii =; = +00 
a esi (x—1)2 (0)? 
. ; x (oe) Ey 
im, £0) = lim, Ty = (S) {eHopital 
f 
; 1 
“ jim ——~— = lim ——— =0| 
x—>+00 ((x = 1)?) x>+00 2(x — 1) 


ie., f(x) tends to y = 0 from the positive (upper) side 


In conclusion, f(x) has one vertical asymptote at lim,_,; f(x) and one horizontal asymptote at 
y = 0 because limy++00 f(x) = 0. 
6. Oblique asymptote: 


f@ _ 5, 1 1 


im = lim —{ = 
x>00 X X00 X (x = 1)2 xX—>00 (oo)3 


In conclusion, oblique asymptote a = 0. 
7. Critical points: 


Vast ile. Meh x Vo fff) — fg) — fe’) 
ae (5) ~ (23) ~ g2(x) 


_@-Di-d@ty xt 


@—-pP so @ - 
= 1 
* x+1=0 1. x, =—1 and y= FOU = Cy pi 74 
xt+1\o DP -3@4 Dee 
” =0: ” —(_ = 
FG) =0: f") (-3) mars 
_ x+2 
a1 
" x4+2=0 1. x2 =—-2 and y= f(x2)= = eee 
(a-y 


Thus, the extreme point f’(x) = 0 is examined as, 


_| = a Zz = 
oom - o + + + 
(«-1% = — - 0 + 
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There is minimum at (x, y) = (—1, —!/4). Second derivative f” (x) = 0 examined is 


2 + + + ++ + 
oS O + + + 
as + + + 0 + 
i’ @® - 0 + n.d. ae 


In conclusion, this function has one inflection point at (x, y) = (—2, —?/9). 
8. Summary of the important points: 


defined: xl 


y-axis crossing point f(0): y= 


v. asymptote: x= 1 
h. asymptote: y= 
zero: (x, y) = (0,0) 
extremes: (x, y) = (—1, —!/4) (min) 
inflections: (x, y) = (—2, —?/9) 


9. Graphical representation: results of the analysis for function in P.3.25 are summarized by f(x) 
graph (see Fig. 3.17). 


3.26. Given rational function 


1 PQ) 


fM=5 0G) P(x)=1 and O(x)=x° 


Fig. 3.17 Example P.3.25 


1/4 


—2-10 1 
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1. Domain of definition D: all x where f (x) 4 ov, i.e., O(x) £ 0, Le., 


O(x) #0 ». £0 ». X123 £0 


In conclusion, there is one third-order pole of f(x) at x = 0; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 0}. That is to say, there is one 
vertical asymptote at x = 0. 

2. Function’s parity: 


1 
Say #~ f(x) => not even 
x 


1 1 
odd: — f(—x) = -(-3) a = f(x)=> odd 


In conclusion, this function is odd because f(x) = —f(—x), and it is not even because f(x) 4 


f(—x). 


3. Function’s sign: 
f(x) =0: .. P(x) =0 however, 140 .. there are no zeros 


Positive/negative intervals (keep in mind pole at x = 0) are 


In conclusion, f(x) is negative for x < 0 and then changes its sign on the other side of the third 
(odd)-order pole for x > 0. 

4. y-axis crossing point: this function is not defined at x = 0, and thus, there is no y-axis crossing 
point. 

5. Limits: there is one vertical asymptote at x = O, and thus it is necessary to resolve four limits in 
total, as 


| . 1 
fons) ges cep 


=0| 
ie., f(x) tends to y = 0 from the negative (lower) side 


1 
lim f(x) = tim — 


0 (OP 
lim f(@) = lim — =—. = +00 
ae “sox (OP 


ee eee a 


ie., f(x) tends to y = 0 from the positive (upper) side 
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In conclusion, f(x) is a function that has one vertical asymptote at lim,_.9 f (x) and one horizontal 
asymptote at y = 0 because lim,.+. f(x) = 0. 
6. Oblique asymptote: 


Git. te, ol 
a lim li = 
xX>0O X xX>0O Xx 
In conclusion, oblique asymptote a = 0. 
7. Critical points: 
y / 1 : 3 
” ” iy’ 12 


Thus, the extreme point f’(x) = 0 is examined as, 


3 = _ 
x ie 0 + 
Pe = n.d = 


In conclusion, this function changes its convexity into concavity around the vertical asymptote. 
8. Summary of the important points: 


defined: x40 
parity: (odd) 
v. asymptote: x=0 


h. asymptote: y=0 


9. Graphical representation: results of the analysis for function in P.3.26 are summarized by f(x) 
graph (see Fig. 3.18). 
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Fig. 3.18 Example P.3.26 


3.27. Given rational function 


f)=——, = 5. peal and OG) = +1) 
VED OG) a 


1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) # 0, ie., 


Ox) 40 «. (@+1°40 . x123 4-1 


In conclusion, there is one third-order pole of f(x) at x = —1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x #4 —1}. That is to say, there is 
one vertical asymptote at x = —1. 

2. Function’s parity: 


1 
even: f(—x)= (n+: = x4 D3 A# f(x) => noteven 
1 1 
odd: — Ff (-x) = (>) = Coarse i H ff) > not odd 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f(x) =0: .. P(x)=0 however, 140 .. there are no zeros 
In this case, the positive/negative intervals of this function are determined by its pole at x = —1, 
as: 
1 1 1 1 
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In conclusion, f(x) is negative for x < —1 and then changes its sign on the other side of its 
third-order pole for x > 0. 
4. y-axis crossing point: this function crosses the y-axis at (0, 1) as, 


1 
f0) = —_, = 1 
f ((0) + 1)? 
5. Limits: there is one vertical asymptote at x = —1, and there are four limits in total to resolve, as 
li = ii : — ; =0 
a= Gap ee 


ie., f(x) tends to y = 0 from the negative (lower) side 


1 1 
im, are ao Gai oe 
2 jim : = li —_ 
sai! P= Gas ao 
li Si 6 
= ee Cee’ 


Le., f(x) tends to y = 0 from the positive (upper) side 


In conclusion, f(x) has one vertical asymptote at lim,_,_; f(x) and one horizontal asymptote at 
y = 0 because lim,_.+0 f(x) = 0. 
6. Oblique asymptote: 


f(x) i 1 ; 1 


im = lim —— 
x>00 X x00 X (x + 1)3 x00 (oo)4 


In conclusion, oblique asymptote yaa = ax + b does not exist because a = 0, which leaves only 
the constant “b” that would be a horizontal asymptote already found in the previous calculations 
above. 

7. Critical points: 


eta Hee eS 
re)=0: £0 =(Gp5s) = art 


” _n. gi _ 1 —_ 12 
fy =0: #9) =(—s) =a eo 


Thus, there are no extreme points because f’(x) 4 0 and f’(x) < 0 for all x; in other words, this 
function is always descending (\\) as 
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33 = = = 
(«+14 + 0 + 
f(x) _ n.d — 


At the same time, the second derivative f” (x) 4 0; however, there is a possibility of changing 
its sign around its vertical asymptote, as 


2 + + + 
(x+1%  - 0 + 
f'(@) _ n.d. + 


That is to say, f(x) changes its convexity into concavity around its vertical asymptote. 
8. Summary of the important points: 


defined: xA-1 


y-axis crossing point f(0): y=1 


ra 


v. asymptote: x =— 


h. asymptote: y=0 


9. Graphical representation: results of the analysis for function in P.3.27 are summarized by f(x) 
graph (see Fig. 3.19). 


Fig. 3.19 Example P.3.27 
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3.28. Given rational function 


x = P(x) 
(~+13 Q(x) 


fos P(x)=x and Q(x) =(+1) 


1. Domain of definition D: all x where f (x) 4 ov, ie., O(x) € 0, Le., 


Ox) 40 «. +D°40 © x23 4-1 


In conclusion, there is one third-order pole of f(x) at x = —1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x #4 —1}. That is to say, there is 
one vertical asymptote at x = —1. 

2. Function’s parity: 


oe (—x) _ —x _ x 
even: f(—x)= (—n+19 ie? ~ =D: A# f(x) =>  noteven 


x x 
odd: -f-9=-(— =) a= D3 # f(x) => not odd 


Tthis function is not odd because f (x) #4 —f(—x), and it is not even because f(x) 4 f(—x). 
3. Function’s sign: 


f@)=0: .. P@)=0 .. x=0 .. there is first-order zero 


Positive/negative intervals are determined (mind zero at x = 0) as 


x - — - 0 + 
wtb? = 0 + + + 


In conclusion, f (x) alternates its sign every time it crosses either its zero or its pole. 
4. y-axis crossing point: this function crosses the y-axis at (0, 1) as, 


0 
a (0) +13 
In conclusion, this function crosses the vertical axis at (0, 0). 

5. Limits: there is one vertical asymptote at x = 0, and thus, it is necessary to resolve four limits 
in total. If the limit’s form is co/oo, etc. (i.e., undetermined), then there are multiple techniques 
that can be used: L’H6pital’s rule or, for example, by factoring the highest order polynomial term 
while keeping in mind that lim,_,..n/x = 0 (v is a real number), as illustrated here 


‘ ‘ Xx 
foe f() ~ a. (x + 1)3 
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{Pascal’s triangle: (a + bY = 1a°b° +3a*h! +3a'b + 1a°R? | 
; x 
= lm 
xo-0 434+ 3x24 3x41 


tim 2X1 
X00 pF 0 0 0 
1+ 3h + OY 


1 1 
m = =——~ =0} 


hi — 
x>—00 x2 (—oo)? 


note: (x 40) 


Le., f(x) tends to y = 0 from the positive (upper) side 


a = lim 
(x+1)3 x-1(0)3 


-1 
> = 


lim, f(x) = lim 


Xx 
paren F@) soni (e+ 1 29-1 (0) 

‘ x ‘ x 

lim = lim 
x>+too (x +1)3 — x>+00 x34 3x243x41 

; ee x 1 /xP? 
~ oe 0 0 
1+ 344 


1 1 
e100 x2 (+00)? ” 


lim, £0 = 


‘. {here: (x # 0)} 


ie., f(x) tends to y = 0 from the positive (upper) side 


In conclusion, f(x) has one vertical asymptote at lim,_,_; f(x) and one horizontal asymptote at 
y = 0 because lim, .+. f(x) = 0. 
6. Oblique asymptote: 


ee re Ac ee ee 
x>00 X x00 Xx (x + 1)3 x00 (oo)3 
=0 


In conclusion, oblique asymptote a = 0. 
7. Critical points: 


sao: fay=( ) a eet =e | 


@ +13 (x + Df ~ +14 
—2x+1=0 2. x, = ; and, 
ip 


Fp oo 
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~2x + a 2 + Df 4(-2x + DOH" 
(x+)4) — (x + DB 
6(x — 1) 1 1 


Gap eat ee! we OSes 


fle) =0: f"@)= ( 


There is extreme point at (!/2, 4/27) and possible inflection point at (1, !/s), determined as 


=a5e =P Il a 
ae + 0 + + + 
I’) +r n.d. 


That is to say, there is maximum point at (x, y) = (1/2, 4/27). At the same time, the second 
derivative f” (x) = 0 at (1, !/8), therefore 


a = = 
cL EZ 0 + 
f"@) + n.d 


In conclusion, this function changes its convexity/concavity around the vertical asymptote x = —1 
as well as at (x, y) = (1, !/s) inflection point. 
8. Summary of the important points: 


defined: x4-l1 
y-axis crossing point f(0): y= 


v. asymptote: x =-—l 
h. asymptote: y=0 
zero: (x, y) = (0,0) 
extremes: (x, y) = (1/2, 4/27) (max) 


inflections: (x, y) = (1, !/s) 


9. Graphical representation: results of the analysis for function in P.3.28 are summarized by f(x) 
graph (see Fig. 3.20). 


Fig. 3.20 Example P.3.28 
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4/27 ! max. 


3.29. Given rational function 


P(x)=x+1 and QO(x)=x-1 


. Domain of definition D: all x where f (x) 4 o&, ie., Q(x) £ 0, ie., 
O(xx)40O0 «. x-140 7. x Fl 


In conclusion, there is one first-order pole of f(x) at x = 1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 1}. That is to say, there is one 
vertical asymptote at x = 1. 

. Function’s parity: 


_Cx)t1_  -xt1 
even: a ee aA # f(x) => noteven 
—x+1 —x+1 
odd: - fen =-(- = )- ai # f(x) => not odd 


Tthis function is not odd because f (x) #4 —f(—x), and it is not even because f(x) 4 f(—x). 
. Function’s sign: 


f(@)=0: .. P@)=0 .. x+1=0 «. x, =-1 _ there is first-order zero 


Positivity/negativity intervals are determined (mind pole at x = 1) as 


In conclusion, f(x) alternates its sign every time it crosses either its first-order (odd) zero or its 
first-order (odd) pole. 
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4. y-axis crossing point: this function crosses the y-axis at (0, 1) as, 


O)+1 
(=a 


f() = 


In conclusion, this function crosses the vertical axis at (0, —1). 

5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits 
in total. If the limit’s form is 00/00, etc. (i.e., undetermined), then there are multiple techniques 
that can be used: L’H6pital’s rule or, for example, by factoring the highest order polynomial term 
while keeping in mind that lim,_,..n/x = 0 (n is a real number), as 


: _ x+l ore) . 
lim f(x)= lim ~~ = (=) {factorize x } 
xX—>—00 x>-0 x — 1 love) 
0 
1+1A 1 
ie Le = lim 7 | ifx + -005 


xX—>—00 x 1 ge x—>—00 


1 + 1/(—x) 1— Vx 
= al 
_ 1/(—x) 1 + Ux 


=I} 
i.e., f(x) tends to y = 1 from the negative (bottom) side 
. . xti1 . 2 2 
lim f(x) = lim = lim =— =-oo 
xo xelx-] xolx—1] 0 
ie FU) ii x+1 2 ae 
im f(x) = lim — = — =+00 
aol * xelx—-] xolx—1 0) 
1 
fin Gh tay (=) {factorize x } 
x—>+00 x>+o0 x — | CO 


eee 1+ ye 


1 
lim — _ 
x—=>+ 0 1 
oF poe 


{ote ifx > +o > 


il + Vitex) 1 + Vx 
— > 1] 
1 = V4x) 1 = Vx 


ie., f(x) tends to y = 0 from the positive (upper) side 


Reminder: Recall these useful relationships: 


1 
if, a>0O, then, 1+a>1-—a,_ inother words: ee 
—a 
ivalentl ee 
or, equivalently: Be 
q y ea 


In conclusion, f(x) has one vertical asymptote at lim,_,; f(x) and one horizontal asymptote at 
y = | because lim, 44 f(x) = 1. 
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6. Oblique asymptote: 
0 
1 1+1% 
sity PO ape: BEE OO) _ a 
x>00 X x00 x(x — 1) x00 X (x —1) x>00 x — | 
=0 
In conclusion, oblique asymptote a = 0. 
7. Critical points: 
x+1\ @-D-@+) —2 
a =(0: f’ = = = 0 
ie () @—D? C= 


-g Av 4 4 
Ce poe ) ae 


= = 0 
(x — 1)? (x — ie (x — 1)3 # 
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Thus, there are no extreme points and no inflection points; however, there is vertical asymptote at 


x = 1,s0 


9%) — = a = = 
(«-1)? + 0 + 0 + 
f'(@) - - - n.d. - 


That is to say, f(x) always descends \,. Also, the second derivative f” (x) 4 0, so that 


4 
(x — 1)3 
Fo) 


In conclusion, this function has one vertical at x = 1 and one horizontal asymptote at y = 1, and 


it changes its convexity/concavity around the vertical asymptote x = 1. 
8. Summary of the important points: 


defined: xl 
y-axis crossing point f(0): y=-l 


v. asymptote: x= 1 
h. asymptote: y= 1 


zero: (x, y) = (—1,0) 
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Fig. 3.21 Example P.3.29 


9. Graphical representation: results of the analysis for function in P.3.29 are summarized by f(x) 
graph (see Fig. 3.21). 


3.30. Given rational function 


x+1 P(x) 
FO = Cap = Gq P@azt1 ad OG) = -1P 


1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) 0, ie., 


Q(x) # 0. (x a i? # 0 .. X1,2 # 1 


In conclusion, there is one second-order pole of f(x) at x = 1; thus, f(x) is defined for all real 
numbers x except where the function becomes infinite, 1.e., {R|x ~ 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


; ee (—x) +1 _ (-—x) +1 _ x—-—1 
a (-) 1) CDG +D? FP Ey. 


dd: - ia) Wp es t odd 
odd: — f(- = - (22) = ASG ess not 0 


In conclusion, this function is not odd because f(x) #4 —f(— x), and it is not even because 


f(x) # f(—x). 


3. Function’s sign: 


f@)=0: «| P@w)=0 .. x+1=0 .. x, =-—1 _ there is first-order zero 
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Positivity/negativity intervals of this function are determined (keep in mind zero at x = —1) as: 


x+1 - O + + ++ 
ee + 2 6h+tlhCUt 0 + 


In conclusion, f(x) changes its sign after crossing its first-order zero, but not after passing its 
second-order pole. 
4. y-axis crossing point: this function crosses the y-axis at (0, 1) as, 


(0) +1 


0) = ————- = 

F(0) ee, 
In conclusion, this function crosses the vertical axis at (0, 1). 

5. Limits: there is one vertical asymptote at x = 1; thus, it is necessary to resolve four limits in total. 
If the limit’s form is oo0/o0, etc. (i.e., undetermined), then there are multiple techniques that can 
be used: L’H6pital’s rule or, for example, by factoring the highest-order polynomial term while 
keeping in mind that lim,_,..n/x = 0 (v is a real number), as illustrated here 


im $= ie (=) {L’Hépital’s rule } 
1m => im — — = [| — Opital S rule 
x—>—00 ie x00 (xX — 1)2 love) P 

(x + 1)’ 


ie ae ——__ = lim 
xX—>—00 ((x _ fy?) x—>—00 2(x = 1) xXx >-—00 —OO 


= 0} 
i.e., f(x) tends to y = 0 from the negative (bottom) side 


ii (ok x+1 i 2 2 ies 
= hm ~ => WM — — FF 
ee en Gel? so Gea CO 


1 


: . x+1 2 2 
lim f(x) = lim —— 


mi@—-ip si@—iy OP % 


in FOS Ge (=) {L’Hopital’s rule } 
1m —s hh A = | 
x—>+00 * x>+00 (x — 1)? fev) P 


: (x + 1)’ : 
= lim ——, = —— = lim 
x—>-+00 ((x _ 1)?) x—>-+00 2(x = 1) X>+00 +00 


= 0| 
i.e., f(x) tends to y = 0 from the positive (upper) side 
In conclusion, f(x) has one vertical asymptote at lim,_,; f(x) and one horizontal asymptote at 


y = 0 because lim,.45 f(x) = 0. 
6. Oblique asymptote: 
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0 
fa) stl X(t) 1 
a= lim = lim ——~ = lim = 
x00 X xe00 x(x —1)2 x50 x (x — 1)? oO 


In conclusion, oblique asymptote does not exist because a = 0. 
7. Critical points: 


(x — 143 (x — 1) 
 =(¢+3)=0 «. x =-3 


(-3)+1 1 
(Sa 


x+1 \ Gotta ee x43 


f'@) =0: ray = (225 = 


and, f(%1) = f(—3) = 


x43 \o (@@—DP-3043)e—17% 
~aa) _ (x — 164 
_ 2-10 2@+4+5) 

a= 1)" a=" 
. 244+5=0 -. x+5=0 3. x2 =—-5 
Ks44 1 
Caj-12 5 


fi@=0: fF") = ( 


and, f (x2) = f(—5) = 


Extreme point is determined (mind pole x = 1) as 


=il = = = _ = 


x+3 = - 0 + + a 
coy xz = = 0 + 
f'(@) - 0 + n.d. - 


That is to say, there is minimum at (x, y) = (—3, —!/s). Inflection point is determined (pole is 


atx = l)as 


2 + + + ++ ~=«+ 
xt5 - OF + + + 
@-1y + + + OO + 
f'@) - 0 4F n.d =F 
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In conclusion, there is one inflection point at (x2, y2 ) = (—5, —1/9) as well one addition change 
of its convexity/concavity around the vertical asymptote x = 1. 
8. Summary of the important points: 
defined: x41 
zero: (x,y) = (-1,0) 
y-axis crossing point f(0): y=1 


v. asymptote: x= 1 
h. asymptote: y=0 
extremes: (x, y) = (—3, —!/s) (min) 
inflections: (x, y) = (—S, —!/9) 
9. Graphical representation: results of the analysis for function in P.3.30 are summarized by f(x) 


graph (see Fig. 3.22): complete function plot (left) and zoom-in around extreme and inflection 
points (right). 


3.31. Given rational function 


2ix+27 P(x) 
2(x—1)3 Q(x) 


f@m= P(x) =27(«+1) and Q(x) =2(x —1)° 
1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) 4 0, ie., 


O(x) 40 «. Wx-1?40 ©. M123 #1 


There is third-order pole of f(x) at x = 1; thus, f(x) is defined for all real numbers x except 
where the function becomes infinite, i.e., {R|x 4 1}, i.e., there is vertical asymptote at x = 1. 


| F(x) i 
| 


sf 


Fig. 3.22 Example P.3.30 
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2. Function’s parity: 


. eee eS ee ee 
even: SOD= 3 (pp? 2 CDiatie 2@41s 7” 
=>  noteven 


27 =<) 27 x—-1 


2@rD) # FQ) 


odd: — f(x) =~ ( = —-3 GED: 
=> not odd 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@~)=0: «. P@w)=0 .. 27a@4+1)=0 .. x, =—-1 (first-order zero) 


Positivity/negativity intervals are determined (mind pole at x = 1 ) as 


2 + + + + +4 
mom - o + + + 
(«-17  - - = 0 + 


In conclusion, f(x) changes its sign after crossing its first (odd)-order zero, as well after passing 
its third (odd)-order pole. 
4. y-axis crossing point: this function crosses the y-axis at (0, 1) as, 


27 (O)+1 27 
f)= 7=- 
2 ((0) — 1) 2 
This function crosses the vertical axis at y = —27/2. 


5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits 
in total. If the limit’s form is 00/00, etc. (i.e., undetermined), then there are multiple techniques 
that can be used: L’ H6pital’s rule or, for example, by factoring the highest-order polynomial term 
while keeping in mind that lim,_...n/x = 0 (nv is a real number), as 


27 x+1 (= 
lim = 
x>-00 2 (x — 1)3 
(x + 1)’ at ., 1 27° 
= = lim = lim 
2 x>-00 ((x = 1)3) 2 x>-00 3(x — 1)2 2 x>-0 +00 


= 0| 
ie., f(x) tends to y = 0 from the positive (upper) side 


lim f(x) ) {L’Hépital’s rule } 
xX—>—00 [o,2) 


= 
N 
~ 
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, 27 x+1 27 2 27 2 
lim f(x) = lim — im = = —0o 
x>1 2 x>1 (x — 1)3 2 x> 1 (x — 1)3 2 (0)3 
: 27, x+1 po are 2 27 2 
lim f(x) = lim = lim = = +00 
xo 1 2 rod (x = 1)3 2 x> 1 (x = 1)3 2 (0)3 
; 27 x+1 27 (Oo oe 
lim f(x) =— lim = ( ) {L’ Hopital’s rule } 
x—>-+00 2 x>+00 (x — 1)3 2 \oo 
27 2: (x + 1)’ 27. 1 21 1 
= — lim _= lim 5 = lim 
2 x—>+00 ((x = Ly?) 2 x>+00 3(x = 1) 2 x>+00 +00 


= 0| 
Le., f(x) tends to y = 0 from the positive (upper) side 
In conclusion, f(x) = is a function that has one vertical asymptote at lim,_,; f(x), and one 


horizontal asymptote at y = 0 because limy-,+. f(x) = 0. 
6. Oblique asymptote: 


0 
f(x) 27. x $1 27. x (141%) 271 
a= lim = im = lim = 

x00 X 2 x>00 x(x — 1)3 2 x00 (x — 1)3 2 co 


Thus, oblique asymptote does not exist because a = 0. 
7. Critical points: 


f'@) =0: ro=(F ad ) _ 27 -Dh-3@+ DGO-4F 


2 (x — D3 2 (x — 14 
= 23 o —21(x+2)=0 «x =-2 
and, fai) = f(-2) = FAO = y, = 5 


3(x+3)  81@ +3) 
(w-b> (wb 
- 81Qx+3)=0 -. x4+3=0 ©. x =-3 
(-3)+1 27 


and, f (x2) = f(-3) = a0 =)2 = 64 


Extreme point is examined (keep in mind pole x = 1), as 
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7) _ = _ _ = 
a O + + + 
ae + + + 0 + 
fia) + 0 - n.d - 


There is one maximum point at (x, y) = (—2, —!/2). Inflection point is pole x = | as 


81 + + + + + 
x+3 = - 0 + + + 
foe - - - o + 
i’@® + 0 - n.d. ae 


8. Summary of the important points: 


defined: xl 


y-axis crossing point f(0): = y = —27/2 


v. asymptote: x= 1 
h. asymptote: y=0 
zero: (x,y) = (—1,0) 
extremes: (x, y) = (—2,!/2) (max) 


inflections: (x, y) = (—3, 27/64) 


9. Graphical representation: see Fig. 3.23: the complete (left) and zoom-in (right) plots. 


3.32. Given rational function 


2 
=a) = 00 P(x) = (+1) and Q(x) = (xe - 1? 


po) = (5 ~ O@) 


1. Domain of definition D: all x where f (x) 4 oc, ie., O(x) £ 0, Le., 
Q(x) 40 ». («-1"° 40 ». m2 #1 


There is second-order pole of f(x) at x = 1; thus, f(x) is defined for all real numbers x except 
where the function becomes infinite, i.e., {R|x 4 1}, i-e., there is vertical asymptote at x = 1. 


164 


27/2 


-1 01 


Fig. 3.23 Example P.3.31 


2. Function’s parity: 


((-x) +1) | - pT? 
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F(x) 


1/2 


27/64 


= ee (a= Ga- 


42 
“Epa ro 


a f(x) => — not odd 


not even 


=f GH). Gel 
odd: — f(-4) = (=)- “Ot 


: 


This function is not odd because f(x) #4 —f(—x), and it is not even because f(x) # f(— x). 


3. Function’s sign: 


f(x) =0: «. P(Qx)=0 «. (+17? = 


O .. X1,.2 = -—I1 (second-order zero) 


The positivity/negativity intervals of this function are determined (keep in mind its pole at x = 1 


as well) as, 


(w+1? + 0 
@-1? + 4+ 


+ 0 + 


In conclusion, f(x) = (x + 1)*/(x — 1)? is always either zero or positive (the consequence of its 


even order pole and zero). 


4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


In conclusion, this function crosses the vertical axis at y = 1. 
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5. Limits: there is one vertical asymptote at x = 1, and thus it is necessary to resolve four limits 
in total. If the limit’s form is 00/oo, etc. (i.e., undetermined), then there are multiple techniques 
that can be used: L’H6pital’s rule or, for example, by factoring the highest-order polynomial term 
while keeping in mind that lim,_,..n/x = 0 (v is a real number), as illustrated here 


1 2 
lim f(x)= lim os = (~) {develop and factorize } 
x—>—00 x00 (xX — 1)? love) 


0 0 
2 14+2K% + Ue 
lim Ee = i A +H z 
x—>-00 x* — Dx x—>—00 
2(1-4K + Ye") 


1} 


i.e., f(x) tends to y = 1 from the negative (bottom) side 


12 4 
lim fe) = lim ie 


mié-12  @2  "~ 


1)2 
lim f(x) = lim 2 eer 


rol (x— 1? x51, (0)? 


1 2, 
i @+ 1° = (=) {develop and factorise } 
x—>-+00 (x _ 1)2 CO 


0 0 
x4 2xt1 (LEU ) 
G4) eae T 0 

x2(1-34K + " ) 


lim, £09 = 


ie., f(x) tends to y = | from the positive (upper) side 


Reminder: Recall these useful relationships: 


1 
if, a>0O, then, 1+a>1-—a,_ inother words: — = 
—a 
Spee l-a 1 
or, equivalently: < 
q y ee 
In conclusion, f(x) = (« + 1)*/(x — 1)? is a function that has one vertical asymptote at 


lim,_,; f(x) and one horizontal asymptote at y = 1 because limy++. f(x) = l. 
6. Oblique asymptote: 


_ f@®) . @&+b? _ x +2x+] 
a= lim => hm —m—_, = _—— 
X>00 X x00 X(X — 1)2 x00 X (x? —2x+ 1) 
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Oblique asymptote does not exist because a — 0. 
7. Critical points: 


2S 
(x—1?) (x — 183 
{(a—b)a+b)=a’—b’ and, (a+b) =a’ +2ab+b} 
20? = 1) = 20? +.2x + 1) 


fH -oQs ( 


(x — 1)° 
=o 24k 2g RI 
7 (x — 1)° ~ -@adyP 
. -4A~4+I=0 2. 4 =-1 
2 
aia 
and, f(«1) = f(-l) = fens =y1 =0 
(Gl=_) 


ep ) =-a Got se tear 
(x — 1) (x — 1h! 
-2x-4 8x +2) 
OS DP ~ Gad)? 
. 844+2)=0 .. x+2=0 «. x2 =-2 
ei 1 
(2-1? 9 


f'@)=0: f"Q)= (-4 


and, f(x2) = f(—2) = 


Extreme point is determined (mind pole x = 1) as 


i = = = = = 
x+1 - 0 + + =r 
Go) - - - O + 
f'(@) ~ 0 + n.d. _ 


There is one minimum point at (x, y) = (—1, 0). Inflection point is (mind pole x = 1) 
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8 + + + + + 
—_ O + + + 
ae + + + 0 + 
PR - 0 + n.d. ar 


That is to say, there is one inflection point at (x2 , y2) = (—2, !/9) . 
8. Summary of the important points: 


defined: xl 


y-axis crossing point f(0): y= 


v. asymptote: x= 1 
h. asymptote: y= 
zero: (x,y) = (—1,0) 
extremes: (x, y) = (-—1,0) (min) 
inflections: (x, y) = (—2, !/9) 
9. Graphical representation: results of the analysis for function in P.3.32 are summarized by f(x) 


graph (see Fig. 3.24): complete function plot (left) and zoom-in around extreme and inflection 
points (right). 


3.33. Given rational function 


_ @+l? _ P@) 


= 2 _(_13 
i oe O(x) P(ix)=(*+1)° and O(%)=(«-1) 


f(x) 


-101 


Fig. 3.24 Example P.3.32 
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1. Domain of definition D: all x where f (x) 4 co, i.e., O(x) € 0, ie., 


Qa) #0. @-1P 40 ». m2 £1 


In conclusion, there is one third order pole of f(x) at x = 1, and thus f(x) is defined for all real 
numbers x except where the function becomes infinite, i.e., {R|x 4 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


(x) +1))  Gatie GtP%@-1? — @-1" 
(-xy-1)9 Ce -18 Ered = @& + 
A# f(x) => _ noteven 


29) -223 
wt+)3)/> @w+)3 


even: f(—x)= 


odd: = f(-) = -( # f(x) > not odd 


In conclusion, this function is not odd because f(x) #4 —f(— x), and it is not even because 


f(x) 4 f(-x). 


3. Function’s sign: 
f@)=0: .. P@&=0 .. w+ Pe =0 .. X12 =-—I1 (second-order zero) 


The positivity/negativity intervals of this function are determined (keep in mind its pole at x = 1 


as well) as, 


Coes + 0 + + + 
(«-1? = - - 0 + 


In conclusion, f(x) = (x + 1)?/(x — 1)? is either zero or negative for x < 1 and positive after 
passing its pole. 
4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


2 
(0) +1 
to = | Vdd 
((0) — 1) 
This function crosses the vertical axis at y = —1. 


5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits in 
total. If the limit’s form is 00/00, etc. (i.e., undetermined), then there are multiple techniques that 
can be used: L’H6pital’s rule or, for example, by factoring the highest-order polynomial term and 
keeping in mind that lim,_,.. n/x = 0 (n is a real number), as 


(x + 1)? 
(x — 1) 


lim f(x) = lim = ‘ ~) {develop and factorize } 
X—>—00 X—>—00 CO 
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{Pascal’s triangle: (a + by = \a*b° +3a7b! +3a'b? + la°b? | 


0 
x24 2x41 A144 ye”) 


ee ead ae a 
one Gee xb (1-36 + yd" ) 
1 1 

= lim — =—=0f 

xX>-00 xX —oo 


; _ (x +1)? 4 
lim f(x) = lim = lim —— = +00 
xo xo (x _ 1)3 x>d (0)3 
(x + 1)? 


; 0° i 
lim f(x) = (=) {develop and factorise | 
x—>-+00 oo 


x>+oo (x — 1)3 


Le., f(x) tends to y = 0 from the positive (upper) side 


In conclusion, f(x) = (« + 1)*/ (x — 1)? is a function that has one vertical asymptote at 
lim,_,; f(x) and one horizontal asymptote at y = 0 because lim,_,+.. f(x) = 0. 
6. Oblique asymptote: 


0 0 
_f@ . Gt+D , (14+ 34K +1) a ee 
a= lim = lim ——— = lim = —=—= 
x>00 X x00 x(x — 1)3 x00 


Oblique asymptote does not exist because a = 0. 
7. Critical points: 


(«+ v) _ 2+ D@- DA -3@ +11? 
Gaile (x — pe 


{(a—b)a+b)=a’—b’ and, (a+b)? =a’ bh? +2ab+ ab} 


f'@) =0: rn =( 


_ 2G? -1)-3@?4+2x4+1)  -x?-2-6x-3 

7 (x — 14 ~ @— D4 

x ae 5 Sea oe (x + 1)(« +5) 
(x—1t (-1t Q= 1) 
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(kt 
mae = 
((-1l) - 1) 
_ (-5)+1) 2 
fQ2) = f(-S) = ajay = 2 = 55 


x? + 6x +5 " _ Qx+ 6G - 1)* — 40x? + 6x +5)(x — 1)3 
(f= 1)" @=— 1) 


_ Ox +O@ - DA = 4 + DO + 5)G—TF 


f"@)=0: f"@) = (- 


(x — 185 
x? +10x +13 
G@= Ip 
where the the quadratic equation roots are, 
x?7+10x+13=0 «. rg = EN a =i 540s 

I bit of work to deliver, 

((-5+2V3)+ 1) (-4+ 2/3) 4 (7-43) 

f (x3) = = 3 2 
((-5 + 2v3) - 1) ce 6 +2v3) e 6+ 23) (-6 +23) 
4 (7-43) A(7—4 V3) nee 


24(- 6+2V3) (2- V3) “— 9459/3) T+ 4V3 
1 


> 33 =- 


~ 12(-3-V3) ree 
and in the same manner, 
((-5 - 2v3) + 1), (-4-2v3)’ , 
f (x4) = 37> 7 > yu = -—— 
((-5-2v3)-1)  (-6-2V3) 12(3- v3) 


Two extreme points (x1 , yi ) = (—1, 0) and (x2 , y2 ) = (—5, —?/27) are examined as 
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=m -1 -1 -1 -1 -1 -1 =1 
x+5 -—- O + + + ++ 4 
a2 ap Il = = = 0 + + + 
@-1) + + + + + 0 + 
fie - 0 + OO = nd = 


There is one minimum point at (x, y) = (—5, —2/27) and one maximum point at (x, y) = 
(—1, 0). 

Inflection points (x3, y3 ) and (x4, ya), pole x = 1, and x* + 10x + 13 = (x — x3)(x — x4), 
are determined as 


2 + + =p + + + + 
X—X4  — 0 aa + + + as 
x — x3 = = - 0 + =F Sf 

@-1IP - = = = = O + 
jac — 0 + 0 = n.d. + 


In conclusion, this function has one vertical at x = | and one horizontal asymptote at y = 0, and it 
has two extremes, maximum point at (x; , y,) = (—1, 0) and minimum at (x2, y.) = (—5, —?2/27). 
Also, there are two inflection points at (x3 , y3 ) and (x4 , yq ) as calculated above. 

8. Summary of the important points: 


defined: x1 
v. asymptote: x= 1 
h. asymptote: y= 


y-axis crossing point f(0): y=-l 


zeros (x,y) = (—1,0) 
(x, y) = (-1, 0) 
extremes: (x, y) = (—5, —?/27) (min) 


(x, y) = (—1, 0) (max) 


inflections: G9) = ((-5-2V8),- 
1 

: — —5 2/63 9 ene ae 

(, y) (: sae wax) 


9. Graphical representation: see Fig. 3.25, complete plot (left) and zoom-in (right). 
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max. 


x4 —5 x31 0 


Fig. 3.25 Example P.3.33 


3.34. Given rational function 


(+)? PO) 


_ 2 fen He 
«—1¢~ O@) P(x) =(x+ 1)? and Q(x) =(¢-1) 


f(x) 


1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) # 0, ie., 


O(x) #0 «. («x -1)440 ©. x123.4 #1 


In conclusion, there is one fourth-order pole of f(x) at x = 1, and thus f (x) is defined for all real 
numbers x except where the function becomes infinite, 1.e., {IR|x ~ 1}. That is to say, there is one 
vertical asymptote at x = 1. 

2. Function’s parity: 


(x) +1)" xt? Gt e—1? — @-1) 
(-n-1)%  Cr- DP tft ps @ + DF 
A# f(x) => noteven 


ea) --& 
(ett) (xt 


even: f(—x)= 


1)" t odd 
pre LE) > noto 


odds — f(x) = -( 


In conclusion, this function is not odd because f(x) #4 —f(— x), and it is not even because 


f(x) # f(-x). 
3. Function’s sign: 


f@)=0: «. P@)=0 .. @+ ‘i =0 .. X12 =-—I1 (second-order zero) 


In this case, the positivity/negativity intervals of this function are bound by its pole at x = 1 and 
its even order zero at x = —1, as: 
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Coe + 0 + + + 
Cas + + ~~ 6+ 0 + 


In conclusion, f(x) = (x + 1)?/(x — 1) is always either zero or positive. 
4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


In conclusion, this function crosses the vertical axis at y = 1. 

5. Limits: there is one vertical asymptote at x = 1, and thus, it is necessary to resolve four limits in 
total. If the limit’s form is 00/oo (1.e., undetermined), then there are multiple techniques that can 
be used: L’H6pital’s rule or, for example, by factoring the highest-order polynomial term while 
keeping in mind that lim,_...n/x = 0 (nv is a real number), as 


1 2 
jim f@) = lim oe = (=) {develop and factorise } 


{Pascal’s triangle: (a + b)* = 1a*b® + 4a*b! + 6ab* + 4a'b’ + 1a°b*} 


x? +2x4+1 
= lim 
x—00 x4 — 4x3 4 6x2 —4x 41 


Misyeye) at 


= pu 0 0 0 0 ge x2 (—o00)2 
xP2(1 — 4 YO 4 YU ) 
=0| 


ie., f(x) tends to y = 0 from the positive (upper) side 


(x + 1)? ‘ 4 4 


p= 2 Gai eo [e,2) 
aie WOW . er a, 
a F@) ~ a (x — 1)4 > ae (0)4 > 0 =e 


lim f(x) = lim 4 — 
ean OLRM «Aa (1-4 94 yh4 Ye”) 
7 1 
_ x—>-+00 x2 (+00)? 


ie., f(x) tends to y = 0 from the positive (upper) side 
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In conclusion, f(x) = («x + iW (x — 1)* is a function that has one vertical asymptote at 
lim,_,; f(x) and one horizontal asymptote at y = 0 because lim,_,+.. f(x) = 0. 
6. Oblique asymptote: 


0 0 
a ie I lim M14 ye ) 


x—> x—> 0 
“ Pe (1 eye yh Ye) 
x>00 x3 lore) 


Oblique asymptote does not exist because a = 0. 
7. Critical points: 


2\' 2 ‘ 
fO=sv: f@= (F + =) = 2(x + D(x 1A glans 122 —17* 
ea (x — IFS 
{@—b)a+b)=a°—b* and, (a+b) =a’ + 2ab+b*} 


_ 2@?-1)-4@?2+2e+1) _ -2x?-2-8%-4 


G= 1? i= 1? 
yee tae t3 ete t3et3 4 &+DO+3) 
7 Ca) a ae (x — 1)° 
—2(«+1)(@+3)=0 +. x) =-1 and, x, =-3 
2 
-1 
where, f (x1) = f(-1) = tebe =y = 
(-)-1) 
2 
eb! 1 
iia 2 


((-3) _ 1)° ~ 78 64 


2 Y 5 2 4 
fla) =0: pray = (-27 ——) a (2x +4)(x — 1) —5(x- + 4x +3)x - 1) 


(x — 1) (x — 1)!0 
_ 5 Oe + Mr - 1)? — 5(x2 + 4x + 3) —1y* 
(x — 17% 
5 (x? 4+ 2x — 4) — 5(x* + 4x 4-3) 
(= 1) 
_ , 3x? + 18x + 19 
(x — 1° 


where the quadratic equation’s roots are 


—18+/182—4.3-19 -—942/6 
3x7 +18x+19=0 - - v6 


2-3 3 


- 34 = 
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I bit of work to deliver, 


a 


2 
ina n= (PE =(-36+¥6) - 


WI 


(5 +26) 
=(-26+ v6) * 6+V6) 
(-36+v8) (56+v6) 


2 
= (5 7+2V6) - (3 + 28v6) 


therefore, 
4 (5+2V6) 73 o8ye 3. (5 +2V6) (73-286) 
iNgae £416/$3 (73 + 28/6) 73-28/6 16 13? = 28756 
3 294 6/6 3 
peepee Bs = —— (29+ 6vV6 
16 65 7 Tar +6v6) 


and in the same manner, 


Wi (S-2V6) 734086 3 (5-2v6) (73+ 28V6) 


i) ~ i643 (73 — 28/6) 73+28/6 16 73? — 287-6 
3 29 -—6/6 3 
= — =o 90 
16 05 77" anu 9—6v6) 


Thus, the function extremes (x1 , y1 ) = (—1, 0) and (x2 , y2 ) = (—3, 1/64) are determined as 


> = _ = = _ _ 
se ap Il = = = 0 + a + 
coo in 0 + + + + oF 
Coe - - - = = 0 + 
f@) + 0 - 0 4 n.d - 


There is one maximum point at (x, y) = (—3, !/o4) and one minimum point at (x, y) = (—1, 0). 
Inflection points (x3, y3 ) and (x4, ya ) (where 3x7 + 18x +19 = (x —x3)(x —x4)) are determined 
as 
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2 + + + + + + 4 
X—Xq 0 — 0 + + ay +e + 
= iin = = 0 + + + 

@-1) + + + + + 0 + 

ff") + 0 - 0) oF n.d. oF 


There are two inflection points, at (x, y) = (x4, y4) and (x, y) = (%3, y3). In addition, f(x) 
changes its convexity after passing its vertical asymptote. 
8. Summary of the important points: 


defined: xl 
v. asymptote: x= 1 
h. asymptote: y= 


y-axis crossing point f(0): y=1 


zero: (x, y) = (—1,0) 
extremes: (x, y) = (—3, !/o4) (max) 


(x, y) = (-1,0) (min) 


inflections: (x, y) = (= a Co— </}) 


3.” 10000 
-94+2/6 3 
v= , 29 + 6/6 
(x,y) ( a Ga 453) 


9. Graphical representation: results of the analysis for function in P.3.34 are summarized as the 
complete graph of f(x) in Fig. 3.26 (left) and zoom-in around its extreme and inflection points in 
Fig. 3.26 (right). 


3.35. Given rational function 


_x+1_ PG) 
~xt1l Oe) 


FQ) P(x)=x+1 and O(%)=x+1 


1. Domain of definition D: all x where f (x) 4 ov, i.e., Q(x) ¥ 0, Le., 


O(x) 40 «. x +140 +. xy #-1 
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Me 23 2-16 


Fig. 3.26 Example P.3.34 


There is one first-order pole of f(x) at (x = —1); thus, f(x) is defined for all real numbers x 
except where the function becomes infinite and/or not defined, i.e., {R|x 4 —1}. 

It is important to note that (x = —1) is also first-order zero of this function and that this function 
is actually not defined (i.e., it takes one of the forms: 0/0, 00/00, 0°, ...) at this specific point, as 


_CD+1_0 
poy (141-0 


It is acommon mistake to assume that f(x) = 1 as 


XT 
f@) = =1 
xX+T 
However, this result is valid everywhere except in one single point (x = —1), which turns out to 


be a very important property of a function. 

This and the following examples illustrate this situation, commonly known as pole-zero 
cancellation, which may create a very interesting effect of suppressing the expected vertical 
asymptote. Depending on how many pole-zero pairs are cancelled and how many poles or zeros 
remain, the function’s behavior is drastically modified. 

2. Function’s parity: 


(-x)t1 _ -x+1_ CD@-1_ «x 


even: f(—x)= (=x) =441° Cie). x 


- #~ f(x) =>  noteven 


x—-1 


odd: - fn =-( )-Seres not odd 


x—1 


This result may appear bizarre, because one would assume that a constant function f(x) = 1 is 
even. But it must not be forgotten that in x < 0 side, there is one single point f(—1) = n.d. 
missing; however, f(1) = 1 is well defined. By consequence, this function is not symmetric 
relative to the vertical axis. 

In conclusion, this function is not odd because f(x) 4 —f(— x), and it is not even because 


f(x) # f(—x). 
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3. Function’s sign: 
f@=0: «. P@w)=0 .. x+1=0 .. x, =—1 (first-order zero) 


As there is pole-zero cancellation, the positivity/negativity intervals are: 


In conclusion, f(x) = (x + 1)/(« + I) is always positive, except in (x = —1) where it is not 
defined because of 0/0 division. 
4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


(0) +1 
fO)= = 
(0) +1 
In conclusion, this function crosses the vertical axis at y = 1. 
5. Limits: there is (x = —1) point where the function is not defined, thus 
1_ 
lim f(x) = tim =1, (function is always positive) 
1 0 
Jim, f@x~= Jim, - - i= (5) {I’H6pital’s rule } 
j —1 
tH (x + 1) =e 
= lim = lim —=1| 
x>-1 (x + 1) xr! —| 
1 0 
a fa) = im, - a = (5) {!" H6pital’s rule } 
/ 1 
rH (x + 1) a 
= lim —— = lim —=1| 
eei@+1y ze] 
io 
iim, f@M= in = d (function is always positive) 


In conclusion, f(x) = (x + 1)/(« — 1) is not defined at (x = —1). However, left- and right-side 
limits lim,_,; f(x) = 1 are equal; therefore, the limit exist. Horizontal asymptote is y = | because 
lim, +00 f(x) = 1. 

6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) point, division (x + 1)/(« + 1) = 1 is valid. 


(oe at « wet Sie So 
ie+Tty x00 OX X00 X CO 
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In conclusion, oblique asymptote ya, = ax + b does not exist because a = 0. 
7. Critical points: 


X+T | 
X+T | 
f(x) =0: f'«%) =0=5 f’ (x) = 0 =const. 


iWaHk: FOS ( ) = (1)! =0 .«. f(x) =const. 


In conclusion, due to pole-zero cancelation, this function indeed reduces to f(x) = | for all x 
except (x = —1) where it is not defined but the limit exists. Being constant function, its horizontal 
asymptote is superimposed at y = 1. 

8. Summary of the important points: 


defined: x ~¢-1 
y-axis crossing point f(0): y=1 


zeros: (none) 
v. asymptote: (none) 
h. asymptote: y = | (the function itself) 
9. Graphical representation: results of the analysis for function in P.3.35 are summarized by f(x) 


graph; see Fig. 3.27. The discontinuity point (x = —1) is indicated by left- and right-side-limiting 
arrows and ® symbol. 


3.36. Given rational function 


- wl. Pe) . _ _ ' 
iM) = aay OG) o Px)=x+1 and QO) =(+4+1) 


1. Domain of definition D: all x where f (x) 4 00, i.e. Q(x) ¥ 0, ie. 


Fig. 3.27, Example P.3.35 
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Ox) 40 «. +1? 40 ©. m2 #1 


There is second-order pole of f(x) at (x = —1); thus, f(x) is defined for all real numbers x 
except where the function becomes infinite and/or not defined, 1.e., {R|x 4 —1}. 

It is important to note that (x = —1) is also first-order zero of this function and that this function 
is actually not defined (i.e., it takes one of the forms: 0/0, 00/00, 0°, ...) at this specific point, as 


(-1)+1 0 
f(-)=— "= = 
(-p+1) 9 
The factorization 
1 
eS LET 


(+pi xt! 


is valid everywhere except in one single point (x = —1). In addition, it is important to note that 
the same point is also first-order zero of this function, hence causing pole-zero pair cancelation by 
division. 

. Function’s parity: 


(—x) +1 —x+1 (-1I)@ —- 1) x-—1 


even: f(—x)= 


(cane Ceti? CIP@-1?  @=17 


# f(x) => _ noteven 


x—-1 x-1 
odd: - #- =-(-255) = Gai? # f(x) => not odd 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
. Function’s sign: 


f@=0: «. P@w)=0 .. x+1=0 .. x, =—1 (first-order zero) 


As there is pole-zero cancellation, the positivity/negativity intervals are: 


In conclusion, f(x) = (x + 1)/(x + 1)? indeed changes its sign after passing its discontinuity 
point (x = —1) where it is not defined because of 0/0 division. 
. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


0)+1 
iOo2 4 
() +1) 


This function crosses the vertical axis at y = 1. 


3.2 Rational Functions 181 


5. Limits: there is discontinuity point (x = —1) where the function is not defined, thus 
lim_ fx) — — =0 
im f(x)= lim = lim = lim = 
xX—>—00 x—>—00 (x = 1} x—>—00 (x + 1) t>—08 —0O 


l 0 
lim f(x) = Ii sae (5) {I’H6pital’s rule } 


w+)? \0 
fH. (x + 1)’ ‘ 1 ; 
= lim ——— = lim —— = lim —— = —o0 
Gy) eee) ae) 
x+1 0 
li = lim -—— = | — } {I’HoOpital’s rul 
roel f@) xn (x + 1)? (5) i aiaaiabt | 
, 1)’ 1 1 
= lim a lim —— = lim —=+00 
xo! (x A 1?) xo-12x44+1)) x21 2(0) 
i Gre ai —— _ jj i 0| 
ee a see a+ 1} ~ goes (x + 1) — see +00 = 
In conclusion, f(x) = (x + 1)/( - 1)? is not defined at (x = —1). While approaching its 
discontinuity point, this function tends to oo, that is to say, (x = —1) is its vertical asymptote. 


Horizontal asymptote is y = 0 because lim,-.+00 f(x) = 0. 
6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) point, division (x + 1)/(x + 1) = 1 is valid. 


gee Be Oe 
x+pi @&+) 7 x70 OX roo x(x+1) co 


f= 


In conclusion, oblique asymptote ya, = ax + b does not exist because a = 0. 
7. Critical points: {if (x —1)} 


<0 


| D= Ge) aero =] 
=) 7 


@+D? ~ Gent +1? 
“. f'(x) <0 (i.e. const.) .. f(x) alwaysdescends \, 


-1 ) = beet = eet 2 
(x+1?) ~ @+1I4 ~ Gens @+)3 


PoH=0: FQ ( 


f(x) =0: f°) = ( 


Sign of f’(x) is fixed because its numerator is always negative and denominator positive (note: 
square functions), while f” (x) is 
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Thus, this and the following examples illustrate that even though order of f(x) is effectively 
reduced by the cancelation of one pole-zero pair, it is still necessary to examine the remaining 
binomial terms in f’(x) and f”(x) under condition (x 4 —1). 

8. Summary of the important points: 


defined: x 4-1 


y-axis crossing point f(0): y=1 


zeros: (none) 
v. asymptote: x =-—l 
h. asymptote: y=0 
9. Graphical representation: results of the analysis for function in P.3.36 are summarized by f(x) 


graph; see Fig. 3.28. The discontinuity point (x = —1) is indeed location of a vertical asymptote, 
due to the remaining binomial term (x + 1) as 


e+T . 1 
f(x) = —— {if@ 4-)} = — 
(x + 1)? n=l 
3.37. Given rational function 
x+1 _ P(x) 


f(x) = P(x)=x+1 and QO(x)=(+1) 


(x+13 Q(x) 


1. Domain of definition D: all x where f (x) 4 &,ie., O(x) £ 0, ie., 


Ox) #0 ». +1940 ©. X23 A-1 


Fig. 3.28 Example P.3.36 
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There is third-order pole of f (x) at (x = —1); thus, f(x) is defined for all real numbers x except 
where the function becomes infinite and/or not defined, i.e., {R|x 4 —1}. 

It is important to note that (x = —1) is also first-order zero of this function and that this function 
is actually not defined (i.e., it takes one of the forms: 0/0, 00/00, 0°, ...) at this specific point, as 


—1 1 0 
f(-)= a = 
(-p+1) 9 
The factorization 
1 
#@) XAT 


~G@ the @+IP 


is valid everywhere except in one single point (x = —1). In addition, it is important to note that 
the same point is also first-order zero of this function, hence causing pole-zero pair cancelation of 
the binomial term in the numerator. 

2. Function’s parity: 


(a)t1 — -x¢l — CN@-) _ xo] 
((—x) + 1)’ ~ (-x +13 (-13@-13) a -— 13 # f(x) 


even: f(—x)= 


=  noteven 


da: ese x-1l\_ «-I1 oS pada 
eats — F-) =— (Fay )=— gape ALO me 


In conclusion, this function is not odd because f(x) #4 —f(— x), and it is not even because 


f(x) 4 f(-*). 


3. Function’s sign: 
f@=0: «| P@w)=0 .. x+1=0 .. x, =—1 (first-order zero) 


As there is pole-zero cancellation, the positivity/negativity intervals are: 


1 + + #4+ 
Golly BB 0 + 


In conclusion, f(x) = (x + 1l)/(~+ 1)3 is positive, it does not change its sign at (x = —1). 
4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 
(0) +1 


foy=—— {= 
((0) +1)" 


In conclusion, this function crosses the vertical axis at y = 1. 
5. Limits: there is discontinuity point (x = —1) where the function is not defined, thus 


184 3 Functions 


1 
lim f(x) = eT its ——_. = lim ——, =0| 
xX—>—00 X>—00 (y 4 1)?2 x>-o0 (x + 1) x——00 (—0O) 
x+1 0 
li = lim —— =[ — ] jl’HOpital’s rul 
eo aes D (5) aaa) 
rH (x + 1)’ i 1 
= > — par = 1 oa = Bt as SOO 
xool (a a 1)3) #+—1 3@ + 1) x>—1 3(0) 
1 0 
a Ff) = a = (5) {I’H6pital’s rule } 
, 1) 
= lim cele ae lim —W—~ = lim ~—~ = +00 
x (x43) 3@ +)? 1300) 
lim f(x~)= hi li ; li 0| 
im = lm W—W—~= lm —, = lm — J = 
x—>-+00 * x—>-+00 (x + 1)?2 x—>+too (x + 1)2 x—> +00 (+00)2 
In conclusion, f(x) = (x + 1)/(x — 1)? is not defined at (x = —1). While approaching its 
discontinuity point, this function tends to +-oo, that is to say, (x = —1) is its vertical asymptote. 


Horizontal asymptote is y = 0 because lim,_,4.5 f(x) = 0. 
6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) point, division (x + 1)/(x + 1) = 1 is valid. 


ET 1 hi ff) hi 1 1 0 
= = Ve a= iim = hm ae S- _— = 
ete? (+1)? x00 Xx x00 x(x +1)? 00 


f(x) 


In conclusion, oblique asymptote yz, = ax + b does not exist because a = 0. 
7. Critical points: {if (x 4 —1)} 


1 ’ 0-2 1 —2 —2 
fa=0: f@=(— 5) - Se eee 


@+)? @+D* ~~ @ene @+D 
—2 \ 046441)?  6+17? 6 
A = : = = — — @) 
a (; + wm) (x + 1)° (x+1ei (+1 
“. f(x) >0 «. f(x) isalways concave U 


Sign of f’(x) is (the second derivative is always positive) 


8. Summary of the important points: 
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defined: x 4-1 


y-axis crossing point f(0): y= 


zeros: (none) 
v. asymptote: x =-—l 


h. asymptote: y=0 


9. Graphical representation: see Fig. 3.29. The discontinuity point (x = —1) is indeed location of a 
vertical asymptote, as 


1 


{if 4-1)} = Gap 


Co 
(x + 1)? 


3.38. Given rational function 


G+)? _ PQ) 


—— = 3 = 
Gap 0G ee ee ee 


f@)= 


1. Domain of definition D: all x where f(x) 4 o, ie., Q(x) 4 0, ie., 


O(x) 40 -. x +140 7. xy F-1 


There is first-order pole of f(x) at x = —1; thus, f(x) is defined for all real numbers x except 
where the function becomes infinite and/or not defined, i.e., {R|x 4 —1}. 

However, it is important to note that x = —1 is also third-order zero of this function causing 
pole-zero pair cancelation. Nevertheless, if x = —1, this function is actually not defined as 


Fig. 3.29 Example P.3.37 


F(x) 
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_ (CD41) _ 0 
fCD= eit 6 


Effectively, this function is quadratic, not cubic, as 


(x + DP? et 
(x) = ——— =(04 1) jifx 4-1 
f XT 7 
that is to say, this is a quadratic function with very important distinction of one point missing at 
x = —1, where this function is not defined due to 0/0 division. 
2. Function’s parity: 


(-x)+1) (x41? CD3@-D? — @- 
(-x)+1 0 -xt+1  (CD@-D- x-1 


=>  noteven 


# f(@) 


even: f(—x)= 


_ 13 _ 13 
odd: - fem =-(S9 )-- # f(x) => not odd 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@)=0: .. P@&)=0 .. wt iy =0 .. X1.2,3 =—I (third order zero) 


In general, the positivity/negativity intervals of this function are bound by its poles and zeros. 
However, as there is pole-zero cancellation, 


+b? - 0 ite 
x+1 = 0 a 


In conclusion, f(x) = (x + 1)3 /(x + 1) does not change its sign after passing its discontinuity 
point x = —1 where it is not defined because of 0/0 division. 
4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


3 
(O41 
f() = (M+) = 
(0) +1 
In conclusion, this function crosses the vertical axis at y = 1. 
5. Limits: there is discontinuity point x = —1 where the function is not defined, thus 
ee ee a 2 
elim, f(0) = lim, SS = lim (+ DP tim (-90)? = +00 
(x +1) 


0 
lim, f(x) = lim — (5) {Il H6pital’s rule } 


a pl 
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+ 1)3)’ 3(x +1)? 3(0f)? 
tim EADY iy BO AD? _ i, BON _ oy 
x>1 (x + 1)’ x>7! 1 x>7!1 1 
iy 0 
ae fa) = a aa 2 = (5) {I’H6pital’s rule } 
13)’ 3(x + 1)? 3(0|)? 
aa (@+)*%) _ lim 3@ 41" _ lim 3)" ~ 0) 
x>71 (x + 1)’ x>71 1 x>7l 1 
_. aie OEP _, x, oo ae 2 
elim, 0) = tim, SS = Lim (+ DP lim (400)? = 0, 
In conclusion, f(x) = (x — 1)3 /(x + 1) is not defined at x = —1. While approaching its 


discontinuity point (x — —1), this function limits to 0 |, because both left-side and right-side 
limits are equal. (Note: the square of both negative and positive numbers is positive.) 

6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) point, division (x + 1)/(x + 1) = 1 is valid. 


po 
re y= SE = tb? 
2 
a fim 2 = jim ST = (Z) {Honitas te} 
wy. (@+D) _ . a 
= @ai oe 


In conclusion, oblique asymptote yz, = ax + b does not exist because a = oo. 
7. Critical points: {if (x 4 —1)} 
f@=0: f'«)=(@+ yy =264 De (@)=0 2 2641=0 
6 =-l, vy = f(-)D= nd. 
f"@=0: f"(~)=2e@4+1))'=2>0 .. f(x) isalwaysconcave U 


Thus, sign of f’(x) is: 


2 + + + 
x+1 - 0 =P 
Ca 0 ai 


that is to say, the only possible minimum of this function is located at the point where the 
function is not defined. The second derivative is always positive. 
8. Summary of the important points: 
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defined: x 4-1 
zeros: (none) 


y-axis crossing point f(0): y=1 


v. asymptote: (none) 


h. asymptote: (none) 


9. Graphical representation: results of the analysis for function in P.3.38 are summarized by f(x) 
graph (see Fig. 3.30). The discontinuity point x = —1 does not contain vertical asymptote, because 
the binomial term (x + 1) in the denominator is cancelled. Equally, the extreme point is also 
missing. The absence of f(—1) point is indicated by the left/right side limiting arrows and ® 
symbol, as 


f@= oes {if 4-1} =(@ +1)’ 


3.39. Given rational function 


(+13 _ PO) 


= 3 — 2 
@aie OG) P(x)=(«+4+1) and O(x) = (*4+1) 


f@) = 


1. Domain of definition D: all x where f(x) 4 &,ie., Q(x) £ 0, ie., 
Ox) #0. +1 40 1% ma A-I 
There is second-order pole of f(x) at x = —1; thus, f(x) is defined for all real numbers x except 
where the function becomes infinite and/or not defined, i.e., {R|x 4 —1}. 


However, it is important to note that x = —1 is also third-order zero of this function causing 
pole-zero pair cancelation. Nevertheless, if x = —1, this function is actually not defined as 


Fig. 3.30 Example P.3.38 
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3 
-1)+1 0 
f(-)) = a ee 
((-1)+1) 9 


Effectively, this function is linear, not cubic, as 


(x + 1h = 


[= ee {if x # -1} 


that is to say, this is a linear function with very important distinction of one point missing at 
x = —1, where this function is not defined due to its 0/0 form. 
2. Function’s parity: 


. (Got rtp Cosa - 3 @ — 
sen SOO yay Catt Cl@-tF G@—*F 


=>  noteven 


_@- 
@ — 1) 


_ 43 
ye (x a # f(x) > notodd 


(x — 


odd: = f(x) =~ ( 


This function is not odd because f(x) 4 —f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@)=0: » Pw) =0 ». @+1%=0 ©. x23 =—1 (third order zero) 


In general, the positivity/negativity intervals of this function are bound by its poles and zeros. 
However, as there is pole-zero cancellation, we find: 


(x+)D%  - 0 + 
(+1)? + 0 + 


In conclusion, f(x) = (x + 1)?/(x + 1)? changes its sign after passing its discontinuity point 
x = —1 where it is not defined because of 0/0 division. 
4. y-axis crossing point f (0): this function crosses the y-axis at (0, 1) as, 


In conclusion, this function crosses the vertical axis at y = 1. 
5. Limits: there is discontinuity point x = —1, where the function is not defined, thus 


lim x+1= lm —@=-—oco 
X—>—00 X—>—00 


lim, £6) im, SOY, = 
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1)3 0 
jim f@) = lim” - = =: = (5) {I H6pital’s rule } 
3)’ 2 2 
m . (@+1)) x. ae 1) _ 3(0_) 
= lim —T = im ——— = im = 0, 
x>-1_ ((x + 1)?) x>-1_ 2(x + 1) x>-1L 2(0_) 
1)3 0 
oe f= Jim ar = (5) {I’H6pital’s rule } 


z 


3)’ 2 2 
(+1). gy BED yg SOE 


= lim ———~ = lim = = 0, 
x>-1y ((x + 1)?) x>-1, 2(x + 1) x>-1, 2(0,) 
+h 
lim f(x) = lim —,= lim ®#4+1)= lim +~o=04 
x—>+00 x—+00 x—>+00 x—>-+00 

In conclusion, f(x) = (x — 1)3/(x + 1)? is not defined at x = —1. While approaching its 
discontinuity point (x — —1), this function limits to 0,, where the left-side and right-side limits 
are equal. 


6. Oblique asymptote: while (x — oo) this function is well defined and, being far away from (x = 
—1) point, division (x + 1)/(x + 1) = 1 is valid. 


«+n 
f@)= pane * 1 
1 
ee ti 2 iy (=) {IHopital’s rule} 
x>00 X x>00 6X [o,@) 
; ly 
ey ie ag 


x>o0 (x + 1) x00 
and, 
b= lim (fx) - 1x) = lim (x¥+1)—-X)= lim 1=1 
x00 x00 X00 
There is oblique asymptote yaa = x + 1, which is the same form of linear function as f(x) under 
condition (x 4 —1) (this is trivial case). 


7. Critical points: {if (ose -1} 


fix) =0: fi) =(@41'=1>0 -. f(x) (alwaysascending 7) 


f"@) =0: f"~)=(d)y =0 «. f(x) (neither concave nor convex) 


8. Summary of the important points: 


defined: x 7-1 


y-axis crossing point f(0): y=1 


zeros: (none) 
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Fig. 3.31 Example P.3.39 


v. asymptote: (none) 


h. asymptote: y= 1 (the function itself) 


9. Graphical representation: results of the analysis for function in P.3.39 are summarized by f(x) 
graph; see Fig. 3.31. The discontinuity point x = —1 does not contain vertical asymptote, because 
the binomial term (x + 1) in the denominator is cancelled. The absence of f(—1) point is indicated 
by the left-/right-side-limiting arrows and ® symbol, as 


A 
f= {if@ 4A-l}=x4+1 


3.40. Given rational function 


(+13 _ P(x) 


— 3 = 3 
Gate 00) P(x)=(«+4+1) and O(x) = (x*4+ 1) 


f@)= 


1. Domain of definition D: all x where f(x) 4 ©, ie., O(x) 4 0, ie., 


Ox) #0 -. +1240 M123 #-1 


There is third-order pole of f(x) at (x = —1), thus f(x) is defined for all real numbers x except 
where the function becomes infinite and/or not defined, i.e., {R|x #4 —1}. 

However, it is important to note that (x = —1) is also third-order zero of this function resulting 
in pole-zero cancelation of all three pairs. Nevertheless, if (x = —1), this function is actually not 
defined as 


3 
-1)+1) 0 
ep= 28 
(-)+1) 0 
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Effectively, this function is constant, not cubic, as 


PO) = ae 
that is to say, this is a constant function f(x) = 1 with very important distinction of one point 


missing at (x = —1), where this function is not defined due to its 0/0 form. 
2. Summary of the important points: 


=1 


defined: x 4-1 
zeros: (none) 


y-axis crossing point f(0): y=1 


v. asymptote: (none) 


h. asymptote: y==1 (the function itself) 


3. Graphical representation: results of the analysis for function in P.3.40 are summarized by f(x) 
graph; see Fig. 3.32. The discontinuity point (x = —1) does not contain vertical asymptote, 
because the binomial term (x + 1) in the denominator is cancelled. The absence of f(—1) point is 
indicated by the left/right side limiting arrows and ®@ symbol. 


3.41. Given rational function 


_ x _ P(x) . Pp _ 4 _ 1» 
> tah Ot o (x)=x and Q(x) =x(x+4+1) 


f(x) 


1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) # 0, ie., 


Ox) #0 2. xt? 40 ». x1 £0, 2,34 #1 


Fig. 3.32 Example P.3.40 - 
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There is first-order pole of f (x) at x = 0, as well as third-order pole at (x = —1). Thus, f(x) is 
defined for all real numbers x except where the function becomes infinite and/or not defined, i.e., 
{R|x 4 0,x 4 —l}. 

It is important to note that x = 0 is also first-order zero of this function causing pole-zero pair 
cancelation at (x = 0). Nevertheless, whether (x = 0) or (x = —1), f(x) is not defined as 


eee eee 
(0)(@) +1) 9 
(—{) _-l 


= CC 


f(-)= = 
(D(-D+1) 0 


It is important to note slightly different nature of these two discontinuity points: due to pole-zero 
cancelation at (x = 0), there is no vertical asymptote, while at (x = —1), function tends to infinity 
due to the existence of vertical asymptote. 

Effectively, (for x 4 0) 


f(x) = X fe 
x@+)3 @+13 


That is to say, this is an inverse cubic function delayed by “1” with very important distinction: one 
point is missing at x = 0 where this function is not defined due to 0/0 division. 
2. Function’s parity: 


; he (—x) = —Xx — x 
Se ae (—x) ((—x) + 1)° ~ =¢(17@=1P  x«@=1) ee 


=>  noteven 


x 


odd: — f(-) = —( : J-ayytios not odd 


“x — D3 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f(@~)=0: .«. P(w~)=0 .. x =0 (first-order zero) 


After taking into account all poles and zero: 


x - - — 0 + 
ae + 0 ~ 0 + 


In conclusion, f(x) = x/x(x + 1)3 is affected by the pole-zero cancelled pair at (x = 0) as well 
as by its non-cancelled pole at (x = —1). 

4. y-axis crossing point f (0): this function is not defined at f (0). 

5. Limits: with two discontinuity points, there are six limits in total to be resolved. 
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x—>o: (x#-1) and (* #0) 


: Ff : 1 i 
fo eas 2 asi Soe 
li = ili ——___ = lj ——— = li ————— 
= KG +)? xtto@+)? xs (Foo o} 
x—>-l: @+#0) 
ae Th! eat 
im x)= bm ——s>— =| lim —~ = -c 
xl . xl PYG + 1)3 x>—1 (0)3 
li = li = ii —— 
pa egies ss Or 
x>0: (4-1) 
x . 0 : 
lim f(x) = lim t—-— = lim — = (5) {I H6pital’s rule } 
7 — x-ip” oe ” 
= 0 tim + <1) 
~ 70 (x) x>0 1 
. ? x sf 0 oe 
lim f(x) = lim t—— = lim —= (5) {I H6pital’s rule } 
x> 0 x> 0 xeHty” x> 0 x 0 
1 
/ 
* lim ca = lim = =1} 
x>0 (x) x>0 1 
Inconclusion, f(x) = x/x(x—- 1)? is not defined neither at (x = —1) nor (x = 0). However, due to 


pole-zero cancellation, as (x — 0) both sides limits are equal, by consequence lim,_,9 f(x) = 1. 
In addition, there is a horizontal asymptote at y = 0. 

6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) and (x = 0) discontinuities, division x/x = 1 is valid; at the same time, 1/(x + 1)? term is 
defined; thus 


x1 1 


OO ta = (x + 1)3 
pie es 
x>00 X x>00 x (x + 1)3 X00 0O 


In conclusion, oblique asymptote ya, = ax + b does not exist because a = 0. 
7. Critical points: {if x 4#-1),aF 0)} 


1 ) Sgt _ 8 
(x+13/ Ges = @& + D4 
f'(x) <0 .«. f(x) always descents \, 


f'@)=0: fen =( 
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3) \ 12+ty 12 
vo) 


” =0: " =e (oe = = 
fey=O: f") ( a ph GN: 


Sign of f(x) is 
ie + + + + 


(~t+1P = 0 + + + 
7 @) _ n.d. + + ++ 


8. Summary of the important points: 


defined: xA~-—I1 and, x40 


y-axis crossing point f(0): (none) 


zeros: (none) 
v. asymptote: x=-—l 
h. asymptote: y=0 


9. Graphical representation: see Fig. 3.33. The discontinuity point (x = —1) is indeed location of a 
vertical asymptote, as 


1 


ae, 
3.42. Given rational function 


x(x + 1) _ P(x) 
x(x+ 13 Q(x) 


iw P(x) =x(x+1) and Q(x) =x(x+ 1)? 


Fig. 3.33 Example P.3.41 
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1. Domain of definition D: all x where f(x) 4 ~, ie., Q(x) # 0, ie., 
Ox) 40 ». x@e+1240 © x 40, x23. #-1 


There is first-order pole of f (x) at x = 0, as well as third-order pole at (x = —1). Thus, f(x) is 
defined for all real numbers x except where the function becomes infinite and/or not defined, i.e., 


{Rlx £4 0,x A —-l}. 
It is important to note that both (x = —1) and (x = 0) are also first-order zeros of this function 
causing pole-zero pair cancelations at both points. Nevertheless, whether (x = 0) or (x = —1), 


then f(x) is not defined as 


— ©(O+1) 0 aa 


© (+1) 9 


—1)((-1)+ 1 0 
a ee Ge ky 
(-D(-D+1~ 9 


f (0) 


It is important to note slightly different natures of these two discontinuity points: due to pole-zero 
cancelation at (x = 0), there is no vertical asymptote, while at (x = —1), function tends to infinity 
due to the remaining poles, thus the existence of vertical asymptote. 

Effectively, (for (x 40), (x £ —1)) 


xaetety 
x(x +182 +1)? 


f(x) = 


That is to say, this is an inverse quadratic function with very important distinction: one point is 
missing at f (0) where this function is not defined due to 0/0 division. 
2. Function’s parity: 


(-x)((-x)+1)  x(@e@-1) 
= (x) 
CH (cy a= 77% 


even: f(—x)= 


=> not even 


xa—-) x(«—-1) 
=) =-— —, # f(@) => _notodd 


odd: — f(x) = ~( aaa 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) 4 f(—x). 
3. Function’s sign: 


f@)=0: .. P@&)=0 .. x~%+1=0 


*. xX, =0, x2 =-—1 (two first-order zeros) 


After taking into account all poles and zero: 
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x - - - 0 + 
lz 0 + + + 
x(Qx+13 + 0 es 0 Ee 


In conclusion, f (x) = x(x + 1)/x(x + 1)? is always positive (when defined). 
4. y-axis crossing point f (0): this function is not defined at f (0). 
5. Limits: with two discontinuity points, there are six limits in total to be resolved. 


x—>oo: («#-1) and, (x £0) 
lim | f(x) = lim cage lim : li a O| 


xX—>—00 E16: +4 172 x>—00 (x + 1)2 = ae (—0o)? = 


lim, f(x) = ig on eel 


= lm —> = lim = 
x>+00 x(x te 12 x—>+oo (x + 1) x—>+00 (+00) 
x—>-l: (#0) 


Ne 1 
i = — 
mF OM ag bt ET 
SVG+H ; 1 


it = li lim —~— 
re en aa + DR et OF 


= +00 


0 
ii ee en a (5) {I’Hépital’s rule } 
x>0 x>0 x 0 
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x>0 
> > xe Tho” > 
1 
/ 
ii OO dts | 
x30 (x)! x>0 1 
0 
41> 0 x ~ x ee The x vx 
1 
/ 
= ee = lim —=1f 
x>0 (x)! x>0 1 
In conclusion, f(x) = x(x+1)/x(a—- 1)3 is not defined neither at (x = —1) nor (x = 0). However, 


due to pole-zero cancellation, as (x — 0), both sides limits are equal, and by consequence, 


lim,—.9 f(x) = 1. In addition, there is a horizontal asymptote at y = 0. 


6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) and (x = 0) discontinuities, division x/x = 1 is valid, and at the same time, 1/(x + 1)? term 


is defined; thus 
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_ X(e+-ty _ 1 
_. f@® oy 1 a 
= x “2 ie Le 


As a = 0 oblique asymptote yz, = ax + b does not exist. 
7. Critical points: {if (x #—1), (x £0)} 


eee 1 ‘2a 2 
SS r= (sa)  @tph  @ +? 
. f'@) £0 


2 )-=- 6 


aaa O= (“aa 7 Gane @+De™” 


.. f(x) is always concave U 


Sign of f’(x) is 


—) z _ = = 
eal? iE 0 + + +4 
f'() + n.d. - - _ 


that is to say, the sign of f’(x) changes after passing x = —1 vertical asymptote, but is not 
affected by passing x = 0 discontinuity where the pole-zero cancellation occurred. 
8. Summary of the important points: 
defined: xA~-—1 and, x40 


y-axis crossing point f(0): (none) 


zeros: (none) 
v. asymptote: x=-—l 
h. asymptote: y=0 
9. Graphical representation: results of the analysis for function in P.3.42 are summarized by f(x) 
graph; see Fig. 3.34. The discontinuity point (x = —1) belongs to vertical asymptote, while f (0) 


tends to one. The absence of f (0) point is indicated by the left/right side limiting arrows and ® 
symbol, as 


= OF. fe ep! 
eile TEN ar Gap 
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Fig. 3.34 Example P.3.42 


3.43. Given rational function 


_ 


x(x +1)? _ PQ) 


= 2 — 3 
ere yo = O(n) P(x)=x(x4+1)° and O(x%) =xv+4+1) 


f(x) = 


. Domain of definition D: all x where f(x) 4 oo, i.e., Q(x) F 0, Le., 


O(x) 40 -. xt) 40 ©. x1 40, x234 4-1 


There is first-order pole of f (x) at x = 0, as well as third-order pole at (x = —1). Thus, f(x) is 
defined for all real numbers x except where the function becomes infinite and/or not defined, i.e., 


{R|x £0,x #1}. 


It is important to note that (x = —1) is also second-order zero as well as (x = 0) being 
jirst-order zero of this function, thus causing respective pole-zero pair cancelations at both points. 
Nevertheless, whether (x = 0) or (x = —1), then f(x) is not defined as 


_@@M+) 0, 


0) (@ +1) 9 


2: 
je ne 
(-D(-D+1~ 9 


f (0) 


It is important to note slightly different natures of these two discontinuity points: due to pole-zero 
cancelation at (x = 0), there is no vertical asymptote (that pole-zero pair is cancelled). At the 
same time, even though one pole-zero pair is cancelled, at (x = —1), function tends to infinity due 
to the remaining poles, thus the existence of vertical asymptote. 

Effectively, (for (x £0), (x € —1)) 


Y(t ty? 1 


FO= Gan @+D 
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That is to say, this is an inverse function delayed by “1” with very important distinction: there is 
one point missing at f(0) where this function is not defined due to 0/0 division. 
2. Function’s parity: 


2 
= -_ 1 _ 42 
ee rene! x) ((-x) + y __x& = Z f(x) 
(-x) (nti *@-D 
=>  noteven 
seat.) =e 
xa—-13)/ x@=1 


odd: ~ f(x) = ~(- # f(x) => not odd 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


fx) =0: «. P(x) =0 «. x(x +1) =0 
". X, =0, x23 =-—I1 (second-order zero) 


After taking into account all poles and zero: 


x on - — 0 + 
(ily TS 0 + + + 
x - - - 0 + 
tbe = 0 + ate +t 


In conclusion, f(x) = x(x + 1)*/x(x + 1)? is negative before and positive after its vertical 
asymptote (x = —1) (when defined). Otherwise, there are no zero points. 

4. y-axis crossing point f (0): this function is not defined at f (0). 

5. Limits: with two discontinuity points, there are six limits in total to be resolved. 


x—>o: (x4-1) and, (* 40) 


lim f(x)= lim XAT lim —-——~—= lim ——~ = 
x—>—00 x—>—00 K(x aa 1) x00 (x + 1) x—+—00 (—0O) 


1 1 
lim f(x) = lim ROY tee if 2 oo 0] 
x—>-+00 x—>-+00 ro a 1 x>+00 (x + 1) x—+>+00 (+00) 


x—>-Il: («40) 
Ce rl 


Jim, oe lim = lim —~ =-—co 


x Letitia + 1 x (0) 


SVet+ty yt 


Ji 
im, fe fsa a tia +i fa "1 (0) 


= +00 
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x>0: @F-l1) 


: ‘ Xx 0 acct 
inn f(x) = lim = lim —- = (5) {I’ Hopital’s rule } 
x> x 


0 
es (5) {I’H6pital’s rule } 
xX 


lim f(x) = lim c— 2 
ae = 
1 
/ 
tte i 
x>0 (x)! x>0 1 = 
In conclusion, f(x) = x(x + 1)?/x(x — 1)? is not defined neither at (x = —1) nor (x = 0). 


However, due to pole-zero cancellation, as (x — 0), both sides limits are equal, and by 
consequence lim,_,9 f(x) = 1. In addition, there is a horizontal asymptote at y = 0. 

6. Oblique asymptote: while (x — oo), this function is well defined, and being far away from (x = 
—1) and (x = 0) discontinuities, division x/x = 1 is valid, and at the same time, 1/(x + 1)? term 


is defined; thus 


\Oc+ ty? 1 


fa@)= = 
Xatbpi xt1 
1 1 
a= lim IY) lim t———_ = lim — =0 
x>00 X x00 x (x + 1) X00 OO 


As a = 0, oblique asymptote yz, = ax + b does not exist. 
7. Critical points: {if («4-1),aF 0)} 


rv n. ox f( 1 VY. =i 
f'@) =0: r= (5) =a 


-. f(x) <0 alwaysdescents \ 


and, 


1 De tety 2 
" = : if _ ag 2 ee = = — 0 
Sa) ( (x + vd, (+)  @+1) F 


Sign of f(x) is 
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that is to say, this function changes its form from convex M to concave U after passing pole at 
(x = —1) but not after passing cancelled pole-zero pair at (x = 0). 
8. Summary of the important points: 
defined: x ~A-—1 and, x40 
zeros: (none) 


y-axis crossing point f(0): (none) 


v. asymptote: x =-—l 


h. asymptote: y=0 


9. Graphical representation: results of the analysis for function in P.3.43 are summarized by f(x) 
graph (see Fig. 3.35). The discontinuity point (x = —1) belongs to vertical asymptote, while 
lim,_,o f(x) = 1. The absence of f (0) point is indicated by the left/right side limiting arrows and 
® symbol, as 


XOe+T)* 1 


LO age oe eat ee 


3.44. Given rational function 


x3 _ P(x) 


gh ey Hace AE 
@ =)? — On) P(ix)=x° and Q(x) =(x«-1) 


f@) = 


1. Domain of definition D: all x where f (x) 4 00, i.e., Q(x) # 0, ie., 


O(x) x 0 ais (x a ty FH 0 as X12 H 1 


Fig. 3.35 Example P.3.43 
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There is second-order pole of f(x) at x = 1. Thus, f(x) is defined for all real numbers x except 
where the function becomes infinite and/or not defined, i.e., {R|x 4 1}, because 


(2) = Se 
(O=) ° 


2. Function’s parity: 


(—x)3 _ 3 


(Goi Ge 


even: f(—x)= 5 # f(x) = noteven 


x 


(x + 1) 


3 
odd: — f(—x) = — (- = ei, # f(x) => notodd 
x 


This function is not odd because f(x) 4 —f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@)=0: «. PG)=0 « 2 =0 ». x12 =0 (third order zero) 


After taking into account all poles and zero: 


xo 0 + + + 
@-1? + + + +O + 


In conclusion, f (x) = x7/(x + 1)? is negative for (x < 0) and positive thereafter (when defined). 
4. y-axis crossing point f (0): f (0) = 0, which is at the same time this function’s zero. 
5. Limits: with one discontinuity point, there are four limits in total to be resolved. 


x>o: (*«F41l) 


x ore 
im fa) = im Gap? = (=) {I HO6pital’s tule } 


f (x3) ; ae 
=> hh FF hh —|——- 
x—>—00 (( _ 12)’ x—-oo 2(x — 1) 


z 


x—>—-oCO 


oo As "Ho. 6x 
(=) {l’H6pital’s rule} = lim — = —oo 
0° 


3 


lim f(x) = li as (=) {l’Hopital’s rule } 
1m => im — — = { — 1) 8 rule 
x—>+00 . x>+00 (x — 1)2 love) vee 


rH 3x z 


oo LIA: . 
Rate IG— 1 => ‘e {1 H6pital s rule } 
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lim F09) = sl er 
ne ——————— os CO 
a= Ea (0? 
im peecin a 
im x)= LM EO — = — = CO 
xo] x> 1 (x — 1)2 (0)2 


In conclusion, f(x) = x [(x- 1)? tends to +00 on both sides of its vertical asymptote (x = 1) 
as well as when (x — +00); otherwise, on the negative side, this function tends to —oo. 
6. Oblique asymptote: 


2 
g2 i Se (=) {rHopital’s rule} = tim Bel 
x30 X x00 x(x = 1)2 CO 00 Wy | 


7 . (#=xe= 1)? 
o fig (100 - a8) = Jin (ap +) =m (“SS ) 


_ 2 
ie a= 2x7 =x) _ 00 PHediis nile 
= p 


x00 (x — 1)2 


TH 4. 4x -—1 
lim —W— 
x>oo 2(x — 1) 


ae 
z 


CO i tH 
= (=) {I H6pital’s rule} = lim 
[eo 6) xX— 00 


There is oblique asymptote yaz = x + 2. 
7. Critical points: {if (es 1} 


8 \ 3G@—1P-IwiG—ty x3 — 32? 
=0: = = = 
Peis ts 7) (;, = ») (x — 1483 @—D? 


x(x -3)=0 «x12 =0, 3 =3 
xo ey Bx? = 6x)(x — If — 303 — 3229 41% 
(«x-1)3) (x — 1f4 


_ 38 - Orr + 6x =e + ee 6x 
(x — 1)4 ~ (x — 134 


. 6x=0 .. x=0 


=0 


fw) =0: f"O)= ( 


=0 


where, 
03 
[O=— w=? 
y—- 32 _ 27 
f(3) Gop 4 


Sign of f’(x) is 
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x* + 0 ae + if + + 
x-3  - = - - - 0 + 
(-1% = - - 0 + af =f 
0 42 


There is minimum point at (x, y) = (3, 27/4). Sign of f’” (x) is 


6x _ 0 + 1 + 


ae + + + 0 + 
f(x) - 0 + n.d. + 


that is to say, this function changes its form from convex M to concave U after crossing zero at 
(x = 0) but not after passing even order pole at (x = 1). 
8. Summary of the important points: 


defined: x #1 
y-axis crossing point f(0): (x, y) = (0, 0) 


v. asymptote: x = 1 (second order) 
a.a.asymptote) y=x+2 
zeros: (x, y) = (0, 0) 
extreme: (x, y) = (3, 77/4) (min) 
inflections: (x, y) = (0,0) 
9. Graphical representation: results of the analysis for function in P.3.44 are summarized by f(x) 


graph (see Fig. 3.36). The discontinuity point (x = 1) belongs to vertical asymptote, and inflection 
point coincides with zero. 


3.45. Given rational function 


21—x) 2a?24+1)—-20—x)) 2x7+2-242x 9 2x(x4+1) 
f@) =2- 2 = 2 = 7) — 5 
x7 +1 x~-+1 x-+1 x-+1 


a v. P(x) =2x(x+1) and O(x)=x7?4+1 
Q(x) 
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Fig. 3.36 Example P.3.44 


1. Domain of definition D: all x where f(x) 4 00, i.e., Q(x) 4 0, 
O(x) =x? +140 Vx € {R} 


There are no poles of f(x), thus this function is defined for all real x. 
2. Function’s parity: 


2(—x) ((-x) +1) _ 2x@-1 


even: f(—x)= ) # f(x)=> _ noteven 


((-x)?+1) 0 x41 
2x(x — 1) 2x(x — 1) 
odd - fen =-(F=") SS pay eo er mobeds 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@=0: «. P@w)=0 .. 2x~4+)D=0 «. x, =0, x2 = -1 (first-order zeros) 


In conclusion, f(x) = 2x(x + 1)/(x? + 1) is continuous; it has two first-order zeros, at (x, y) = 
(—1, 0) and (x, y) = (0, 0). 

4. y-axis crossing point f (0): f(0) = 0, which is at the same time this function’s zero. 

5. Limits: there are no discontinuity points; there are two limits in total to be resolved, 


xX a> OW: 
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2, 1 
jim f@) = lim on Vie (=) {I’H6pital’s rule } 
m1 (x@+D) 4x42 
= im ee 1m 
xX—>—00 (x? + 1) x>-0o 2x 


lH 


00 _ #2 
= (=) {I H6pital’s rule } = lim —=2 
oo 


x—>>—-O0O Z 
2 1 
lims+4oof(%) = lim ann i (=) {1’Hopital’s rule } 


* lim (Q2x@+D) _ lim mre 
x>t00 (x2 4 1)) ~ xt00 2x 


5 


= (=) {rHopital’s rule} = tim f? 4 
love) x—> +00 Z 


As x > +00, f(x) = 2x(x + 1)/(x? +1) > 2, thus y = 2 is horizontal asymptote. 
6. Oblique asymptote: 


4 f@) Wet) _ 
a = x _ As) (x? + 1) = 


oo wt IH 4. 1 
( ) {I H6pital’s rule } = lim — =0 
ee) 


x00 2x 


As a = 0 there is no oblique asymptote. 
7. Critical points: 


2; / 2 _ 5 
f@=0: f'@= (= =*) _ (4x + 2)0° + 1) = 2x(2x" + 2x) 


x2+1 (x2 + 1)? 
— Ame + 2x? + 4x +2 — AF — 4x? x?—2x-1 | 
7 G+ 1) GP +1 
- x7 9x -1=0 | x7-2x4+1-1-1=0 
—— nnd 


@=)2-220 5 bl S? -& 261402 


Coordinates of the two extremes are: 


fou =9— 202) 9 2d-d=v9 _,_ _ 
art (1-v2) +1 (1-2V2+2) +1 
WW? 244/72 2+ 21 
=2- oop ee hae as Pee) 
B= 4/2) 24/2 2 
a ee ne 
a (1+ v2) aes | 


Signs of f’(x) are 


208 3 Functions 


2 = = a = = 
= Sa - 0 + + F 
3 = 3%) = = — 0 oa 
G+? + + + ++ + 
LOD = 0 a2 f = 
There are two extreme points, minimum at (x,y) = (1 — /2, 1 — 2) and maximum at 
(x,y) = (+ V72,14+ V2). 
we )=0: if j= ot) 
f X)=V: f x = (x? + 1)? 
_ 4 CH= DG? + 1)¥ — 4x (22 — 2x — NG@2+Ty 
7 (x2 +18 
_  & +) -—4e4+1) _ 
- Gre i 7 
. &+DG?-4e+)=0 
“, Xs =-l, X4a.5 = 9424/9 
Coordinates of the three inflection points are: 
26 eT ig 3 
f(%3) = 2 al =2 (<p? +1 =0=)y3 
ee ee = O4af3 
Fn i ee VI) o4 3d — V3) 2+ V3 
xp+1 (2- v3) ng 4222 — V3) 2+. 73 
1 1 — 
=24+50-V3)2+ V3) =2- ee 29, 
20 — 21 -@Q+¥3 1-vV3 343 
Cee oy ee Ge) ae alr 
os (2+V3) +1 


Signs of f” (x) are 
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3 = 3 = 0 
x—X4 _ am 
5 ai _ - 
Coe + + 
Ce 0 
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| 
| 
| 
otrott 
++ +++ 


There are three inflection points, (x, y) = (%3, y3), (x, y) = (x4, y4), and (x, y) = (4s, ys). 


8. Summary of the important points: 


y-axis crossing point f (0): 


h. asymptotes: 


Zeros: 


extremes: 


inflections: 


(x, y) = (0, 0) 
y=2 

(x, y) = (-1,9) 
(x, y) = (0, 0) 


(x,y) = (1 — V2, 1 — V2) (min) 
(x, y) = (1+ V2, 1+ 72) (max) 


(x, y) = (-1,0) 
nna 
Gives (2 +/3,2 eee) 


9. Graphical representation: results of the analysis for function in P.3.45 are summarized by f(x) 
graph (see Fig. 3.37): complete function plot (left) and zoom-in around its inflection points (right). 


3.46. Given rational function 
x 
1O= GaDe-4 
_ P(x) 
~ Q(x) 


P(ix)=x and O(x%)=(*+1)a«-4 


1. Domain of definition D: all x where f (x) 4 ©, Le., 


Ox)=A@+1@-4) 40 -. 


(X+1Ia~-4 40 .. 


Xy 4-1, X2 #4 


There are two first-order poles of f(x) atx = —1 and at (x = 4). Thus, f(x) is defined for all real 
numbers x except where the function becomes infinite and/or not defined, i.e., {R|x #4 —1, x 4 4}, 


210 3 Functions 


F(x) 
max. 
5) a.h. 
0 x 
min 
-1 0 —1 0 %4 x5 
Fig. 3.37 Example P.3.45 
as 
fC)= = = = 0 
“(H+ DC-)- 4 o 
(0S eo a 
~ (4) +D(4)-4 07 
In summary, there are two vertical asymptotes at x = —1 and x = 4. 
2. Function’s parity: 
even: f(—x)= 2 == 7 A f(x) => noteven 
ae (E+ D(-x)-4)  &- DO +4) 
x x 
ee ce nara) “Galera Tne 


This function is not odd because f(x) 4 — f(—x), and it is not even because f(x) # f(—x). 
3. Function’s sign: 


f@~)=0: «. P@)=0 .. x=0 .. x; =0, (first-order zero) 


After taking into account all poles and zero: 


X~ - - = O ++ + + 
xtl - OF + + ++ + + 
oe - - - =- = Oo + 


In conclusion, f(x) = x/(x + 1)(« — 4) has two vertical asymptotes, one first-order zero at 
(x, y) = (0, 0), and it changes sign every time after passing either pole or zero. 
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4. y-axis crossing point f (0): f (0) = 0, which is at the same time this function’s zero. 
5. Limits: there are two discontinuity points and thus six limits in total to be resolved. 


X27 Ow: 
lim f(@)= Ii ad (=) {I’Hopital’s rule } 
im x)= 1m = Opital S rule 
Xx—>—00 x>—00 (x + 1)(x — 4) oo 
. 1 1 
= lim = lim —=0} 


x>-0 2x —3 x—00 —0O 
: x 
lim 

x>+oo (x + 1)(x — 4) 


: CO ’ Aus ’ 
lim f(@)= — ( ) {I H6pital’s rule } 
xX—>+00 ee) 


lH 


= lim = lim —=0| 
x—>+too Dx — 377 x>+00 +00 
x—>-l: 
. —1 
Jim, ae im —__—_— lim ——___— 
ol ap ne —4) ~ roel (x + 1)(—5) 
1 
= lim ~ =—-oo 
x>-10 
. —1 
Jim, ee —___— lim ——____— 
pa (x + Ga —4) ~ roe (x + 1)(—5) 
Seg 
x—>4 
x 
im _ oe —___— = lim —— 
4 (x+1)(~—-4) x4 5)@—-4) 
| 4 
= lim — =—-oco 
x4 @) 
Jim ee Jim — lim — 
a4 (xt oe —4) rd (5)(« — 4) 
Sg 


In conclusion, as x — too, f(x) = x/(x + 1)(« — 4) — 0; in other words, y = 0 is horizontal 
asymptote. 
6. Oblique asymptote: 


1 
set nee Site me ee elie 2G 
x>00 X x00 R(x + 1)(x — 4) x00 OO 


In conclusion, as a = 0 consequently there is no oblique asymptote. 
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7. Critical points: 


ns Tae ae x " @+)@-4) — x(x -3) 
Ss r= (as) = (x + D2 — 4) 
x? +4 


=" GL IvG 42 <0 .. f(x) alwaysdescends \, 
xX x- 


because, in addition to one negative sign, each of the three factors in f’(x) are positive (note the 
squares). And, 


" =0: " -_ es a, 
sono: = (-ae yeaa) 
Ax Qe + 1)?(x — 4)? = (0? +. 4) (4x3 — 18x? + 2x + 24) 
a (x + D4 —4)4 


__2xQe + DAG — 44 = 207 + 40+ He 42x — 3) 
(x + DB — 443 


_ 23 + 12x — 12) 
(«+ 13 - 4)3 


Cubic function P3(x) = x? + 12x — 12 must be resolved by graphical/numerical methods. It is a 
third-order polynomial, and therefore there must be at least one real zero. 


Reminder: Complex zeros always come as complex conjugate pairs, which in this case 
leaves the third zero without its associated companion. 


Graphical method: first, a simple graphics method is sufficient to evaluate approximately x, 
after rearranging the root equation 


¢ 41x =12=0 2 oe Sele Se N= 12 = 2%) 


which is to say that the intersect between a simple cubic function on the left and linear function 
on the right is the only common point between the two, that is to say at xp (see Fig. 3.38 (left)). 
Evidently, in the first iteration x9 © 1, (note: 13 = 1). 

Numerical method: after taking the initial guess x» = 1, the iterative Newton-Raphson method 


f (xo) 
F' (Xo) 


Xn+1 = Xn — 


where, 
Ff (xo) = x8 + 12x — 12 
f' (xo) = 3x2 + 12 


and 
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0 1 1.000 15.000 
1 0.933 0.013 14.800 
2; 0.932 0.000 14.797 
2 0.932 


with this initial guess x) = 1, down to the third decimal place x = 0.932. To verify, 
P3(0.932) = 0.9323 + 12 x 0.932 — 12 © 1.666 x 10+ 


where, 


f (0.932) ~ —— ~ —0.157 
; (0.932 + 1)(0.932 — 4) 


Illustratively, the numerical solution (x9, yo) = (0.932, —0.157) is in this case very close to the 
approximate graphical solution (xo, yo) © (1, f(1) = —!/6), and sign of f”(x) is therefore 


a + + + + + + + 
Co) Tin = = 0 + Ba + 
(w+1% 0 = 0 + + + + + 
(x-4)3  - - - - - 0 + 
f'@®) - n.d 4F 0 = n.d. + 


that is to say, this function changes its form from convex M to concave U after passing each of 
its vertical asymptotes, as well as after crossing f(x) point. 
8. Summary of the important points: 


defined: x € {R|x 4 —-1,x 44} 
y-axis crossing point f(0): (x, y) = (0,0) 


h. asymptotes: y=0 
v. asymptotes: x =-—l 
x=4 
zero: (x, y) = (0,0) 
extremes: (none, f(x) always descends \\) 
inflection: (x, y) = (0.932, —0.157) 


9. Graphical representation: results of the analysis for function in P.3.46 are summarized by f(x) 
graph (see Fig. 3.38). 
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—fa~av 
— f(x) =—-12x+12 
Lt 

0 xo 1 


Fig. 3.38 Example P.3.46 


3.47. Given rational function 


4x 4 9 4x 
f@= ar ie {a =P =(a—b)(a+b)} = Q—-x2Q+x) 
= td P(x) =4x and Q(x) =(Q-—x)Q+x) 
Q(x) 


1. Domain of definition D: all x where f(x) 4 ov, that is to say, 
Ox) =2-xyQtnN 40 1. 1 $-2 my #2 


There are two first-order poles of f(x) at x = +2. Thus, f(x) is defined for all real numbers x 
except where the function becomes infinite and/or not defined, i.e., {R|x 4 +2}, as 


4(42) 4(+2) 
f (#2) = == = 
(4 — (42)7) 0 
In summary, x € {IR|x 4 +2}, there are two vertical asymptotes, x = —2 and x = 2. 
2. Function’s parity: 
fox) = HFG) > not 
even: -x)= == x not even 
a (4 — (—x)?) 4 — x? 


4x 4x 
odd: - fm =-(-7) =a =f(x)> odd 


In conclusion, this rational function is not even because f(x) # f(—x), and it is odd (ie., 
symmetric relative to the origin) because f(x) = —f(—x). 
3. Function’s sign: 


f@~)=0: «. P@)=0 .. 4x=0 .. x, =0, (first-order zero) 
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After taking into account all poles and zero: 


a ee + ai + a + =F 
EG - = = 0 + a + 
2c 3° i 0 + + + + F 
2-x + + a = a 0 — 


In conclusion, f(x) = 4x /(4—.x7) has two vertical asymptotes, x = —2 and x = 2, one first-order 
zero (x, y) = (0, 0), and it changes sign every time after passing either pole or zero. 

4. y-axis crossing point f (0): f (0) = 0, which is at the same time this function’s zero. 

5. Limits: there are two discontinuity points, and there are six limits in total to be resolved, 


x—>oo: (x #-2) and, (x 442) 


li ii ae (=) {rHopitat’s rule } 
im fC) = im he 6pital’s rule 


~o0 4 — x2 
4 
DY ti 2 Tie al 
x>-00 —2x x>—00 (—2)(—oo) 
li = iin (2) elie 
Pd! > ee ee = (=) { en s rule} 
4 
ne re |, 
x>+00 —2x x—> +00 (—2)(+c0) 


x—>—-2: (#2) 
4x -8 —8 


oy =p Oe 
. 4x ; —8 _ 8 
lim, f@) = lim, =———— = lim, — = lim, — = -00 
| 2 (2—x)(24+x) 29-2 A(2+x) 1-2 0 


x22: («#-2) 


8 8 8 
dit = Jim > s [im A — = lim — = 
ia eo +2 Q—-Q+x) 2Q-na) 1920 ae 
4x . 8 . 8 
jim a ae Jim ——__—_—— = lim ———— = lim — = -c 
+2 (2—x)2Q+x) 2 (2—x)(4) 20 


As x — too, f(x) = 4x/(4 — x?) > 0, i.e., y = 0 is horizontal asymptote. 
6. Oblique asymptote: 


4 
ee eng ee eg ee 
X00 2X x00 Pac! = x?) X00 OO 
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As a = 0 there is no oblique asymptote. 
7. Critical points: 


/ ay = 
fi) =0: f= ( = 2) sgudeySae ee 


4-x (4 = x?) 
2 
= ‘Ca >0O .. f(x) alwaysascends /7 
4-x 
and, 
+4 \' 
f'@)=0: fl") = |4——, 
——- =x) 
2x (4= x2) = 2002 + 4d (2) 
(4-2) 
_ 8k 2 +4x? + lox _ x@? +12) _ 


(2) (@—x) 


os x(x? +12)=0 .. x =O (because, 12S 0) 


Sign of f” (x) is therefore 


8 + + + + + + nf 
ae = = - 0 + = al 
x?41200 +4 + + + + + + 
Q—xj + + + + + 0 - 
(2+x)y = 0 + + ate +f t 
f"@) + n.d. - 0 + n.d. - 


There is one inflection point at (x, y) = (0, 0), and this function changes its form from concave 
U to convex /M after passing each of its vertical asymptotes; note that f” (2) is not defined.. 
8. Summary of the important points: 


defined: x € {R|x 4 +2} 
y-axis crossing point f(0): (x, y) = (0,0) 


h. asymptote: y=0 
v. asymptotes: x = —2 
x=2 


zero: (x, y) = (0,0) 
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Fig. 3.39 Example P.3.47 


extremes: (none, f(x) always ascends /7) 


inflection: (x, y) = (0,0) 


9. Graphical representation: results of the analysis for function in P.3.47 are summarized by f(x) 
graph (see Fig. 3.39). 


3.3 Radical Functions 


3.48. Given square root radical function 


fx) = Sx 


it must to be noted that, in the strict mathematical sense, a square root is not a function because for 
any given argument it produces two different results: one positive and one negative. For example, 
v1 equals both +1 and —1. However, by definition, a function must have one to one mapping, i.e., 
one input must produce only one output. Nevertheless, in engineering sciences, radicals are referred 
to as “functions.” In practical analysis, even order radical functions are first analyzed only for the 
y = f(x) > O, and then the resulting graph is simply mirrored relative to the horizontal axis to 
complete the function’s form. 


1. Domain of definition D: in the real domain R, even order radical functions are defined only for 
arguments x > 0. 

Otherwise, negative arguments of even order radical functions result in complex number 
solutions. This is due to the fact that ./—1 = i, aka imaginary unit, that is to say, these solutions 
belong to the complex domain C numbers. 

2. Function’s parity: 


even: f(—x) = /-—x => f(—x) is not defined for x > 0, (not even) 


odd: consequently — f(—x) isalsonot defined, (not odd) 


2 


1S’) 


we 
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. Function’s sign: f (x) =0 = x = 0. There is first-order zero at (x, y) = (0, 0), while even order 
radical functions are always positive at y > 0 side. 


y-axis crossing point f (0): f(O) = 0, which is at the same time this function’s zero. 


. Limits: there is one limit in total to be resolved (for y > 0) 


x—>-+00: (*>0) lim f(x)= lim /x = +00 
——$_ xX—>-+00 x—>+00 


6. Oblique asymptote: 
1 
2 1 
esi he = ee aie ti 
Xx>0O X xXx>00 X xX>00 X X00 x00 ./Xx 
As a = O consequently there is no oblique asymptote. 
7. Critical points: 
fix) =0: fi@~= (vx)’ = sa 
sae JE 
>0O (for y>0O) .. f(x) alwaysascends /7 
<0 (for y<0O) f(x) alwaysascends \, 
and, 
Pts Hee 2) 34 
—— 2/x 4x ./x 
<0O (for y>0O, because x >0) .. f(x): 
>0O (for y<0O, because x>0) .. f(x):U 
8. Summary of the important points: (for y > 0) 
defined: x>0 
y-axis crossing point f(0): (x, y) = (0, 0) 
zero: (x, y) = (0,0) 
extremes: (none) 
inflection: (none) 


9. Graphical representation: results of the analysis for function in P.3.48 are summarized by f(x) 
graph (see Fig. 3.40). Note that y < 0 side is simply mirrored image of f(x), which is already 
deduced for y > 0. Non-defined region x < 0 is indicated by shading. 
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Fig. 3.40 Example P.3.48 


3.49. Given square root radical function 
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\\ 


f(x) =Vx¥1 


note that argument x + 1 of this function is a simple delayed version of the argument x in P.3.48. 
Therefore, the function’s form does not change; instead, it is simply delayed by “1,” as illustrated by 


J (x) graph (see Fig. 3.41). 


1. Domain of definition D: in the real domain R, even order radical functions are defined only for 


positive arguments, 1.e., 


x+12>0 .. 


2. y-axis crossing point f (QO): 


fO)=V(0)+1=+1 


3. ummary of the important points: (for y > 0) 


x>-l 


defined: 


y-axis crossing point f (0): 


zero: 
extremes: 


inflection: 


x>-l 

(x, y) = ©, 1) 
(x, y) = (-1, 9) 
(none) 

(none) 


4. Graphical representation: results of the analysis for function in P.3.49 are summarized by f(x) 


graph (see Fig. 3.41). 
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Fig. 3.41 Example P.3.49 


3.50. Given square root radical function, the following transformation 


serve = (8) hx 


shows that this is actually |x| function because x” generates only x > 0 numbers; therefore, argument 
of this square root function is always positive even for x < 0. 


Reminder: 
1; (x >0) 
x; (x =0) : . 
Le) = sign (x) = 0; («x =0) (by convention) 
—x; (x <0) 
—-1; (<0) 


1. Domain of definition D: this function is defined for x € R. 
2. Function’s parity: 


even: f(—x) = V (=x)? = Vx? = f(x). (even) 
odd: — f(—x) = —Vx2 £ f(x) .«. (not odd) 
. Function’s sign: f (x) = 0 => |x| = 0, therefore f(x) = Vx? > 0. 


. y-axis crossing point f (0): f (0) = /0 = 0, which is at the same time this function’s zero. 
5. Limits: there are two limits in total to resolve. 


BR WwW 


x—>+oo: lim f(x)= lim |x] =+00 
—-—§—__.-— x—>+00 x—>-+00 


x—>-oo: lim f(x)= lim |x] =+0c 
——‘_—_ #300 xX—>-+00 


6. Oblique asymptote: note that sign (x) = |x|/x = x/|x| = +1, that is to say 
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_ J) |x| ea ee 
a= lim —= lim —e= lim sign(x)=+1 (x #0) 
x—>-+00 x X>+0 X x—>-+00 
= lim J@) = lim al = lim sign(x)=—-1 (« #0) 
xX>-00 X xX>-00 Xx x—>—00 


As a is well not defined, consequently there is no oblique asymptote. 


e ,_ * _ |e]. 
7. Critical points: } (|x|) = — = — = sign (x) 
Ba ba 
fe=o: f@=(v#) = (x)= ay asian) =0 + x =0 


Note that f’(0) = 0/0 is not defined; however, f(0) = O is well defined because f(x) is a 
continuous function. Therefore, for x < 0, it is true that f’(x) < 0 and function descends \,, 
while for x > 0, it is true that f’(x) > 0 and function ascends /7. In conclusion, there is minimum 
at (x, y) = (0, 0) even though f’(0) = 0/0 is not defined. Also, 


f(x) =0: f"(x) = (4D! =0 


There are no extreme points, and this function is neither concave nor convex. 
8. Summary of the important points: (for y > 0) 


zero: (x, y) = (0, 0) 
y-axis crossing point f(0): (x, y) = (0, 0) 


extremes: (x,y) = (0,0) (min) 


inflection: (none) 


9. Graphical representation: results of the analysis for function in P.3.50 are summarized by f(x) 
graph (see Fig. 3.42). 


Fig. 3.42 Example P.3.50 
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Fig. 3.43 Example P.3.51 


HOG 


Z 


3.51. Given radical function in P.3.51, 
f@)=J-x 


note that argument ‘ — x‘ of this function is a simple inverted argument version of the argument ‘x ‘ 
in P.3.48. Therefore, the function’s form does not change; instead, it is simply mirrored relative to the 
vertical axis, that is, valid for x < 0, as illustrated by f(x) graph (see Fig. 3.43). 


1. Domain of definition D: in the real domain R, even order radical functions are defined only for 
positive arguments, i.e., 


This function is defined x € R|x < 0. 
2. y-axis crossing point f (0): f (0) = (0) = 0, which is at the same time this function’s zero. 
3. Summary of the important points: (for y > 0) 
defined: x <0 
y-axis crossing point f(0): (x, y) = (0, 0) 


zero: (x, y) = (0,0) 
extremes: (none) 


inflection: (none) 


4. Graphical representation: results of the analysis for function in P.3.51 are summarized by f (x) 
graph (see Fig. 3.43). 


3.52. Given radical function in P.3.52, 


f(x) =V-x-1=V/-@+) 
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note that argument ‘ — (x + 1)‘ of this function is a simple inverted argument version of the argument 
‘x +1‘ in P.3.49. Therefore, the function’s form does not change; instead, it is simply mirrored relative 
to the vertical axis, that is, valid for x < —1, as illustrated by f(x) graph (see Fig. 3.44). 


1. Domain of definition D: in the real domain R, even order radical functions are defined only for 
positive arguments, i.e., 


In conclusion, x € R|x < —1. 
2. y-axis crossing point f (0): f (0) = a/ (0) => f(x) not defined 
3. Summary of the important points: (for y > 0) 
defined: x <-—l 
zero: (x, y) = (-1,0) 
extremes: (none) 
inflection: (none) 


4. Graphical representation: results of the analysis for function in P.3.52 are summarized by f (x) 
graph (see Fig. 3.44). 


3.53. Given radical function and its mirrored version 


1—/—x for + j/* 


FO) = 1+ /—x for — /* 


1. Domain of definition D: in the real domain R, even order radical functions are defined only for 
positive arguments, 1.e., 


Fig. 3.44 Example P.3.52 
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This function is defined for x € R|x < 0. 
2. Function’s parity: 


even: f(—x) =1- J—(-x) =1- Ve f(x) ©. noteven 
odd: — f(-x) = -(1- Vx) =-14+ Ve 4 f(x) ». — notodd 


This function is not odd (i.e., symmetric relative to the origin) because f(x) = — f(—x) , and it is 


not even because f(x) # f(—x). 
3. Function’s sign: 


fx) =0: ». 1-JV-x=0 «. Jox=1 0. -x = 


*. x =-—I1 (first-order zero) 


and, therefore f(x) < 0 for (x < —1), and f(x) > 0 for (—1 < x < 0). Note that there are two 
points that correspond to f(—1): 


f(-) =1-(4V-CD) =1- Gv) > yy. =1-1=0 GW <1) 
=>y, =1+1=2 ¥>D 


Consequently, this radical function is mirrored along a horizontal axis of symmetry, which in this 


case is elevated to y = 1. 
4. y-axis crossing point f (0): f(0) =1—/0=1. 
5. Limits: on the positive side, i.e., x > 0, this function is not defined, thus 


x—>-oo: (« <0) lim f@)= lim 1—/-x =+00 (fory > 1) 
——————— xX—>—00 xX—>—00 


lim 1—./—x =—oo (for y < 1) 
xX—>—00 


x> 0: (x < 0) lim f(x) = lim 1- /— =0| (fory > 1) 


= lim 1- v— =O} (fory < 1) 


6. Oblique asymptote: (only for the x < 0 side) 


: f(@) ‘ 1- J/- CO\ rH |. 1 
a= lm —e= lim —*— = (=) = im = 
X>-00O X X—>—00 x (oe) x —00 2J/—x 
As a = 0 there is no oblique asymptote. 
7. Critical points: 
1 


f(x) =0: f'@) = (1— ¥-a) = 5G > 0 (for y <1) 
“. f(x) ascends (7 
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= (1+ V=3) =-> <0 (for y>1) 


—x 


f(x) ascends \ 


and, 


" _n. " = 1 nee i 1 
f (x) =0: r= (=) -(3)5 = 
<0 (for y>1I1, because x <0) ». f(x):/n 


>0O (for y<1, because x <0) .. f(x):U 


8. Summary of the important points: (for y > 0) 


defined: x <1 


y-axis crossing point f(0): (x, y) = (0, 1) 


zero: (x,y) = (—1,0) 
extremes: (none) 


inflection: (none) 


9. Graphical representation: see Fig. 3.45. 


3.54. Given radical function 


ff) = Vx? — 33 = JX? — x) = [x|V I — x 


Being a square root, this function is symmetric relative to the horizontal axis y = 0, that is to say: 


Fig. 3.45 Example P.3.53 
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_ 


f@) =+V¥ x2 -—x3 (y > 0) 
= —V¥x2—x3 (y <0) 


. Domain of definition D: even order radical functions are defined only for positive arguments. Note 


that x2 > 0 for all x, i.e., 
(?—-x)>0 0. x*(1—-x) 2 O0S1-x20 «. Lex 


In conclusion, x € R|x < 1. 


. Function’s parity: 


even: f(—x) = J(-x)? — (x3 = Vx? +43 4 f(x) > noteven 


odd: — f(—x) =— (ve? + x3) =-J/434 f(x) 3 notodd 


This radical function is not odd (i.e., symmetric relative to the origin) because f(x) = —f(—x), 
and it is not even because f(x) # f(—x). 


. Function’s sign: 


f@)=0: .. Vx2?Q1—x) ©. x1.2 =0, (second order zero) 


*. x3 = 1, (first-order zero) 


so that (for y > 0): 


|x| + 0 + + + 
+/1—x + + + 0 n.d. 


There is first-order zero at (x, y) = (1, 0) and second-order zero at (x, y) = (0, 0); however, 
Ff (x) does not change its sign (it is always positive for y > 0, and it is always negative for y < 0). 


. y-axis crossing point f (0): f (0) = (0)? — (03) = 0, also this function’s zero. 
. Limits: there is one limit in total to be resolved, 


x>-oo: («<1 lim f@= lim |x|V1—x=+0 (for y > 0) 
———{$ — X—>—00 X—>—00 


lim —|x|V1—x =—oo (for y < 0) 
X—>—00 


. Oblique asymptote: 


_ f(x) 
a= lim — = lim 
x>00 2X X00 


|x| /1—x 
x 


= lim (sign (x) -0o) = +00 
X—>0O 


As a = ov there is no oblique asymptote. 
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7. Critical points: 


Ix] x 


ps! x — 3x? x 2-3x 
"(x — x2 — x3 = — 
ed ( 2Vx2—x3 |x| 2V1— x 


mi. a) . oe 6 
= s12n (xX) -——_= = ots —- osx = 
e 2/1—x 


ys. aa, Fees? i aoe 
eae ie ~|3 ae) ae 


Note: f’(0) = 0/0 is not defined, and f’(1) — oo; thus (for y > 0) 


fix) =0: {sien a= a 


sign (x) - 0 + + + = 
2—3x + + + 0 _ _ 
JI=-x + + + + + 0 

f' (x) - n.d + 0 - n.d 


There is minimum at (x, y) = (0, 0) and maximum at (x, y) = (1, 2/3,/1/3). Also, 


f"@) =0: @ #0) {sign(x) = +1 (ie. a constant} 


f'@= (si n(x) ee )=s n(x) : (= ) 
ee er) eee | 


2- -1 
Ri Pee 
= sign (x) agi 
2 (J1T— x) 
—6(1 — x) — (2 — 3x)(-1) 
1 J/T_— 
= sign (x) avi 
2 (1 —x) 
ee 1 3x —4 0 
= sign (x) — ————_———. = 
: 4(1-x)J/l—-—x 
Therefore, f”(1) is not defined because of division by zero, while 
a 4 
f @=0 .. SD ely ae 


but f (4/3) not defined, because x € Rix <1 


Sign of f(x), for (y > 0), is then 
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sign (x) - 0 + + 
3x —4 - - - - 
a) + + oF 0 
JI-x + + + 0 
PO) ar 0 = 0 


There is one inflection point at (x, y) = (0,0) that coincides with both function’s zero and 
minimum (y > 0). 
8. Summary of the important points: (for y > 0) 


defined: x <1 


y-axis crossing point f(0): (x, y) = (0, 0) 


zeros: (x, y) = (0,0) 
(x, y) = (0, 0) 
(x, y) = (1, 0) 
extremes: (x,y) = (0,0) (min) 
(x, y) a (max) 
x, yy={(=,7,/- max 
Naa 5 
inflection: (x, y) = (0,0) 
9. Graphical representation: results of the analysis for function in P.3.54 are summarized by f(x) 
graph, Fig. 3.46. Note that mirrored image points are symmetric relative to the horizontal axis. In 


this case, note that minimum (x, y) = (0, 0) on y > 0 side falls at the same point as the maximum 
on y < O side. 


3.55. Given radical function 


f@) =Vx2 = 33 = V0 — 2) 


1. Domain of definition D: in the real domain R, odd order radical functions are defined forx € R. 
2. Function’s parity: 


even: f(—x) =V(-x)? — (-x8 = Vx? +34 f(x) > noteven 


odd: — f(—x) =— (v7 ra =) =-JP 434 f(x) notodd 
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Fig. 3.46 Example P.3.54 
1 
0 
1 
This radical function is not odd (i.e., symmetric relative to the origin) because f(x) = —f(—x), 


and it is not even because f(x) 4 f(—x). 
3. Function’s sign: 


f(x) =0: «. Wx2(1—x) .. x1,.2 =0, (second order zero) 


‘. X2 =1, (first-order zero) 


so that: 


xe + 0 ote os tf 
1-x te + oe 0 - 
vxe(l—-x) + 0 + 0 - 


There is one first-order zero at (x, y) = (1,0) and one second-order zero at (x, y) = (0,0). 
Function changes its sign after crossing its first-order zero, but not after touching its second (even)- 
order zero. 


4. y-axis crossing point f (0): f (0) = (0)? — (0°) = 0, also this function’s zero. 
5. Limits: there are two limits in total to be resolved. 


x—>-oo: lim f(x)= lim /x?2(1—x) =—(—co) = +00 
— x — CO a — 
x—> +00: lim f@= lim ¥x2(1 — x) = —(4+00) = —00 
— xX—>>+00 ete S| 

6. Oblique asymptote: 


_ f(x) ; 
a= lim — = lim 
x>00 X x00 


=-1 


lim 
Pe te at. ® xO 


F 0 
Vx2—x3) Ve U/x-) _ x (ye ') 
- x “xc KO 
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b= lim (f(x) — ax) = lim (v2 —x3 +x) =(co+oo) nd. 
lim x (VI/x ais 1) = (00-0) n.d. 
VIO 141 
Ver ——— = (0/0) nd. 
Kk 
pee 1 im wv eo 1 | 


on —3x (1/24) @ =) Tat (1-17") 7 


Il 


= lim 


x—0oO 


= 


There is oblique asymptote yaq = —x + 1/3. 
7. Critical points: 


f'«) =0: 


fiw~= (@e - xy), = 30 ae) Oe Sx") 


.. f(@)=O0=y1 and, 


There are two poles of f’(x) at x = 0 and x = 1; therefore sign of f’(x) is, 


e+ + + + + + + 
EG = 0 + = =P + al 

=: ne 
Fie + 0O + + + O + 
f(x) - n.d + 0 - n.d. - 


There is minimum point at (x, y) = (0, 0) and maximum point at (x, y) = (2/3, V/4/3). Note 
that f’(0) and f’(1) are not defined. Also, 


f'(x) =0: 


1 x(2—3x) 
f (x) = 3 eT 
} (x21 — x)) 
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1 = 6x)(x?1 =)? = 9/3 Ox = 3x?)(X2 — 0)" (2x — 3x?) 
ae (2a — oye 

2 (x2 ayy" (31 — 32) — 2x - 32?)2(x71 -2))') 
9 (20 — x)? 


_ 230=33 =a) ray 
9 (tq —x))?x2 — x) 
2 1 
9 3 2 2 
(x21. —x))> @-1) 


#0 


There are two poles of f”(x) at x = 0 (second order) and at x = 1 (first order). Sign of f” (x), for 
(y > 0), is then 


2/9 + + + ++ + 
=a - - - 0 + 
Hx2—x)) + O + O 4 
i@ _ n.d. _ n.d. + 


There is one inflection point at (x, y) = (1, 0), which is also its first-order zero point. Note that 
f"(O) and f”(1) are not defined. 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, 0) 


a.a.asymptote: y=-—x+- 


3 
zeros: (x, y) = (0,0) 
(x, y) = (0, 0) 
(x, y) = C, 0) 


extremes: (x,y) = (0,0) (min) 


@ y= (3. 3) (max) 


inflection: (x, y) = (1,0) 


9. Graphical representation: results of the analysis for function in P.3.55 are summarized by f(x) 
graph (see Fig. 3.47). 
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Fig. 3.47 Example P.3.55 


3.56. Given radical function in P.3.56, 


fa =J1+ Tal 


1. Domain of definition D: absolute function || is always positive, by consequence argument (1+|x]|) 
of fourth root function always positive, therefore x € R. 
2. Function’s parity: 


even: f(—x)=V1+|—x/=V714 |x| =f) => even 
odd: — f(—x) = -(vI1+ ix1) =—JT+ [x14 f(x) > notodd 


In conclusion, this radical function is not odd (i.e., symmetric relative to the origin) because 
f(x) = —f(—x), and it is even because f(x) = f(—x). 
3. Function’s sign: 


f@)=0: «. J1+ |x| 40 .. fi) >O0 Vx (no zeros) 


4. y-axis crossing point f (0): f(O) = Y1 + |0| = 1. 
5. Limits: there are two limits in total to be resolved, 


x—>-oo: lim f(x)= lim Y1+ |x| =-+00 
~ 7... oso LOD x—>—CO 


x—>-+oo: lim f(x) = lim 71+ |x| =+00 
S100 x—>+00 


6. Oblique asymptote: it is useful to recall technique for finding derivative of |x|, i-e., 


+1, x>0 


(|x|) = (vx) = a = = = ad = sign (x) = 0, x =0 (by convention) 


-1l, x<0O 
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so that, 
i EO YTFPT oo m (A+ Ix)’ 
a= lim — = lim wa =(=)* lim -———— 
X00 (2X x00 x (oe) X00 (x) 


eal 


im EEE ed! _ 1 _ sign ry 
x00 1 4 x>00 Vial + |x|)3 


As a = 0 thus there is no oblique asymptote. 
7. Critical points: 


f'(x) =0: {x = sign (x) = gs x] 
———— Ix] x 
f'@ =(a4+ |x) = dP Ye dency 0 
4/0 + |x)? 


*. x=0 and, f(0)=1 


by convention, sign (0) = 0, so that sign of f’(x) is, 


1/4 + - + 

sign (x) _ 0 + 
70s 0° BBS + 
f(x) - n.d ++ 


There is minimum point at (x, y) = (0, 1) because f(x) is a continuous function. Note that 
f'(O) is not defined because its left- and right-side limits to zero are different. Also, 


f"G@)=0: fsign@)=+1 ¢. GignG@))’ =0} 


: 1 signa) \) 
@) =(- = 
cs (; =) 
0 ! 
| Gsigeoy” VT -+ TxD? — sign (x) (0+ T2D?) 
4 Ya + Ixb8 
_ 1 =sign (x) G/4) A+ bela)! 


5. Vd + Ixp® 


a sign (x) sign (x) 


~ 16 SAFE) VO + [xp 
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3 1 


Ve 2 
=!) 1 S04 |x)? aie 
’ (x = 0) 
because, 
sign (x) sign (x) = {* : F i 


by convention, sign (0) = 0. However, note that f” (0) is not defined because its left- and right-side 
limits to zero are different. 


—3/16 - - = 

sign (x) sign (x) + 0 + 
J + [x1)? + + + 
St’) - n.d. - 


There are no inflection points, and f(x) is always convex M. 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, 1) 


zeros: (none, f(x) is always positive) 
extremes: (x, y)= (0,1) (min) 
inflections: (none) 


9. Graphical representation: results of the analysis for function in P.3.56 are summarized by f(x) 
graph (see Fig. 3.48). 


Fig. 3.48 Example P.3.56 


min. 


OK, 
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3.57. Given radical function 


faa Veta 


1. Domain of definition D: absolute function | * | is always positive, and argument of square root must 
be non-negative; thus 


(«>0)>|xlJ=x; f@)=JxFx=V2x 7. x E Rix >0 
(x <0) > |x/=-x; f@=JSx-x=0 .. x E Rix <0 


x+ |x| >0O and, | 


in conclusion, x € R. It is therefore noted that 


fo) = Vere | V2x = J2/x, (x = 0) 
0, (« <0) 
That is to say, on the positive side (x > 0), this function is a simple square root function, already 
analyzed in P.3.48, but this time scaled by the \/2 factor. At the negative side (x < 0), this function 
always equals zero. 

2. Summary of the important points: (for +4/*) 


y-axis crossing point f(0): (x, y) = (0, 0) 


zero: (x, y) = (0, 0) 
extremes: (none, f(x) always ascends /7) 


inflections: (none, f(x) always is always convex ) 


3. Graphical representation: see Fig. 3.49, where negative part of square root function is mirrored 
along the horizontal axis, 


Fig. 3.49 Example P.3.57 
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3.58. Given radical function in P.3.58, 


fx) =yx—-ve 


1. Domain of definition D: arguments of both square roots must be non-negative; thus 


x-JVx>0 7. x > Juno. x>x = xv—x>0 .. x(x -—1)>0 
x >0O .. x =0 is included 
and, 
x-1l >O 7. x>1 0... x21 


* x ERix=0,x>1 


In summary, x € R|x = 0, x > 1, note that x = 0 is an isolated point. 
2. Function’s parity: 


even: f(—x)=V¥—-x-V-x .. not defined 


In conclusion, this radical function is neither odd nor even because f(— x) is not defined. 
3. Function’s sign: 


Xy1 = 0, 
PHS 2 4a sea=t. 2 = . 


X2 = 1 
There is one isolated first-order zero at (x, y) = (0, 0), and one first-order zero at (x, y) = (1, 0). 


4. y-axis crossing point f (0): f (0) = V0 — V0 = 0 (a single isolated point). 
5. Limits: in x > 1, there is only one limit in total to be resolved, 


x—> +00: lim f(x)= lim /x—J/x =(co— oo) nd. 
TT ¥ > +00 X—> +00 


= / lim «=| lim (1-4) 
X—>-+00 x—>+00 x 
Fc all 
= tim x (1- si” ) 


= +00 for (y > 0) 


6. Oblique asymptote: (x > 1) 
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Lalo 
=0 


As a = 0 thus there is no oblique asymptote. 
7. Critical points: 


f'@) =0: 
f'@) =(@-vx'") = : (x — f/x)? (1 7 x) 
=e Deon 1 
2 Vx — Sx 2/xVJx —/x 
1 _2ye= 1 
4 Sax — Je 
=0 
1 1 
 W/x-1=0 «. vx=5 ma c=ZeRizel 


thus, f’(x) > 0 because if (x > 1) then 2,/x > 1 and, by consequence f(x) ascends 7 for y > 0 
(and descends \, for y < 0). Also, 


f"@) =0: 2) 


feels pn een i! in Cael -; (5) 
7 t/t ale 4 x(x — /Xx) 4 \ x2 = 3372 


3./x 
2x — —— 
1 2 
= = = SS 
ioe? Vx) — 20x Le TTT 
4 x(x — /x) 
—  (2,/x — 1) (4x — 3,/x) 
Pe eee or 
4 x(x — ./x) 
1 47 — Jx) Vx — Sx) — QV% — 1) 4x — 3/5) 
(16 x (x — fx) f/x — Jz) 


1 AVx(x — Vx) — 27x — 1) (4x — 3x) 
16 x (x — Vx) Vx — Vx) 
a 6x — (Ax + 3)Vx =0 «, 6x— (4x + 3)/x =0 


16 x(x — fx)J/xQe— Vx) 
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Note that, given x > 1, all terms in the denominator are positive (for +./*): 


16> 10, x > 0, (x — Vx) > 0, Vx(x — Vx) > 0 


therefore, the denominator is also greater than zero. In order to decide sign of f” (x), the question 
is then: given that x > 1 which term is greater: “6x” or “(4x + 3),/x?” One of the possible ways 
is to deduce the answer is 


x>1 0. 4x+3)> 6x, inaddition /x>1 ©. JSx(4x +3) > 6x 
6x — (4x + 3)/x <0 


for all x > 1, and by consequence f”(0) < 0, i.e., this function is always convex M (for +4/*). 
8. Summary of the important points: ( for y > 0) 


defined: x=0,x>1 
zeros: (x, y) = (1, 0) 
(x, y) = (0, 0) 
extremes: (none, f(x) always ascends 7) 
inflections: (none, f(x) is always convex MN) 
9. Graphical representation: results of the analysis for function in P.3.58 are summarized by f (x) 


graph (see Fig. 3.50). 


3.59. Given radical function 
fx) =Vx3-1 


1. Domain of definition D: odd order radicals are defined for both positive and negative arguments, 
as well as polynomials; thus x € R. 


Fig. 3.50 Example P.3.58 EIN. 
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2. Function’s parity: 


even: f(—x) = V(-x-1= ye # f(x) => not even 


odd: — f(-x) =-(W—29 -1) = V8 +14 f@ > not odd 


This radical function is neither odd nor even. 
3. Function’s sign: 


fx =0: ». ¥x3-1=0 ». x8 -1=0 +. x =1 (first-order real zero) 


note that, 7x3 = x. With only one odd zero and no vertical asymptotes, f(x) is negative before 
its zero and positive after. The remaining two x? zeros are complex. 

4. y-axis crossing point f (0): f (0) = /0? —1 = —-1. 

5. Limits: there are two limits in total to be resolved. 


x—>-+oo: lim f(x) = lim Vx3-—1=+00 
oo x—>-+00 x—>>+00 
3 


x—>-oo: lim f(x) = lim Vx3-—1=-—00 
=— ——— -— — iF —00 x —0O 


6. Oblique asymptote: 


3 0 
b= lim (f(*) — ax) = lim (¥e=1-+)- lim | x 1-1 —x 


= lim (x —x) =0 
X—>0O 


There is yag = x oblique asymptote. 
7. Critical points: 


7 ees 
fix~%= (oe? - yey’ = Te — 1029) Jy? = oe esif 
B 5 (x3 = 1)? 
- x7=0 ©. Xi,2 =O (second-order zero) 
and, f(0) = -1 


In addition, x = 1 is pole of f’(x), so that, 
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xr + 0 + - +f 
Joey + + + 0 + 


f'@) + 0 + n.d. aa 


Note that by crossing even order zero f’(x) does not change its sign. Similarly, crossing even 
order pole at x = 1 (note the quadratic term) does not change sign of f’(x). Consequently, due to 
even order poles and zeros, there are no extreme points. Also, 


f(x) =0: 
2, 2 
2 \ weap Tein 


2x s/(x3 — 1)3 — 2x4 


_ (03 — 1)13 pe = 13 — x3 
6G =D GB = DS 
=5 od - p= _ 2x 


Je-1 8-18 


=0 .. x =0 (first (odd) order zero) 


Also, note the fifth-order term in the denominator; thus there is odd order pole of f”(x) at x = 
1 (ie. f’(1) = ov), so that 


= = _ = = 
x - 0 + Te oF 

Cr =P Tie = = 0 + 
f'@) - 0 + n.d. — 


Even though f”(1) is not defined (fifth-order pole), there are two inflection points at (x, y) = 
(0, —1) and (x, y) = (1, 0) because f(x) is continuous function, i.e., f(1) is defined. 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, -1) 


a.a.asymptote: y=x 
zero: (x, y) = (1,0) 


extremes: (none, f(x) always ascends /7) 
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Fig. 3.51 Example P.3.59 


inflections: (x, y) = (0,-1) 
(x, y) = (1, 0) 


9. Graphical representation: see Fig. 3.51. Note the function shape at x = 1. 


3.60. Given radical function and its alternative forms 


1 
f(x) = fxt/= 
Xx 


note that, depending on +./* signs, there are four possible functions: 


1 1 
A@M=tHixt/-, A@=-fx4+/- 
Xx Xx 


1 1 
Aa)=tyx-yr, fae) =x -y— 
XxX Xx 


where 3,4 (y < 0) are mirrored images of f|,2 (vy > 0), respectively. 


Branch #1: “default” f\(x) , i.e., both square roots positive. Note that its mirrored image f(x) 
is with the negative sign of the exterior square root. 


1 
f(x) = fxt/= 
Xx 


1. Domain of definition D: inverse function 1/x is defined for x 4 0 and square root for x > 0, thus 
in total x € R|x > 0. 
2. Function’s parity: 
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even: f(—x)= [es + =" =,/—x+4/ as .. (not defined ) 
\) (—x) \ —Xx 


because if x > 0, then square root is not defined for negative numbers. In conclusion, this radical 
function is neither odd nor even. 
3. Function’s sign: (for +./*) 


f@)=0: «. eens o-x+/t= O but i et 


because left side of the equation is positive and the right negative. Therefore, there are no zeros. 


4. y-axis crossing point f (0): f(O) = ,/0+ fi (not defied). 


5. Limits: there are two limits in total to be resolved. 
+00 ) 
x—>-+oo: lim f(x)= lim x + VIA" =+00 
——  . . = x—>+00 x—>-+00 
0 +00 
x> 0: lim f(x) = lim x +V LK =+00 


6. Oblique asymptote: (x > 0) 


wpe Ix 1 | _,0 
a= tim L _ m fie + y= lim Ye +e =0 
x>00 X x x2V x x00 


In conclusion, a = 0, thus there is no oblique asymptote. 
7. Critical points: 


/ 14 —1/x? 
(ee a 2 = 
x 2/x + /1/x ~ hile [4 axe 


1 2/1 fx —1/x? t. Daze —1 pene 


“4 ie eee ele = 


- 2V¥x3-1=0 ©, eens 


ands ( d= [qe | atvien = 1395 
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so that, 


1/4 1/4 1/4 1/4 1/4 
2Vx3-1 - a 0 + 
xt+Jx5 0 + + + + 

f@ = - 0 + 


There is one minimum point at (x, y) = (x1, y,). Also, 


f'@=0: 
rene (} 31) 
x4 VJx5 
5x4 
ay a 0 a err 
Age ae 
4 x4 Jx5 
3x27 VxttVx5 (20x39 — 1) (8x3 x5 + 5x4) 
eRe 
4 x4 V/x5 
1 12x? xt + V5) VRS = V3 (2 V3 = 1) (8.03 VX + 5x4) 
~ 6 NONI IN 
1 12x? 4 + V8) AV? — AE (2 V3 — 1) (8.3 x? Ve + 5x4) 
16 (x4 x5 4x9) SB y/x4 4 V5 
1 12x? t+ V8) Yur Qv59 = 1) xt Bx VE +5) 
(16 (x4 x2,/% + x5) Vx4 + V5 
1 12470? + VEYA OV = Dal? 8 Ve +5) 
16 xB We +I vVxt 405 
_ 1 12,70? + fax - QVx5- 1) BVx9 +5) 
16 xP (x3 + 1) x4 + V5 
1 12x3 + 12Vx3 — 16x3 — 10Vx3 + 8BVx3 + 5 
16 x (V8 + vat + V5 
1 10Vx3 — 4x3 +5 
© 16 (V3 $1) V4 4 V8 


=0 .«. P3(x) = 10Vx3 — 4x3 +5=0 
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This third-order polynomial with radical terms cannot be factorized by using the algebraic 
identities, so the solution is found by graphical/numerical methods. 
Graphical method: first, 


10Vx3 — 4x7 4+5=0 ». 10Vx3 = 4x7 -—5 


which is to say that the intersect between a radical on the left and cubic function on the right is 
the only common point between the two functions. Cubic function is “growing faster”; thus there 
must be one intersect point the x > 0 side (see Fig. 3.52 (left)). As the first estimate, evidently, 
these two functions are close to each other in the proximity of x9 * 2. 

Numerical method: after taking the initial guess x) = 2, the iterative Newton-Raphson method 


ice 
Po 


Xn+1 = Xn 
where, 


fin) = 10y/x3 — 4x3 +5 


/ 3 2 
f'@)= (104/33 - 4x3 + 5) = 05 — 12x? = 15./%_ — 12x 
Xn 


results in 


0 ( 

1 2.048 —0.495 ~28.863 
2 2.046 ~6.465x 10-5 — —28.788 
3 2,046 —1.106x 10-! 28.903 


with this initial guess x9 = 2, to the third decimal place x = 2.046. To illustrate the result, 


P3(2.046) = 10V 2.0463 — 4 x 2.0467 + 5 + —6.0468 x 107!° 


and, 


; 1 
2.046) © ,/2.046 ——— * 1.657 
f( ) i 2.046 


In summary, there is one zero of f”(x) found at (x1, y;) = (2.046, 1.657). Note that even the 
first graphical estimation x9 * 2 is not far off, because yo = f (xo) © a 1+ ./1/2 © 1.645. In 
order to simplify the following tabular analysis, note that f”(x) denominator is always positive 
for +./*, Le., D(f"(x)) = 16x (Vx3 + 1) Vx4 + Vx5 > 0 given that (x > 0), and by adopting 
the numerator notation as N(f”(x)) = 10/x3 — 4x3 +5, it follows 
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N(f"(x)) + + 0 - 
D(f"(x)) + + + + 
fi @) 0 + 0 = 


There is one inflection point at (x, y) = (2.026, 1, 657). 
8. Summary of the important points, brunch #1: (for y > 0 only) 


defined: x>0 
zeros: (none, f(x) > 0) 


v. asymptotes: x =0 


extremes: (x, y) a : : +) (min) 
poked tothe oarcucAC ’ —_ SA’ 4 


inflection: (x, y) = (2.046, 1.657) 


Branch #2: mirrored image f3(x) : i.e., when the interior square root is negative. 


fay =fx— Jt 
Xx 


1. Domain of definition D: inverse function 1/x is defined for x 4 0 and square root for x > 0, 


1 1 >. 1 3 
x-,/->0 1. x > yf- 01 x > 1 wel 1 xl 
xX x xX 


thus in total x € R|x > 1. 
2. Function’s parity: (x => 1) 


even: f(-—x)= 


(—x) — Zs =  —* _ yes .. (not defined ) 
(—x) —Xx 


because x > 0 therefore square root is not defined for negative numbers. In conclusion, this radical 
function is neither odd nor even. 
3. Function’s sign: (x => 1) 


1 1 1 
fOOS0) Sata SU Se ag oad ogo Sk Sta 
——— x x x 


There is one zero at (x, y) = (1, 0), while f(x) > 0 for all x > 1. 
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4. y-axis crossing point f (0): f(0),/0— fi (not defied). 


5. Limits: there is only one limit in total to be resolved. 


+00 0 
x—> +00: lim f(x)= lim 1/7 — Vl" = +00 
x +00 x—>-+00 


6. Oblique asymptote: (x > 0) 


= - 
ast OS gy a Se 


xX>00 X x00 x X00 oe x2V x x00 
=0 
In conclusion, a = 0, thus there is no oblique asymptote. 
7. Critical points: 
FO=0: 
? —1/x? 


f= fea» = 7 VTE _ 1 2+ Axe 
x aj/x—J/lx 4 J/e/x—J/ye ? 


1 2V¥x3+1 1 2Vx341 


2Vx3 +140 (x >0) 


Due to f’(x) > 0, there are no extreme points, i.e., f(x) always ascends /7. Also, 
f' (x) =0: 
wept! Ijxe ea \ 
x) = | - ——— 
A) y4 — af x5 


= {similarly as f(x) of branch #1 | 


i —10Vx3 — 4x3 +5 
16 y (Vx3 — 1) Vx4 — V5 
= 0 however, P;(x) = —10Vx3 — 4x7 +540 


This third-order polynomial with radical terms is always negative for x > 1. (Note that P(1) = —9 
and it stays negative for any other x > 1.) By consequence, there are no inflection points. 
8. Summary of the important points, brunch #2: (for y > 0 only) 
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YO 


30 


Fig. 3.52 Example P.3.60 


x>1 


defined: 


(x,y) = C,9) 


Zeros: 


(none, this branch of f(x) always ascends 7) 


extremes: 


(none, this branch of f(x) is always convex MN) 


inflections: 


graphical solution for the inflection point (xo, yo) is shown in 


Fig. 3.52 (left). Graph including all four versions of f(x) in P.3.60 is shown in Fig. 3.52 (right). 


Graphical representation: 


3.61. Given radical function and its alternative forms 


\a+)) 


x 


= 


1. Domain of definition D: there are two functions that limit the domain of definition: 


¢ the the square root argument is a rational function; thus x 4 0 


e the square root function itself; thus 


>0 


@-D@+1) 


x?-1 


1 


x 


which is satisfied when both numerator and denominator have the same sign (i.e., either both 


, which can be summarized as 


or both negative) 


2 


positive 


x+1 


n.d. 


n.d. 


n.d. 


(x + 1I)(« — 1)/x 


, X = Ois a vertical asymptote. 


x > 1. In addition 


thus, in total x € R] -I1<x<0O or, 
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2. Function’s parity: 


even, f(—x) = f(-x) - ~~ =, J-x+ +4 FO) ©. (noteven) 
(—x) x 


odd: -sen=-(f-r+ 2) =fe- 2a re .. (not odd) 
x x 


This radical function is neither odd nor even. 
3. Function’s sign: 


Jose & joer =0 eae =0 


There are two first-order zeros, one at (x, y) = (—1, 0) and one at (x, y) = (1, 0). Having the 
form of f(x) = +,/*, this function is positive at y > 0 side and negative at y < 0 side ( its 
mirrored image). 


4. y-axis crossing point f (0): f (0) = ./0 — 1/0 is not defined. 
5. Limits: there are two limits in total to be resolved (at y > 0 side). 


+00 0 
x—>-+oo: lim f(x)= lim ~~ —-LA" =+00 
7 x—>-+00 x—-+00 


0 
x>0: lim f(x) = lim y 2% —Ik" =+00 


6. Oblique asymptote: (x > 1) 


x>00 X x00 x x00 xh x“ x x00 


As a = 0 there is no oblique asymptote. 
7. Critical points: 


f'(x) =0: 


1 
; L+— 2 
1 2 1 
rota Oe ee ees 
x ) 1 1 


x-— 2x2,/x-——- 
Xx x 


- x7 4+1>0 Vx 
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This function always ascends // (at y > 0 side). Also, 


rOaU: 
/ / 
"@) e+) 1 eo 1 ;( eed ) 
x)= = = 
ie oh 1 2 : x21 2 \V/x5 = x3 
Xx = Xx 

5x* — 3x? 

Ix ae eee 

1 2 5 _ x3 

=5 x — x3 


_ 14x V x5 = x3 JS x5 = x3 = (x? +1) (5x4 — 3x7) 


4 Vx > — x3 (x5 — x3) 
_ 14x68 — 4x4 — 5x843x4-—5Sx44+3x7 1 x4 +6x7-3 
4 Vx? — x3 (x5 — x3) > 4 |x|/x3 — x (1 — x2) x 


=0 ». x*46x°-3=0 [x =r -. ?+6t-3=0} 


where this biquadratic equation by x may be solved directly as: 


—6+ /36+ 12 
ne ae =-3+2v3 .. 1,234 =Vh2= 34273 


x, =—-V2V3—-3, x. =V2V3-3, ER 


and x34 €C 


Note that /2./3 —3 ~ 
only x; = —v 2./3 — 3 © —0.681, which is found in the (—1, 0) interval. That gives 


(-v2v3-3) -1 _ | 4-2v3) V2V3-3 


er ee ee 
A 9/3 2/3 —3 873 + W- 673-1 
- 4 Rn Jn-3={ 5 V 2V3 -3 


a 
J 


Sign of f(x) is then 


f@i)= 
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0.681 < 1, by consequence it is not in the domain of definition leaving 
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4+ + + + + + + + 
ce) ie + a + + + + + + + 
N(f"()) + + 0 7 - = 0 + + + 
x = = - - 0 + + a SF os 

1-x? 0 + + + Ht f + + + = 
xe—-x 0 + + + + nd. nd nd. 0 + 
f(x) nd. - 0 + nd nd nd ond nd. - 


Therefore, there is one inflection point within —1 < x < 0 interval at (x, y) = (x1, y1) and 
one change of f”(x) sign on each side of non-defined interval. 
8. Summary of the important points: (for the positive ./* only) 
defined: —l<x<0O or x21 
v. asymptotes: x =0 
zeros: (x, y) = (—1,0) 
(x, y) = (1, 0) 


extremes: (none, f(x) > 0) 


inflections: (x, y) = (-V 2/3 — 3, a 3(2V3 — >) 


9. Graphical representation: results of the analysis for function in P.3.61 are summarized by f(x) 
graph (see Fig. 3.53). 


Fig. 3.53 Example P.3.61 
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3.62. Given radical function 
f(x) =Vvx24+2x-1 


1. Domain of definition D: the square root argument must be non-negative, i.e., 
=24./444 
P4221 SOS tes = ST = -14v2 
x? + 2x —1= (& — x1)(x — m2) = (x — (-1 — V2) (x — (-1+ V2) 


then (for /x > 0), {if AB >0>A>0 and B>O or, A<O and B <0} 


xX] a 0 + ais F 
xX — X29 = = - 0 a 


V(x — X1) (x — x2) + 0 n.d. 0 ae 


thus, x € R|x ¢ (-1 -— af. + af 2) interval. 
2. Function’s parity: 


even: fav ea? £2) = 1= Vx? —2x—1 # f(x) .. (not even) 


odd: — f(—x) = —(Vx? —2x—1) 4 f(x) ©. (not odd) 


This radical function is neither odd nor even. 
3. Function’s sign: 


—2+/44+4 
f(x) =0: 3. Vx? 4+2x-1=0 .. ng = = 14 v2 


There are two first-order zeros, at (x, y) = (-—1 — /2, 0) and at (x, y) = (-1+ J/2, 0). When 
defined, this radical function is +./* > 0 or, its mirrored image, —./* < 0. 

4. y-axis crossing point f (0): is not defined. 

5. Limits: there are two limits in total to be resolved. 


2 1 
x—>-+oo: lim f(x)= lim J/x2+2x—-—1= lim fe(1+2-3) 
—————__ x3+400 x—>-+00 X—> +00 x 


x2 


0 0 
= lim ore ee 
tO 
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2 1 
x—>-oo: lim f(x)= lim Vx2+2x—-—1= lim Je (142-3) 
X00 x—>—0o X—>—0O Xx 


I 
5 
& 
4 
S 

] 

I 

a 

8 


because |x| = Vx? is always positive. 
6. Oblique asymptote: x € R\x ¢ (—1— V2, -1+ V2) 


Vx? 42x —1 0 0 
a= lim £@) = lim aes = lim eal 1+ 24" — Ye = lim sign(x) = +1 
x>00 X X00 


xX>00 X x00 x 


by consequence, 
for (a= +1): 


. . x27 4+2x—14+x 
b = lim (f(x) —ax) = lim (vx? +2x-1-x) aa 
xX—>0O xX>0o 


J/x? +2x—14+x 


{(a—b)(a+b) =a? —b*} 
0 
PERI «(2-045 ) 

= lim = lim 


X00 2 Ix -—1 x00 0 0 
——— lV +22 ype + x 


{x20 J SX |—x| =x} 
. v4 
See 
li a O° + (not defined) 
im,_+— ~= — ., (not defin 
~x¥-70° 0 7 


for (a = —1): 
Bp) i» ors a 
x*+2x—1-: 
b= lim (f(x) + ax) = lim ( x? 422-142) hae late! ; 
x00 x00 /x?-+2x—-1—x 


= lim M4 2x-1- #0-0#5) 


x> 2 ey x= 0 
oo /x*+2x—-1—x ” yl +o ee” -_ 


li oe + (not defined) 
1M,_, ah — hea no enne 
ra e¢—-70 6 
: Qeay 2x 
it erent | 
x==*%) +2x 


In conclusion, oblique asymptote(s) is(are): 
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Yaa =X+1 (% > +00) 
Yaa = —(X+1) (* > —ov) 
7. Critical points: 
f'@) =0:x% ER|x ¢ (-1— V2,-1+ v2) 
10) = (VF de 1) = AE xt1 


= = =0 
AJx242x—1 Vx? +2x-1 
- x+1=0 «. x=—-1 but, xe Rix ¢d (-1-V2,-14 V2) 


so that f’(x) sign is 


otal - - — 0 + + + 
Vx2 42x —1 ++ 0 nd. nd. nd. 0 + 
f(x) - nd. nd ond nd nd. + 


In conclusion, as f’(x) changes its sign within two separate intervals, there are no extreme points. 
Also, 


f"@)=0: x Rix ¢ (-1-V2,-1 4. v9) 


emma (x + 1)(2x +21) 


ry = ( shia )= EV + 2x —1 
Ve (x2 + 2x — 1) 


_ @+2x-D-@+)? — 42 -1-7 - 2-1 
(x2 42x —1Jx242x—1 (x2 42x —D x2 42x —1 
7 =) 

= (a= hea 


that is to say, f(x) is always convex MN (for ./* > 0). 
8. Summary of the important points: (for the positive ./* only) 


defined: x<—-1—-V2 of, x>-14+¥V2 
a.a.asymptotes: y= (x+1) 
y=—-(«+1) 
zeros: (x, y) = (-1+ V2, 0) 
(, y) = (-1— V2, 0) 


extremes: (none, f(x) > 0) 
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Fig. 3.54 Example P.3.62 


inflections: (none, f(x) is always convex M ) 


9. Graphical representation: results of the complete function f(x) = +./* analysis in P.3.62 are 
summarized by f(x) graph in Fig. 3.54. 


3.63. Given radical function 


fa) =Ve842e +1 =VeOFD = [Ve =| «1 fale $1 


it is worth remembering that square root of a quadratic argument is its absolute value (see P.3.50). 
Therefore, this function’s form and analysis are the same |x| delayed by “1” (see Fig. 3.55). 


1. Domain of definition D: an absolute function is defined for all real arguments, (x € R). 
2. Function’s parity: 


even: f (—x) = V(—x + 1)? = Vx? -2x +14 f(x) +. (not even) 
odd: — f(—x) = —Vx2 —2x +1 f(x) .. (not odd) 


3. Function’s sign: f(x) =O .. x+1=0 .. x = —1, which is its first-order zero. As absolute 
function of a real argument | + | is always positive, then it must be that f(x) = /(x + 1)? => 0. 
4. y-axis crossing point f (0): f(0) = /(0+ 1)? = 1. 


5. Limits: there is one zero (at x = —1); therefore, there are four limits in total to resolve. 
x—>-+oo: lim f(x*)= lim jx+1]/=+4+e0 
a a a x—>-+00 x—-+00 
x—>-oo: lim f(x*)= lim jx+1]/=4+e0 
a nee. X—>—0O x—-+00 


x—>—1: lim f(x) = lim |x +1] =0| 


x——1: lim f(x) = lim |x +1] =0| 
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Fig. 3.55 Example P.3.63 


6. Oblique asymptote: 


f(x) . [xt] 
a= lim —= lm —W— 
x—=x00 xX xXx =20O xX 
; x+1 : 
x+1>0: lim, ste = lim (d+1/x)=+1 
—_ XxX X00 
- . —(x +1) : 
x+1<0: limy.+.—-— = lim (-1-1/x)=+1 
xX X—=xr00 


As a is not defined, there is no oblique asymptote. 
7. Critical points: 


1 
foo: f= (verip) = 9et2 = {sien = = = 21} 


RVG +1? ob 
x+1 |x + 1| 
ix+1] x+1 wr ad 


Even though f’(—1) = 0/0 is not defined there is one minimum point at (x, y) = (—1, 0) because 
Ff (x) is continuous. 
and, 


f'@)=0: f"(@) = (signe + D) = (41 =0; @ 4-1 


In conclusion, there are no extreme points, and this function is neither concave nor convex. 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, 1) 


zero: (x, y) = (—1, 0) 
extreme: (x, y) = (—1,0) (min) 


inflection: (none, f”(x) not defined at x = —1) 
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3.64. Given radical function, 


f(x) =Vx3 42x27 +1 


1. Domain of definition D: the square root argument must be non-negative, i.e., 


e427 4120 
that is to say, first, it is necessary to solve the third-order polynomial equation, 


x3 +2x?+1=0_ or, equivalently 


(x — x1 )(X — X2 (xX — x3) = 0 


where (x1 , X2,X3 ) are the three zeros of this polynomial. Being the third-order polynomial, at 
least one of the three zeros must be real. Having said that, this particular third-order polynomial 
cannot be factorized using algebraic identities. Therefore, numerical and/or graphical methods 
must be employed. 

Graphical method: this cubic equation may be rearranged into basic cubic and quadratic 
functions that intersect as 


xe4+2x74+1=0 -, x2 =—-2x7-1 


The quadratic polynomial on the right side is evidently always negative, and it crosses y-axis at 
y = f(0) = —2(0)? — 1 = —1. At the same time, all three real zeros of a simple cubic equation 
x? = O are at x,,..3 = 0. Therefore, these two polynomials must intersect somewhere in the 
negative region, i.e., for x < 0 (see Fig. 3.56 (left)). The first guess may be, for example, that the 
only real zero is in proximity of x; ~*~ —2, where (—2)? = —8 and —(—2)? = —4 so that an 
iterative method should converge rapidly. 

Numerical method: after taking the initial guess x» = —2, the iterative Newton-Raphson 


method gives 


Fig. 3.56 Example P.3.64 
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uw 


where, f(x) = gE 3y* 


f(x) = 3x? + 4x = x(3x +4) 


so that, 


0 —2.000 1.000 4.000 
im” = —2.2071 —0.265 6.187 
2 —2.2056 —8.675 x 107-7 5.785 
3 —2.2056 —1.039 x 10-5 S71 


and inn = 3 iterations, to the third decimal place x, ~ —2.206. To illustrate the resulting root, 
P3(—2.206) = x} + 2x? + 1 —1.039 x 107° 
That is to say, the only real zero of f(x) equals x; + —2.206. Now, 
x34 2x7 415 (x — x1 (ax? +be+c) =0 
where two remaining second-order polynomial zeros P;(x) = ax? + be + are complex, which is 


another way of saying that P(x) is always either positive or negative. By consequence, the overall 
third-order polynomial’s sign must follow its (x — x, ) term’s sign, as 


X—X _ 0 + 
io LO il = 0 + 
52 SL Di SE I n.d. 0 + 


There is one zero at (x, y) = (x1, 0), and in total x € R|x > x, ~ —2.206. 


. Function’s parity: 


even: f(—x) = JV (—-x3 + 2(-x? +1 = y= +2x2?+14 f(x) .. (not even) 


odd: — f(—-x)=— (vV-# x2 1) # f(x) ©. (not odd) 


This radical function is neither odd nor even. 


. Function’s sign: 


f@) =0= =, Vv x3 + 2x? +1=0 .. xX, —2.206 Z2,3 € C 


Therefore, for x € Rix > x1, and f(x) > O for “+,/x.” The horizontally mirrored image 
corresponds to “—./*” where f(x) < 0. 


4. y-axis crossing point f (0): f (0) = /(0)2 + 2(0)? +1=+1 
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5. Limits: there is one limit in total to be resolved. 


1 
x—>+oo: lim f(x)= lim Vx342x2?+1= lim |e («+24 =) 
sx? +00 xX—>+00 X—>+00 x 


+ ee) 0) 
ee oe 


because |x| = Vx? is always positive. The mirrored image of f(x) then tends to —co. 
6. Oblique asymptote: x € R|x > x; 


fe) , x7 4+2x7+1 
a= lm — = lm —_— = 


xX>00 X x00 x 


by consequence, there is no oblique asymptote. 
7. Critical points: 


fix) =0:xE Rx > x 


/ 2 4 
f(x) = ( x3 42x? + 1) 2 en 
2Vx3 + 2x2 +1 
ube. ates 
= 3x? + 4x = x(3x +4) =0 o x = J XQ2 = 3 


x =0; “. X3 =0 


Note that x. = —4/3 © —1.333 > x1 ~ —2.206, thus inside the definition region, so that f’(x) 
sign is (only for the positive side of ./*) 


_ = = _ 
co = 0 

2x3 +2x7+1 0 + + 
fix) nd aF 0 


where y2 f(—4/3) © 1.48, and f(0) = 1. There is one maximum at (x2, yo) = (—4/3, 1.48) and 
one minimum at (x3, y3) = (0, 1). Also, 


+ + 
o-+e4+o 
++ 4+ + 


f"@) =0:x ER|x > x1 


3x2 +4x) (3x? +4 
3x2 44 px +4) Pe, Pe (a sae = x) 
f'Q) = = = 2Vx3 + 2x2 +1 
ae (3 + 2x? + 1) 
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16x +4)203 +. 2x? + 1) — Gx? + 4x)? 
4A SxS H 2x24 1 (x3 + 2x2 + 1) 
ad 3x4 + 8x3 + 12x48 

4 Sx3 42x? 41 (x3 + 2x? +1) 


=) +, 3x° 48x? + 1 6 =0 


This fourth-order polynomial cannot be factorized by using the algebraic identities, so the solution 
is found by graphical/numerical methods. 
Graphical method: first, 


3x4 4+ 8x7 +4+12x+8=0 ©. 3x4+8x7 =—12x —8 
x3(3x + 8) = —4(3x + 2) 


On the left side, the simple cubic equation x? = 0 has third (odd)-order zero at X123 = 0. 
In addition, the 3x + 8 term crosses the horizontal axis at first (odd)-order zero x = —8/3. It 
may be deduced lim,_, +5, x°(3x + 8) = (4o0)(00) = +00, then P;(x) = 3x4 + 8x? is as in 
Fig. 3.56 (right). Note that this polynomial must change its sign after each zero. At the same time, 
the linear term —12x — 8 = —4(3x + 2) has first (odd)-order zero at x = —2/3, Fig. 3.56 (right). 

Evidently, there could be only two real zeros of 3x* + 8x3 + 12x + 8 = 0, while the other two 


solutions are therefore complex. One real solution is close to x = —8/3, and the other is close to 
x = —2/3. However, x = —8/3 ¢ D, which leaves only the second solution. 
Numerical method: after taking the initial guess x» = —2/3, the iterative Newton-Raphson 
method 
Ff (Xo) 


where, (x) = 3x++ 8x°+ 12x +8 


Xn4+1 = Xn — 


f' (Xo) 


f(x) = 12x37 4+ 24x? +12 


gives 


0 19.111 
1 —0.574 17.632 
2 —0.570 —1.201 x 10-+ 17.571 
3. —0.570 —3.656 x 107!° 17.571 


and in n = 2 iterations to the third decimal place x ~ —0.570. To illustrate the resulting root, 
P,(—0.570) = 3x4 + 8x3 + 12x + 8 © —3.656 x 10-19 


Summary: for x € R|x > x, the f”’(x) sign changes only at x, * —0.570, because f”(x) 
denominator is positive within the given interval. Thus, 
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N@) 1 3a*+8x°+ 12x48 


PO= Dw — 4 Jp e 108 + 2 + 


1/4 + ~ - + 
N(x) = - 0 + 
D(x) 0 + ag + 
f"(«*) nd - 0 ar 


Where, 


ya = f(x) © V/(—0.570)3 + 2(—0.570)2 + 1 * 1.21 


There is one inflection point at (x, y) = (x4, y4). 
8. Summary of the important points: (for the positive ./* only) 


defined: x > —2.206 
y-axis crossing point f(0): (x,y) = (0,1) 


zero: (x, y) = (—2.206, 0) 
4 
extremes: (x,y) = (-5. 1.48) (max) 


(x, y) = (0,1) (min) 
inflection: (x, y) = (—0.570, 1.21) 


Graphical representation: results of the analysis for function in P.3.64 are summarized by f(x) graph 
(see Fig. 3.57). 


Fig. 3.57 Example P.3.64 Gi 


j=) 
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3.65. Given radical function 
f(x) = ¥x3 4+ 2x? - 1 


1. Domain of definition D: the square (even) root argument must be non-negative, i.e., 
xP 42x? -1>0 2. 42x? - 1S (x1 )(x — x2 )(x — 43) = 0 


where roots of this cubic polynomial may be determined as follows. Evidently, first root may 


be deduced by inspection as x, = —1, because f(—1) = 0. By long division, it follows that 
(x3 42x? -1) : (tl = x?4+x-1 
xe +x? 
x -1 
xe4Kx 
—x-1 
—-x-1 
0 


Roots of the remaining quadratic polynomial are derived as 


-1+JV14+4_ -145 


2 
—-1=0 .. = 
x° +x X23 5) 2 
A recapitulation: there are three first-order zeros, 
=1=4/5 -14+ 75 
X2 = a X41 =—l, x3 =. ae 


Thus f(x) signs are (assuming the “-+./-” side only) 


X—%X20 — 0 a sa + + + 

X—%1  — = = 0 + + + 

xX —X3 = = = - - 0 + 
xe42x7-1 0 + 0 - 0 + 
JG =1 nd 0 + 0 nd 0 + 


In summary, x € R|x € [x2,x1] and x €[x3, +00]. 
2. Function’s parity: 


even: ff (—x) = J/(—x)3 + 2(—x)? — 1 = V—x3 + 2x2 14 f(x) «. (not even) 


odd: — f(—-x)=— (V=# 2x2 — 1) # f(x) ©. (not odd) 


This radical function is neither odd nor even. 
3. Function’s sign: 
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=f=«/5 -1 5 
fax) =0: + Vx842x27-1=0 ., pee a as sees 


Therefore, for x € R|x € [x2,x1] and x € [x3,+00], function is either positive or equal 
zero (when defined), ie., f(x) > O for “+ af .” The horizontally mirrored image corresponds to 


“_./.” where f(x) < 0. 
4. y-axis crossing point f (0): f (0) = /(0)3 + 2(0)2 —1 .. not defined. 


5. Limits: there is one limit in total to be resolved, 


1 
x—>-+oo: lim f(x)= lim Vx34+2x2?-1= lim |e («+2-5) 
7x +00 x—>+00 X—>+00 Xx 


= lim Pa ee 


x—-+00 


because |x| = Vx? is positive. The horizontally mirrored image of f (x) then tends to —oo. 
6. Oblique asymptote: x € R\x € [x2,x1] and, x € [x3, +00] 


FO) _ jig VERA HT 


x>00 X x00 x 


by consequence, there is no oblique asymptote. 
7. Critical points: 


f(x) =0:x E Rx €[x2,x1] and, x € [x3, +00] 


; 1 1 3x? +4x 
(x) = ( x3 42x? +1) aS = 
, 2 J/x3 42x? -1 
x =0; x €D 
3x? +4x =x3x+4)=0 .. 4 
3x +4 = m4 = 3 


ee ee ee ee eee 
ye = F049) = f(-3) +#2(-3) -1= 75 


x = 0 is excluded as f (0) is not defined, thus f’(x) signs are (assuming the “-+./-” side only) 


2 + + + + + + +4 
x - - —- + + + 

3nt¢4 - - OF + + + + 
Jae wa + + - + 0 + 
fi) nd. + 0 - + n.d. + 
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There is one local maximum at (x4, y4) = (—4/3, /5/27). By symmetry, for y = —./-, there 
is one local minimum at (x, y) = (—4/3, —./5/27). 
Also, 


f"(«) =0:x €R|x €[x.,x2] and, x € [x3, +0] 


2 2 
3x? + 4x a as la ieee a —s — = 
" _ _ Xx? + 2x* — 
ro =(— SS) 2 (ape = 1) 


1 (6x +4) 2 (x3 + 2x? — 1) — (3x? + 4x)? 
4 eS + Ox? — 1 (3 + 2x? — 1) 
_ 13x4+ 8x3 — 12x -8 
4/63 42x2 = 13 


=0 ». 3x*+8x?— 12x -8=0 


Solutions of this fourth-order polynomial equation can be found by Newton-Raphson method, 
after evaluating 


3x4 + 8x? = 12x +8 or, 
x3(3x + 8) = 4(3x +2) 


A rough sketch of intersects x3(3x +8) = 12x +8 (Fig. 3.58 (left)) shows that there are only 
two real domain solutions to the fourth-order equation 3x* + 8x? + 12x + 8 = 0, while the other 
two solutions are therefore in the complex domain. One of the two intersect points is obviously on 
the positive side, so, for example, the first guess for initial value could be x9 = 1. On the negative 
side, the intersect point is inferior to the x € [x2 , x1 ] interval, thus outside of the definition region. 

For example, by taking the initial value x9 = —2, numerical iterative method produces: 


Qn) 
f' (Xn) 


Xn41 = Xn — where, f(x) = 3x++8x*— 12x —8 
f(x) = 12x73 + 24x? — 12 


Taking the initial value x9 = —2, 


n x f@) f'(x) 
0 —2.000 0.000 —12.000 
1 —2.000 0.000 —12.000 
this time, by chance, the initial value x9 = —2 chosen is in fact the exact solution found in the first 


iteration, 1.e., 
f (—2) = 3x4 + 8x? — 12x -8=0 


However, as already estimated, this solution is indeed outside of the function’s definition interval 
[x2 , Xz J, thus not valid. 
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Taking the initial value x9 = 1 gives 


0 1.000 —9,.000 24.000 
1 1.375 7.020 64.570 
2 1.266 0.761 50.848 
3 1.251 0.013 49.089 
4 1251 4.211 x 10-6 49.058 


inn = 3 iterations, to the third decimal place x ~ 1.251. To illustrate the resulting root, 
f(1.251) = 3x* + 8x3 — 12x —8 © 4.211 x 10-° 


Summary: for x € R|x € [x2,x1] and, x € [x3 , +00], the f”(x) sign could possibly change 
only at one of f”(x) numerator’s zeros x5 ~*~ 1.251 (because its denominator, where defined, is 
positive). Thus, 


N(x) _ 1 3x4+8x— 12x —-8 
D(x) 4 (x3 + 2x2 — 1)3 


= 


4+ + + + + + + 
N(x) - - - - - 0 + 
D(x) 0 + 0 0 + + + 
ff") nd _ n.d n.d ~ 0 ++ 


where, 


ys = f (xs) © J(1.251? + 2(1.251)2 — 1 © 2.022 


There is one inflection point at (x, y) = (4s, ys). 
8. Summary of the important points: 


-1-V5 -14+V75 
defined: xe[—, -1] and, x €[— =, +00] 
a 
Zeros: a= (150) 
_— 2 
(x, y) = (-1, 0) 


-1 5 
(x, y) = (HH. 0) 


extreme: (x,y)= (-1 + af 3, V5727) (max) 
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Fig. 3.58 Example P.3.65 
inflection: (x, y) = (1.251, 2.022) 
9. Graphical representation: graphical method used to estimate roots of the fourth-order polynomial 


equation Py(x) = 3x4 + 8x3 — 12x — 8 = 0 (see Fig. 3.58 (left)) and the complete f(x) graph 
(see Fig. 3.58 (right). Note very non-dramatic change of f(x) at its inflection point. 


3.66. Given radical function 


f(x) =¥x3 + 3x2 43x41 = J+ D3 =x41 
This example illustrates that it is always a good idea to verify if a long polynomial is in fact a 
developed version of some of the basic algebraic polynomial identities: the difference of two squares, 
a binomial expansion, etc. To recognize the well-known patterns in algebra is very important skill, 
here, by recalling that the cube power of a binomial (with the help of Pascal’s triangle) is 
(a + b) = a*b® + 3a*b! + 3a'b? + a°b? 
shows that it corresponds exactly to the polynomial argument of the cube root in this example. Then 


V8 = (+0)? =@4+DMA=x4+1, WER) 


For sake of tutorial’s completeness, complete analysis of this linear function is as follows. 


1. Domain of definition D: a third (odd)-order radical function with polynomial argument is defined 
for {x € R}. 
2. Function’s parity: 


even: f(-—x) = —-x +14 f(x) .. (not even) 
odd: — f(—x)=—(-x+l)=x—-14¢ f(x) .. (mot odd) 


This radical function is neither odd nor even. 
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3. Function’s sign: 
f@)=0: .. x4+1=0 7. x=-1 


Even though there is a third-order polynomial in the original form of the example (thus, there 
should be three zeros), due to the cube root, the final form is reduced to linear function (first-order 
polynomial). By consequence, there is only one first-order zero (i.e., where f(x) does change its 
sign). Simply put: if x < 1, then f(x) < 0, andifx > 1, then f(x) > 0. 

4. y-axis crossing point f (0): f0) =O0+1=1 

5. Limits: there are two limits in total to be resolved. 


x—>-+oo: lim f(x)= lim x+1=+0 
——— + x¥>+00 xX—>-+00 


x—>--oo: lim f(*)= lim x+1=-o 
or - 020 xX—>—00 
6. Oblique asymptote: 
0 
jie a he = tin (r+ f= 
xX>00 YX X>00 Xx X00 


and, 
b= lim (f(x) — ax) = lim(¥+1- 7) =| 
therefore, oblique asymptote is yz, = x + 1. Note: this is a trivial case when f (x) is at the same 


time its own oblique asymptote. 
7. Critical points: 


fi@=0: f'@=@+1!' =140 
thus, there are no extreme points, as f’(x) = 1 > 0 this function always ascends /7. Also, 
f"@)=0: f")= (1) =0 
8. Summary of the important points: 


zero: (x,y) = (-1,0) 
y-axis crossing point f(0): (x, y) = (0, 1) 


a.a. asymptote: y=x-+1 (the trivial case) 


extremes: (none, f(x) always ascends 7) 


inflections: (none) 


9. Graphical representation: the calculated results are sufficient to plot f(x) graph (see Fig. 3.59). 
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Fig. 3.59 Example P.3.66 


3.67. Given radical function, 


f(x) = Vx2 + 3x2 —3x—1 


1. Domain of definition D: a third (odd)-order radical function with polynomial argument is defined 
for {x € R}. 
2. Function’s parity: 


even: f(—x) = V (—x)3 + 3(—x)? — 3(-x) —1 = J/—x3 +3x24+3x—1 # f(x) 


(not even) 


odd: — f(—x)=— (v=8 3332 2 By = 1) # f(x) ©. (not odd) 


In conclusion, this radical function is neither odd nor even. 
3. Function’s sign: 


f(x) =0: 2. x3 43x2-3x-1=0 «. x34+3x2-3x-1=0 


(x — x1)(% — x2)(x — x3) = 0 


because a third-order polynomial must have three zeros, (x1, x2, x3). First root may be deduced 
simply by inspection as x; = 1, because f(1) = 0. Then by long division, it follows that 


(x3 4+3x2 -3x -1) : @-1) = x74+4x4+1 
xe? —x? 
4x? —3x 
4x? — 4x 
x -—1 
x —1 
0 0 


Roots of the remaining quadratic polynomial are derived as 


-44+ /16—4 
we+4x+1=0 ©. x23 = = -2£ v3 
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A recapitulation: there are three first-order zeros. 
i 21, a 2-2-3, x = 2479 


So that the f(x) signs are 


X—%2 0 ag — ne + + 
i = 325 - = = 0 + + + 
Be = Si - - - - - 0 + 


There are three first-order zeros, at (x,y) = (—2 -— V/3,0), (x, y) = (2+ V3, 0), and 
(x, y) = C1, 0); thus, f(x) changes its sign after crossing each of its odd zeros. 
4. y-axis crossing point f (0): f (0) = JO + 3(0)? — 3(0) -1=-1 
5. Limits: there are two limits in total to be resolved, 


x—>-+oo: lim f(x) = lim Vx3+3x?-3x-1 
x +00 x—>-+00 


0 0 0 
bs ia eald Pa i tae 
Se 


x—>-o0o: lim f(x)= lim Vx3+3x2-3x-1 
X00 X—>—00 


6. Oblique asymptote: 


. f(x) — Sx3 4+ 3x2 — 3x —1 
a= lim — = lim = lim 
x>0oO X x00 x x00 ra 


0 0 0 
3 
: 3 3 1 
ee re: oe 


Jim (f() - ax) = lim (V/x3 + 3x? = 3x — 1- x) = {(20 - 00)} 


and, 


> 
II 


= lim E (V1 + 3/x — 3/2? 1/3 — 1)] = {(c0-0)} 
= W/1 + 3/x — 3/x2 —1/x3 -1 7 {(5)| 


x00 1/x 0 
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1 —3/x? +. 6/x? + 3/x4 


34 (1 + 3/x — 3/x? - 1/23)" — 3 6/4— 3)" 


= lim = lim 


x00 —1/x? 3 x00 i( sacle ye") 


therefore, oblique asymptote is yz. = x + 1. 
7. Critical points: 


f(x) =0: 


f@= (v8 + 3x? — 3x — 1) = ((x3 + 3x? — 3x — 114)’ 


1 B(x? + 2x — 1) _ 
BS3 + 3x2 -3x—1? | 


1 
= rica ee Sse 1) Ox ée 3) = 


—2+/44+4 


~ S210 ~ X12 = 5 


X1 =+1-72, X2 =-14+V72 
4 =9@jay/ (v2) 43 (Cina) 342) 1 


= 9-7 = 524.3042) 4343N2-1 


=V4+4V2 
Ya = fees) = (1+ v3)’ +3(-1+ v3)" -3(-14 v4) -1 
= J-94.5V2433—2W2)43-3V2-1 


Sad A/D 


In addition, poles of f’(x) are 


Vv (x3 + 3x2 —3x—1)2?=0 ©. x3 =—-2—-V3, x, =—-24+ V3, x5 = 1 
In other words, f’(x) is in the form of 


(x — x1) — x3) _ N() 


fi) = = 
J(@—x)@—x)x—x5) PO) 


where D(x) > 0, so that f’(x) signs relative to its zeros (x1, x2) and poles (x3, x4, x5) are 
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x—-m - -— = O + + + + + + + 
X—X - - - oa - - 0 oF +f + 
De) + O + + + 0 + + + 40 4 
fix) + nd + 0 - nd — 0 + nd + 


There is one local maximum at (x;, y,) and one local minimum at (x2, y2). Note that, although 
f'(%3, 4, X5) are not defined, function f(x) is continuous; thus, this function does not change its 
ascending/descending behaviour. Also, 


f'(x~) =0: 


ihe: x? 42x -—1 
ve (a = =) 


9G Oe = 1) 3 ie Oe = 1) 
ZB.) G3 + 3x2 —3x —D 
Vv (x3 + 3x2 — 3x — 1)4 
(2x +2)(x3 + 3x? — 3x — 1) — 202? + 2x — 1)? 
7 (x3 + 3x? — 3x — 195 


(2x + 2) J (x3 + 3x2 — 3x — 1)? — 


_ AG 1) 
ai (x3 + 3x2 — 3x — 15 
=0 .. but, —4(?+1) <040 


therefore, there are not zeros of f’(x). However, there are three poles of f’(x) that must be 
examined as well, 


/ (3 + 3x2 — 3x — 12=0 ». x =—2-V3, x. =-24+ V3, x43 =1 
that happen to be at the same location as the f(x) zeros. 


N(x) _ —A(x? 4-1) _ =e 1) 
Dx) (x3. + 3x? — 3x — 195 Ja — xy)(x — (x — x3))° 


7 = 


where N(x) < 0, then f”(x) sign is 
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N(x) - - - - = = - 
xX —X2 - 0 + + + F = 
oe = 383 = = - 0 + + TF 
xX — Xx) = - - - = 0 + 

f" (x) + n.d. - n.d. + n.d. - 


This function changes its convexity after passing through each of its f(x) poles. 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, —1) 


a.a. asymptote: y=x+1 
zeros: (x, y) = (1,0) 
(x,y) = (-2- 3, 0) 
(x,y) = (- Deas 3,0) 
extremes: (x, y) =(- dim Va,\)4+4V2) (max) 
(y= (-1+ es Vi,\/4~ 4V3) (min) 
inflections: (x, y) = (1, 0) 
(x,y) = (-2- RES 0) 
(x,y) = (-2+ V3, 0) 


9. Graphical representation: the calculated results are sufficient to plot f(x) graph (see Fig. 3.60). 


3.4 Exponential and Log Functions 
3.68. Given exponential function, 
f(x) = f(x) = 2* 


1. Domain of definition D: an exponential function is defined for x € R. 
2. Function’s parity: 


even: f(—x) =2~* # f(x) .. (not even) 
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Fig. 3.60 Example P.3.67 


odd: — f(—x) =—(2*) 4 f(x) +. (not odd) 


This exponential function is neither odd nor even. 
3. Function’s sign: 


f(x) =0: however, 2*>0 ie. 2* 40 
Therefore, exponential function is always positive. 
4. y-axis crossing point f (0): f (0) = 2° =1 


5. Limits: there are two limits in total to be resolved. 


x—>+0o: lim f(x)= lim 2* = 27% =+00 
X00 x—>+00 


. 1 — ; x —0O 
x—>-0O: lim fF) = lim 2 = 2 ae =! 
6. Oblique asymptote: 
: f( ) : 2 CON tH G. 2* In2 
a= lim li (=) = lim = 
x>0O x X70 X CO X—> 00 1 


by consequence, there is no oblique asymptote. 
7. Critical points: 


fa=0: f/f @=(2) =? m2>0 ». f'@) 40 
therefore, f(x) always ascends 7. Also, 
f'@=0: f"H= (2* In2)' =2? In’ 2>0 » f’) 40 


therefore, f(x) is always concave U. 
8. Summary of the important points: 


h. asymptote: y=0 (x <0) 
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Fig. 3.61 Example P.3.68 


y-axis crossing point f(0): (x, y) = (0, 1) 


zers: (none, f(x) is always positive) 
extremes: (none, f(x) always ascends /7) 
inflection: (none, f(x) is always concave U) 


9. Graphical representation: results of the analysis for function in P.3.68 are summarized by f(x) 
graph (see Fig. 3.61). 


3.69. Given exponential function 
fa)=e 
the overall analysis is identical to P.3.68, and the resulting graph is compared in Fig. 3.61. 
3.70. Given exponential function 
f(x) = 10° 
the overall analysis is identical to P.3.68, and the resulting graph is compared in Fig. 3.61. 
3.71. Given rational function 
f@)=27 


1. Domain of definition D: an exponential function is defined for x € R. 
2. Function’s parity: 


even: f(—x) =2°™ =2* £ f(x) .. (not even) 
odd: — f(—x) =—(2") 4 f(x) .. (not odd) 
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In conclusion, this exponential function is neither odd nor even. 
3. Function’s sign: 


1 
f(x) =0: however, 2 = ie 0 ie, 2~* 40 


Therefore, this exponential function is always positive. 
4. y-axis crossing point f (0): f (0) = 2° =1 
5. Limits: there are two limits in total to be resolved. 


1 
: oii = lm 2*=—=0 
se a ass Pua f@) Pa 2x | 


x—>-—oo: lim f(x)= lim 2% =2°-° =2t° = +400 
-_———-_ - x——-00 x——0o 


There is a horizontal asymptote at y = 0, (x > 0). 
6. Oblique asymptote: 


. f(x) a : 1 
a= lim —= 


x>00 Xx x>00 X x>00 x 2* 


by consequence, there is no oblique asymptote. 
7. Critical points: 


f@=0: f@=(27) =-2" m2<0 « f'@) 40 


therefore, f(x) always descends \. 
Also, 


f"@)=0: f"(~) = (-2* 2)’ = 2 W2>0 ». fF") £0 


therefore, f(x) is always concave U. 
8. Summary of the important points: 


h. asymptote: y=0 (x >0) 


y-axis crossing point f(0): (x, y) = (0, 1) 


Zeros: (none, f(x) is always positive) 
extremes: (none, f(x) always descends \,) 
inflection: (none, f(x) is always concave U) 


9. Graphical representation: see Fig. 3.62. 
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Fig. 3.62 Example P.3.71 


3.72. Given rational function 
f@) =e" 
the overall analysis is identical to P.3.71, and the resulting graph is compared in Fig. 3.62. 
3.73. Given exponential function 
f(x) = 10~ 
the overall analysis is identical to P.3.71, and the resulting graph is compared in Fig. 3.62. 
3.74. Given exponential function 
f@) =2* -2 


1. Domain of definition D: an exponential function is defined for x € R. 
2. Function’s parity: 


even: = f (—x) = 20 —2 4 f(x) ©. (not even) 
odd: — f(—x) = — (2° — 2) = -20 +24 f(x) .. (not odd) 


This exponential function is neither odd nor even. 
3. Function’s sign: 


f@)=0: 3. 2—-2=0 «. 2% =2 


Therefore, 


x<1l: », 2 <2 », 2-2<0 
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x=l1l: », 2=2 - 2*-2=0 
x>1: ., 2®>2 ., 2*-2>0 


There is one first-order zero at (x, y) = (1, 0). 
4. y-axis crossing point f (0): f (0) =2°-2=-1 
5. Limits: there are two limits in total to be resolved. 


+oo 
x—>+00: lim f(x)= lim (2*-—2)= lim (2° = 2) = +00 
+00 X—>+00 
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x oo: lim f(x) = lim (2* —2) = a0 _ 9 =| (x <0) 


6. Oblique asymptote: 


_ . FO) 
a= lim = 


X30 xX x00 x 


by consequence, there is no oblique asymptote. 
7. Critical points: 


f@=0: f@='-2) =2 m2>0 « f'@)A0 
therefore, f(x) always ascends /7. Also, 
f"(x)=0: f"Q)= (2* In2)' =2* W’?2>0 .. f’(x) £0 


therefore, f(x) is always concave U. 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0,—1) 


h. asymptote: y=-—2 (x <0) 
zero: (x, y) = (1,0) 
extremes: (none, f(x) always ascends /7) 


inflection: (none, f(x) is always concave U) 


9. Graphical representation: results of the analysis for function in P.3.74 are summarized by f(x) 


graph (see Fig. 3.63). 


3.75. Given exponential function 


f(x) =3* -3* 


1. Domain of definition D: an exponential function is defined for x € R, because this function is a 


sum of two exponential functions each defined for all x € R. 
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Fig. 3.63 Example P.3.74 


2. Function’s parity: 


even: f(-x) =3-* —3° # f(x) .. (not even) 
odd: — f(—x) = — (3-* —3*) = —3°-* + 3° # f(x) ©. (not odd) 


This exponential function is neither odd nor even. 
3. Function’s sign: 


f@=0: .. ®-37%=0 ., 3°3% =3% 3? 


Therefore, 
x<O0O: 3, 3+ <3%* |, 3%°-3%* <0 
x=0: +, 3°9=3? » 39-39=0 
x>0: ». 3%>37 », 3*-37%>0 


There is one first-order zero at (x, y) = (0, 0). 
4. y-axis crossing point f (0): f (0) = 3° — 3° =0 
5. Limits: there are two limits in total to be resolved. 


x—>-+oo: lim f(x)= lim (7 
x +00 xX—>-+00 

0 +00 
x—>-oo: lim f(x)= lim (*" =a" ) = 00 
x00 xX—>—00 


6. Oblique asymptote: 


278 3 Functions 


a= tim 2 = tim ~*~ = (2) 2 tim — 
CO 


X00 X x00 x 


by consequence, there is no oblique asymptote. 
7. Critical points: 


f'@=0: f'%)=(@*-37) =n3 G*437)>0 » f'@) 40 


therefore, f(x) always ascends 7. Also, 
fe) =0: fF") = (In3 3" +3-)) =In?3 (3° - 3") 
3*-3*=0 «. x=0 


therefore, (In? 3 > 0) 


x<O0: ». 3%°<37% 3, 3°-3%* <0 .. f(x) isconvex 
x=0 Pam os a =o 
x>0O: ». 3%°>37 3. 3*-3%* 50 .. f(x) isconcave U 


There is inflection point at (x, y) = (0, 0). 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, 0) 


zero: (x,y) = (0,0) 
extremes: (none, f(x) always ascends 7) 


inflection: (x, y) = (0,0) 
9. Graphical representation: results of the analysis for function in P.3.75 are summarized by f(x) 
graph (see Fig. 3.64). 
3.76. Given absolute function 


f(x) = |S"! 2 


1. Domain of definition D: because f (x) is a composition of absolute and exponential functions, each 
is defined for all x € R, and this function itself is defined for x € R. 
2. Function’s parity: 


even: f(x) = eae _ 2| = ing _ 2| = f(x) .. (even) 
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Fig. 3.64 Example P.3.75 : 
f(x) 


odd: — f(—x) = — (|S"! — 2]) = —|5"!-— 2] 4 fx)». (not odd) 


This absolute/exponential function is even. 
3. Function’s sign: 


f@)=0: + [s*—2]=0 - sha? 
Inb 
mA logs (s*!) = log, 2 {1oa,» = =| 
Ina 
|x| = In2 a 
— In5 aad ae ~ In5 


That is to say, there are two first-order symmetrical zeros. However, by definition | -| > 0, that is 
to say a - 2| > 0. By consequence, this function does not cross the horizontal axis. 

4. y-axis crossing point f (0): f (0) = |5!°| — 2| =|-1)=1 

5. Limits: being even function, i.e., symmetric relative to the vertical axis, both positive and negative 
side limits are equal. 


x—> +00: lim f(x)= lim |5"!— 2] = +00 
—_._ . X—>=r00 X—>=xr00 


6. Oblique asymptote: 


Ix]_9 
a= lim LO) _ lim pel 


x>00 X x00 x 


{even function, so first for (x > 0) \ 
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and limit for (x < 0) also tends to infinity (even function), so, by consequence, there is no oblique 
asymptote. 
7. Critical points: 


fi@=0: f'@ =|" =2/ 
{ix = Jx2 = (x) 
{is a [(7)'"] = sa 22x’ a a = = ad = sign oo 


[S| — 2] 51 nd |x| 
(sh _ 2) x 


|S"! — 2| sl InS |x| =0 (note: x 4 0) 
oy [ae - 2| |x| =0 because both: 5*!>0 and In5>0 (ie. £0) 


These two absolute functions may be decomposed as: 


In2 


GHI-2) 20 and, x>O: +. GF-Dx=0 1. SH =2 + my =logs2= TS 


therefore, for the reason of even function’s symmetry 


InS + + + + + + of 
Ix] + te + 0 + + + 

a + + + + + + 1 
jshi—2| 0 + 0 + + + 0 + 
skl-2 0 + 0 - - - 0 - 
x = = - 0 + =F ale 

f@) - n.d. + n.d. - n.d. + 


There are two minimums, (x, y) = (x2,0) and (x, y) = (x1, 0), as well as one maximum 
at (x,y) = (0,1). f’(O, x1,2) are not defined, but extremes exist because the function itself is 
continuous. Also, 


” —(: ” a pe —2| 51) ns |x| 
fi@=0: f@M= (=a) x 


{ derivative of a rational function plus the chain rule } 
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5h — 2| a 
— ]p2 |x| | a 
= In°(5)5 SRD x2 =0 


SP 5 = 2 = 0). oe 0) 
In2 


a X1,2 = log; 2 => tis 


f" (0) = 0/0 is not defined, inflection points exist (the function itself is continuous). Thus: 


a + + + + + + + 

In?5 0 + ate ote sa ate + f 

xm + + + 0 + + + 

xe + + + 0 + + + 
jsei—2| + 0 + + + 0 + 
Sela 2Q2 + 0 - — — 0 + 
f'@) + n.d - n.d. - n.d + 


Even though second derivatives are not defined, there are three inflection points at (x, y) = 
(x2, 0), (x, y) = (0, 1), and (x, y) = (%1, 0). 
8. Summary of the important points: 


parity: (even) 


y-axis crossing point f(0): (x, y) = (0, 1) 


zeros: (x, y) = (In2/1n5, 0) 
(x, y) = (—1n2/1n5, 0) 
extremes: (x, y) = (—In2/1n5,0) (min) 
(x, y) = (0,1) (max) 
(x, y) = Un2/1n5,0) (min) 
inflection: (x, y) = (—1n2/InS, 0) 
(x, y) = ©, 1) 
(x, y) = Un2/1n5, 0) 


9. Graphical representation: results of the analysis for function in P.3.76 are summarized by f(x) 
graph (see Fig. 3.65). 


3.77. Given a simple natural logarithm function, 


f(x) =Inx 


282 3 Functions 


Fig. 3.65 Example P.3.76 


min. /min. x 


X2 @) xX] 


1. Domain of definition D: by definition, x € R|x > 0. 
2. Function’s parity: 


even: f(—*x) = In(—x) (not defined) 
odd: — f(—x) =—(In(—x)) (not defined) 
This logarithmic function is neither odd nor even. 
3. Function’s sign: 
1 
f@)=0: « Inx=0 aM x= 
where if 0 < x < 1, then Inx < 0, and for x > 1, logarithmic function changes its sign, Inx > 0. 
4. y-axis crossing point f (0): f(0) =1n0 (not defined) 
5. Limits: there are two limits in total to resolve. 
x—>-+oo: lim f(x) = lim Inx=+c 
———_  #>=Hed X—>-+00 


x—>0: lim f(x) = lim Inx = —co 


6. Oblique asymptote: 


| 1 
a= lim LOO = tim ** =(%) # tim + =0 


xX>00 X X00 X 


by consequence, there is no oblique asymptote. 
7. Critical points: 


f(x) =0: f’(x) = (nx) = : >0, (x>0) (ie. £0) 


Therefore, a logarithmic function always ascends /7. Also, 
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| ¥ 
fw) =0: £"@)=(2) =-5 <0 
x x 


Therefore, a logarithmic function is convex M. 
8. Summary of the important points: 


defined: x>0 
v. asymptote: x =0 
zero: (x, y) = (1,9) 
extremes: (none), f(x) always ascends 7 


inflection: (none), f(x) is always convex M 
9. Graphical representation: results of the analysis for function in P.3.77 are summarized by f(x) 
graph (see Fig. 3.66). 
3.78. Given logarithmic function, 
f(x) = log, x 
Analysis of this function is identical to P.3.77, and the two functions are compared in Fig. 3.66. 


3.79. Given composite absolute logarithmic function, 


f(x) = flog, x] =|" = — jie 
x)= }loe,x| = = NX 
82 in()| In@) 
1. Domain of definition D: by definition, a logarithmic function is defined for strictly positive 


arguments, i.e., x € R|x > 0. 
2. Function’s parity: 


Fig. 3.66 Example P.3.77 


284 3 Functions 
even: f(-x) = log, (—x)| (not defined) 
odd: — f(—x) =— |log,(—x)| (not defined) 
In conclusion, a logarithmic function is neither odd nor even. 
3. Function’s sign: 
f@)=0: .. logx=0 -, QP - Se =1 


or, equivalently, 


1 
1 x . —_ 
f@)=0: .. in) [In@x)| «. Inx=0 .. yh - ox =l 

There is one first-order zero at (x, y) = (1, 0). By itself, a function crosses the horizontal axes at 

odd order zeros. However, this is composite absolute function that is positive for all arguments, 

that is to say, does not cross the horizontal axes. Thus |log, Fal > 0 for all x > 0. 
4. y-axis crossing point f (0): f (0) = |log, 0| (not defined) 
5. Limits: there are two limits in total to resolve. 


x—> +00: lim f(x) = lim log, x| = +00 
x—> 0: lim f(x) = lim |log, x| = | — co] = +00 


6. Oblique asymptote: note that an absolute function is either positive or equal zero. Thus, given 
x > 1, it is true for all log functions that | log(x)| = log(x). Therefore, 


_ f(x), |logsx| logy x 00 Inv) 
a= lm — = lim = lim =| ) log, x = 
x>00 X X00 x xX>00 =X CO In(b) 
(7) 
11 
Bi fgg SNE ihe dG 
x00 x! x>oo In2 x 


by consequence, there is no oblique asymptote. 
7. Critical points: 


/ 


fe) =0: f(x) = |log,x|' = ne 
Ss ee lie 
= ae | In x] {composite function: | f (x)|' = LO) re | 
In2 If@)| 
1 Inx 1 |Inx| 
= = =0 .. nx =0 ». x=1 
In2 x|Inx|  In2 x Inx 


note, however, there is also | In x| term in the denominator, which results in division by 0 if x = 1. 
That is to say, f’(1) = 0/0 is not defined. Thus, 
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In2 ian ab + + 
x 0 + + 
Inx nd. = 0 + 

| In x| n.d. + 0 + 
f'(*) nd. - n.d + 


This f(x) is an example of a function that, even though its first derivative is not defined at 
x = |, the function itself is continuous, i.e., defined at f(1), and thus has minimum point at 
(x, y) = 1, 0). 


1 

— Inx 

x ( il ) 
ess He ee 
R=; = In2xInx/ ~~ In2 x2 (Inx)2 


Inx 
Inx —— —|Inx| Inx —|Inx| 
oe! | In x| 
~ In2 x? (In.x)? 
Tir 
i dee | eel 1 —|Inx| 
~ In2 x2 (Inx)% ~ In2> x? Inx 


note: f”(1) = 0/0 is not defined. Then, 


—(1/1n2) = = = 2 
Inx = nd. - 0 + 

| In x| n.d. + 0 + 

oe 0 + + + 

f'() nd. + n.d - 


This f(x) is an example of a function that, even though its second derivative is not defined at 
x = |, the function itself is continuous, i.e., defined at f(1) = 0, thus f(x) changes from concave 
U to convex M at (x, y) = (1, 0). 
8. Summary of the important points: 
defined: x>0 


v. asymptote: x =0 


zero: (x, y) = (1,0) 
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Fig. 3.67 Example P.3.79 


min. x 


Fig. 3.68 Example P.3.80 


extremes: (x, y)=(1,0) (min) 


inflection: (x, y) = (1,0) 


9. Graphical representation: see Fig. 3.67. 


3.80. Given exponential/log function, 
f(x) =e™ 
a simple transformation uncovers true form of this function as 
F(x) =e =x 


that is to say a linear function. However, logarithmic function is defined only for x > 0; therefore, 
domain of f(x) definition is x € R|x > 0 as summarized by f(x) graph (see Fig. 3.68). 


3.4 Exponential and Log Functions 287 
3.81. Given logarithmic/exponential function, 
f(x) = In(e’) 
a simple transformation uncovers true form of this function as 
fx) = Wg") = x 
that is to say, it is a simple linear function. Note that the argument of logarithmic function is defined 
for all x because e* is defined for all x, and more importantly, it is always positive, even when x < 0. 


Therefore, domain of f(x) = In(exp(x)) =xisx ER. 


3.82. Given logarithmic composite function, 


f@) =in@? —x) =n (xc = ») 


1. Domain of definition D: by definition, argument of logarithmic function must be strictly positive, 
that is to say 


x>O&x-1>0: xX >O0&x>1 0. xl 
x<O&x-1<0: ox <O&x <1 7. x <0 


x(x-1)>0 .. 


(recall that by saying AB > 0 it is implied: A > O and B > 0, or, A < 0 and B < Oat the same 
time). 
In summary, domain of definition D is x € R|x < 0,x > 1. In addition, x #4 0 andx F 1; 
therefore, these two points are where two vertical asymptotes are placed. 
2. Function’s parity: 


even: f (—x) = In((—x)? — (—x)) = In(@x? +x) # f(x) (not even) 
odd: — f(—x) =—In@®’? +x) 4 f(x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


1+/J/1+4 


fx) =0: 3. x? —x=1 3. x%?—x-1=0 7. mn = 


so that, sign of f(x) is determined by the intervals where (x2 — x) <> 1, because Inx < Oif 
0 <x <1l,andInx > Oifx > l,Le., 
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There are two first-order zeros, one at (x, y) = (x1, 0) and one at (x, y) = (%2, 0). 
4. y-axis crossing point f (0): f(0) = 1n(O) (not defined) 
5. Limits: there are four limits in total to resolve, 


x—>-oo: lim f(x)= lim In(x? — x)= lim In lee (1 _ 
—__ x00 xX—>—00 xX—>—00 
x—> +00: lim f(x)= lim In(x? — x) = lim In] x? (1 _ 
——_——.- - x—-+00 x—>-+00 x—>-+00 
0) 
He OF lim fw= lim InQ@?—=x" ) = -0co 
: . 2 0 
x>l1: lim f(x) = lim InG@2 =x" ) = —00 
6. Oblique asymptote: 


_ ye FO) _ 
a= lim —= 


x>00 Xx x00 x 


=0 


by consequence, there is no oblique asymptote. 
7. Critical points: 


2x—-1 
x2— xX 


f(x) =0: f'@) = (Inv? =) = 0. %—-1=0 «. r=5 


but f(x) is not defined in the (0, 1) interval. Then, 


mw—-1 - - - O + + + 
ae - 0 + + =F alr a 

a = Il = - = - - 0 + 
f(x) - n.d. F 0 - n.d + 


That is to say, this type of logarithmic function does not have extremes. 
Also, 
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2x —1 " 2@?-—x)-Qx-1)? | 2x2 —2x+1 | 
7 x2(x — 1)? ~  x2(x = 1)? 


f'(x) =0: f(x) = ( 


x2 — 


2x2 —2x+1=0 however, 2x7 -—2x+1>0 


that is to say, f(x) < 0, and by consequence, f(x) is always convex /. 
8. Summary of the important points: 


defined: x <0, x>1 
v. asymptotes: x =0 


x=1 


zeros: (x, y)= (- = ney 0) 


2 
1+J5 
(x,y) = ( .0) 
2 
extremes: (none) 
inflection: (none, f(x) is always convex M) 


9. Graphical representation: results of the analysis for function in P.3.82 are summarized by f(x) 
graph (see Fig. 3.69). 


3.83. Given exponential/quadratic function, 


f@) =e” —2e* +1 


1. Domain of definition D: exponential function is defined for all x; thus, domain of definition D is 
x eR. 
2. Function’s parity: 


Fig. 3.69 Example P.3.82 
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even: f(—x) =P? — 2c) 4.1 =e * —2e* 41H f(x) (not even) 
odd: — f(—x) =—-(e* —2e* +1) ¥ f(x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


f(x)=0: «. e*—2e7 +15 (e*)” —2(e*) +1=(e*- 1)” a0 feel & tig SO 
However, 
(e"-1) >0 ~. f@=0 
There is one second-order zero at (x, y) = (0, 0); otherwise, f(x) is always positive. 
4. y-axis crossing point f (0): f (0) =e — 2e°+1=0 


5. Limits: there are two limits in total to resolve. 


x—>-+o00: lim f(x) = lim e* —2e*+1=+00 
X00 X—>-+00 


0 0 
x 00: Jim fix)= lim  -26%4 121 
——— #00 x—>—00 


That is to say, for x < 0, there is horizontal asymptote at y = 1. 
6. Oblique asymptote: 


By consequence, there is no oblique asymptote. 
7. Critical points: 


fe) =0: f'(x) = (e* — 2e7 +1) = 2e* —2e7 =0 «, yet 1 eal 
. x=0 
Therefore, 


f(x) = 2e”* — 2e* = 2e* (e* — 1) 


2 is + F 

Cal + + + 

G =i - 0 + 
,O) = 0 =f 


3.4 Exponential and Log Functions 
There is one minimum point at (x, y) = (0, 0). Also, 
F(x) =O: f(x) = (2e* — 20") = 4e* — 2° = 0», Ye ABI. Qe =1 


‘ =In— 
_ Xx ee) 


i ae | 1 
d, f (2) = e212 — 2924 = _ l- 
and, f (1/2) =e ene + 5 Ayt i 


Therefore, as f”(x) = 2e* (2e* — 1) 


2 + + + 
e ar 7 

2e* — 1 _ 0 + 
(a 0 a 


There is one inflection point at (x, y) = (In(//2), 1/4). 
8. Summary of the important points: 


h. asymptote: y=1 (x <0) 


y-axis crossing point f(0): (x, y) = (0, 0) 


zero: (x, y) = (0,0) 
extremes: (x, y)= (0,0) (min) 


inflection: (x, y) =(In('/2), 1/4) 


9. Graphical representation: results of the analysis for function in P.3.83 are summarized by f(x) 


graph (see Fig. 3.70). 


Fig. 3.70 Example P.3.83 
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3.84. Given exponential composite function, 


f@al+e*rsi4¢e"™ 


= 


1. Domain of definition D: an exponential function is defined for all x; thus, domain of definition 
isx ER. 
2. Function’s parity: 


even: f(—x) = 1+ et) = 1 +e & F(x) (not even) 


odd: — f(-—x)=— (1 rs er) =-l-e*-* Z f(x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


f@)=0: «. l+e**s0 
which is to say that this function does not have zeros, and it is always positive. 


1 
4. y-axis crossing point f (0): f(O) = 1 +2 2 
5. Limits: there are two limits in total to resolve. 


0 
x—>-oo: lim f(x) = lim (fe) = 14 e°PO 21407" = 1 
—=—_— — IO x—+—CO 


0 
x—>+oo: lim f(x)= lim (Lf e%) = 1+ et 21407" =1 
——— a x—>-+00 x—>-+00 


Therefore, there is one horizontal asymptote at y = 1. 
6. Oblique asymptote: 


x—>0oO x x—>0O x x CO 


0 0 
1 x(1—x) 0 
a= fin £09 — iy EE Li (Pa ar f)=0 


By consequence, there is no oblique asymptote. 
7. Critical points: 


f'@%)=0: fix)= (1 + ai =(-2x+ De =0 » -2x+1=0 


a 


NIR 


f(1/2) = 1 +6 G40) = 14 Yew 2.284 = y, 


Then, 
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il = Dye + 0 _ 
exp(—x? + x) + + + 
f'() qe 0 = 


There is one maximum point (x, y) = (x1, y;). Also, 


/ 
Pao=0> 7’ o= ((-2x + De" **) = =e + (2 + Pe 
= (4x? —4x —De*® P(x) = 4x2 — 4x —-1=0 


4+ 32 1-2 1+/2 
— = od ) >x%2 = 5) 


and, f (x12) = 1 + e723) & 1.779 = yi 


. 41,2 = 


Then, knowing that P(x) = (x — x1)(x — x2), 


X—X2 0 — 0 7 + + 
= 38) = = - 0 =F 
Sie a) Mie + - + + 
fia) + 0 = 0 + 


There are two inflection points, one at (x, y) = (x1, y,) and the second at (x, y) = (41, yo). 
8. Summary of the important points: 


y-axis crossing point f(0): (x, y) = (0, 2) 


h. asymptote: y=1 
Zeros: (none, f (x) is always positive) 
extremes: (x, y) = (1/2,1+/e) (max) 


inflection: (x, y) = ((1 — V2)/2, 1.779) 
(x,y) = ((1 +/2)/2, 1.779) 


9. Graphical representation: results of the analysis for function in P.3.84 are summarized by f(x) 
graph (see Fig. 3.71). 
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Fig. 3.71 Example P.3.84 


max. 


3.85. Given exponential/log function, 
f(x) = e* InQ2x + 1) 


1. Domain of definition D: exponential function is defined for all x, while logarithmic function is 

defined for all x > 0, that is to say, 2x +1>0 .. x > —1/2; thus domain of definition D is 

x €R\|x > -1/2. 
2. Function’s parity: 

Indl — 2. 
even: fix) =e *nQ-x)+)D= t= 2) # f(x) (not even) 
ex 
In(1 — 2x) 


odd: — f(-x)= ai 


# f(x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


f@)=0: .. eInQ@x+1=0 » 2x+1=1 2. x, =0 


Then, 


e + + 1 + 
In(2x + 1) n.d. _ 0 + 


There is one first-order zero at (x, y) = (0, 0). 
4. y-axis crossing point f (0): f (0) = e® In(2(0) + 1) = 0 
5. Limits: there are two limits in total to resolve. 


x—>-+oo: lim f(x)= lim e* In@x+1)=-+00 
| x +00 X—+>+00 
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InQe+t 


—1/2: li = ii * In(2. N= ili a 
x2 i gd a n(2x + 1) im ee) 


xo-1/2/e 


Reminder: Even though on the right side this function tends to —oo, limit does not exist 
because on the left side, this function is not defined and, by consequence, the two limits are 
not equal — that is to say, by definition, this limit does not exist. 


6. Oblique asymptote: 


. f(x) . e*InQ@x +1) oo 
a= lim — = lim = ( ) 
x>00 X X00 x oO 


tH ss 2 . 
* tim [etn@xtT) tet = 00 
x—00 x+1 


By consequence, there is no oblique asymptote. 
7. Critical points: 


Fi) =0: f'@) = (emer +d) =e Mx +1) +e 


. Ox +1) InQQx +1) +2 
=e 


4 N(x) = (2x + 1)In(2x +1) +2=0 


Sign and zero(s) of the last transcendental equation N (x) can be deduced, for example, as follows. 
Given that f(x) is defined in D : x € R|x > —1/2 and it has only one zero at x; = 0, then for 
x > 0, it must be N(x) > 0. In addition, N(O) = 2 > 0. What is left to be resolved is the N(x) 
sign within (—1/2, 0) interval. Again, (2x + 1) term is positive; however, In(2x + 1) is negative. 
Therefore, (2x + 1) In(2x + 1) < 0, which must be then compared with the ’ + 2’ term. 

It is sufficient to compare the minimum of N (x) relative to +2. (Note: it is not difficult to verify 
that indeed its extreme is ’min’ not ’max’). 


N(x) = (@x 41) In(Qx + ») = 2in(2x + 1) + as 
(Sue St:. Hee ha 2 eet 
e 


l-e 


2e 
l-e l-e 
(2x + 1) nx +1) = (2 +1) n(2=* +1) 
Re Re 


= (--1+1) n(2-1+4) =— 


and, 


“x= 


Therefore 
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1 
2—-—>0 because, e>2 
e 


which leads to conclusion that (2x + 1) In(2x + 1)+2 > 0 for all x within domain D : x € R|x > 
—1/2. Consequently, f(x) has no critical points, and it always ascends 7, because f’(x) > 0. 
Also, 


e* (2x + I) In@x+1)+ =“) 


f'@) =0: fr = ( ae 


_ 2xe* In(2x + 1) + e* In(2x + 1) + 2e* \’ 
2x +1 


4x? nx +1) + 4x In(2x + 1) + In(2x + 1) + 8x 
—" (2x + 12 
P(x) = 4x2 In(2x +1) + 4x In(2x + 1) + In(2x + 1) + 8x 


=0 


Sign and zero(s) of the last transcendental equation P(x) can be determined by Newton— 
Raphson method. However, in this particular case, an intuition and a simple inspection reveals 
that P(O) = 0, which is to say that possible inflection point should be at x = 0. Therefore, it 
is sufficient to verify f” (x) sign for one negative and one positive value. For x € (—1/2,0) > 
f(x) < 0 and therefore f(x) is convex N, while x > 0 > f”(x) > O and therefore f(x) is 
concave U. In conclusion, there is one inflection point at (x, y) = (0, 0). 

8. Summary of the important points: 


defined: x >-—1/2 
v. asymptote: x =-—1/2 


y-axis crossing point f(0): (x, y) = (0, 0) 


zero: (x,y) = (0,0) 
extremes: (none, f(x) always ascends 7) 
inflection: (x, y) = (0,0) 
9. Graphical representation: results of the analysis for function in P.3.85 are summarized by f(x) 


graph (see Fig. 3.72). 


3.86. Given logarithmic function, 


f(x) =x In? (x? + x) 


1. Domain of definition D: logarithmic function is defined for all x > 0; thus, domain of definition is 
limited to 


> x>0O and, x>-1.. x>0 
x“+x>0 7. xa~4+1>0 .. 
x<0O and, x<-l.. x<-l 
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Fig. 3.72 Example P.3.85 


i, 
Yyyy grin 


-1/2 0 


WY 


In summary, D isx € R|Ix <—1 and, x > 0. In other words, x ¢ [—1, 0] interval. 
2. Function’s parity: 


even: f(-—x) = (-x) In?((—x)? + (—x)) =—-x In? (x? —x) (not even) 


odd: — f(—x) = —(—x In? (x? — x)) = x In*(x? — x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


x=0; f() not defined 
wtxex=l; x4+x-1=0 2. 
_on-. .- 27.2 oe : 
f(x) =0: «. xIn@r4+x)=0 .. ee 
41,2 = a = or 
-14+V75 
X34 = 5) = X02 


Note: both zeros are double (even) because there are two logarithms in the “In(-) In(-)” 
product. Then, 


x _ - — —1 n.d. 0 + + + 
ine. iz 0 + nd ond nd. + 0 + 


There are two second-order zeros, one at (x, y) = (xo, 0) and one at (x, y) = (xq, 0) 
4. y-axis crossing point f (0): f (0) = (0) In? ((0)? + (0)) (not defined) 
5. Limits: there are four limits in total to resolve. 


x—> +00: lim f(x) = lim xIn’*(x? +x) = (+00)(+00) = +00 
TX > +00 x—>+00 
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x =00: lim f(x) = lim x In’?(x? +x) = (—00)(+00) = —00 
— sr — OF x —0O 
] 2722 
exte tmp) insire iti tn = (=) 
— x> 0 x>0 x> 0 1 [o-6) 
Xx 
2(2x + 1) In(x? + x) 
2x + 1) In(x? 
™ Jim X@ +1) 5 ji Se EE es) 
x> 0 JL x> 0 x+ 1 
x4 
2x +1 
In(x? 
iy (=) ori aoe D 
x>0 «+1 x30 2x°+ 4x41 
2x? + x xix 41)? 
x(2x +1) 0| (1)? 
= 2 lim — = 0 
x>0 («+ )D(Qx?+4x4+1) (D1) 
x—>—1: lim f@)= lim, x In? (x? +x) = (—1)(+00) = —00 
Both of the last two limits are one-sided; therefore, by definition, limits do not exist in x = —1 


and x = 0 points. 
6. Oblique asymptote: 


22 
ie EO i, OE 


= lim In?(x? +x) = 00 
x>0o X X00 Xx—>0O 


By consequence, there is no oblique asymptote. 
7. Critical points: 


2(2x +1) In(x? + x) 
x2 +x 


fi@=0: f'@)=(We@?4+x) =We'?t+x4x 


= (x? + x) In? (x2 + x) + 2X¢(2x + 1) In(x? + x) 
x(x +1) 
(x + 1) n(x? + x) + 2(2x +1) _ 
x+1 
~ x74+x=1 of, (4+ 1) Ine? +x) 4+2022x4+1) =0 


0 


= In(x? + x) 


where equation x? +x = 1 was already used to deliver zeros xX91,92, and the remaining 
transcendental equation may be solved as follows. Function f(x) is positive within (0, 1) interval, 
its zero is at x = 1, and it tends to zero for x — 0. Therefore, there must be one extreme (max.) 
point within this interval. By taking, for example, the initial value x9 = 0.5 Newton—Raphson 


method 


f (xo) 
f'(%o) 


Xn+1 = Xn — 
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where, 
N(xo) = (« + 1) n(x? + x) +202x +1) 


2x +1 x In(x? +x) + 6x +1 
N' (xo) = In(x? AS 
(Xo) = In(x Oe Oe) aa + 


results in 


0 ~—0.500 3.568 7.712 
1 0.037 —1.224 29.556 
2 ~~ 0.079 —0.345 16.237 
3 ~—-0.100 —0.028 13.794 
4 0.102 —1.831 x 10-* 13.616 
5 0.102 —7.718 x 10~° 


There are three first-order zeros of f’(x): x7 = (-1— /5)/(2), x2 © 0.102, x3 =(-1+ V5) /(2) 
where x3 is associated with N(x) function, so that f(x3) + 0.487 = y3, and 


In@?tx) + 0 - n.d. - - 7 0 + 
N(x) _ _ _ n.d. _ 0 + + + 
x+1 - - - 1 + + oF =F PF 
f(x) ar 0 - n.d. ar 0 - 0 ar 

ae a ey ee 
There are two maximum points at (x, y) = (x,0) and (x, y) = (%, y2), as well as one 
minimum point at (x, y) = (x3, 0) Also, 
' 
f'@=0: fx) = (weer ees 2(2x + Dine + >) 
(2x + 1) In(x? + x) 4x(x +1) +14 x In(x? + x) 
~ xa +1 x(x + 1)? 
2% (2x + 1)(e + 1) In(e? +. x) + 4x(x +1) +14 x Ine? + x) 
x(x + 1)? 
= (2x? + 4x + 1) In(x? + x) + (2x + 1)? 
x(x + 1)? 


That is to say, 


P(x) = (2x7 + 4x + 1) n(x? +. x) + (2x +1)? =0 
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By inspection of f(x) and f’(x) signs, it can be deduced that there cannot be change of sign of 
f(x) for x < —1; that is because there is only one extreme in that interval. On the other hand, for 
x > 0, function is continuous, and it has one maximum followed by one minimum point, which 
is possible if there is one inflection point. Thus, it is sufficient to search P(x) = 0 only inx > 0 
interval, for example, x9 = 0.5, so that Newton—Raphson method 


f (Xo) 
f' (xo) 


Xn+1 = Xn — 


where, 
P(xo) = (2x? + 4x + 1) In(x? + x) + (2x +1)’ 


2, 
Presa sosanet aa ED 


+ 4(2x +1) 


xe7+x 


results in 


0.500 2.993 15.607 


0.308 0.412 11.426 
0.272 0.012 10.757 


0.271 1.142 x 10-> 10.737 
0.271 9.900 x 10-1? 10.737 


& WwW OS —= Oo Ee 


and f (0.271) ~ 0.308, that is to say, there is one inflection point at (x4, ya) © (0.271, 0.308). 
Then, f”(x) < 0 (ie., N) for x < x4, and f"(x) > 0 (.e., U) for x > x4 
8. Summary of the important points: 


defined: x<-—I1 and, x>0 


v. asymptote: x =-—l 
-1-V5 
zeros: (x,y)= ( 5 v5 0) (double) 
1 5 
(x,y) = ( 5 ae 0] (double) 


extremes: (x,y) = (=. 7 


—1 5 
(x,y) = (440 


(x, y) = (0.102, 0) 
inflection: (x, y) = (0.271, 0.308) 
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Fig. 3.73 Example P.3.86 
F(x) 


i min. 


=) 


9. Graphical representation: results of the analysis for function in P.3.86 are summarized by f(x) 
graph (see Fig. 3.73). 


3.87. Given an arbitrary base logarithmic function 


(3) 


1. Domain of definition D: both logarithmic functions In(x) and In(x /2) are defined for all x > 0. At 
the same time, In(x/2) is denominator of f(x), therefore In(x/2) 4 0, ie., x/2 € 1, 1e., x 4 2. 
That is to say there is vertical asymptote at x = 2. 

In summary, D: x € R|Ix 4 2,x > 0. 

2. Function’s parity: 


1 1 
f(x) = logy. (x) = {los oa n(x) 
Ina 


even: f(-x) = log(_,/2) (—x) ~ f(x) (not even) 
odd: — f(—x) = — log,_,j)(—x) # f(x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: numerator and denominator signs are determined separately, as 


In(x) n.d. _ 0 + + + 
In(x/2) n.d. - - - 0 + 


There is one first-order zero at (x, y) = (1, 0). In addition, this function changes its sign around 
the vertical asymptote x = 2. 
4. y-axis crossing point f (0): 


f (0) = logiyj)(0) .°. (not defined) 
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5. Limits: there are four limits in total to resolve. 


1 

In@) _(®\)m) ¥ 
a 0 : ue ee By In(x /2) (~) ~~ = + — py = 
—§=—=— \/ 

In(x) an In(2) = In(2) a 
x—-—> 2 Z im oe 2 In(x/2) ~ lim, 2 In(x/2) ~ 0 7 

. In(x) In(2) _ inQ) _ 
ee 2: 7 a 2 In(x/2) Tilt In(x/2) 0 


1 


ges. te Heys te =(=)* ii oS tie 
———_ x5 +00 ~ x3 400 In(x/2) love) ~ x+00 1/% x +00 ~ 


iA 


Even though on the positive side this function tends to one, limit does not exist because on the 
negative side, this function is not defined, and by consequence, the negative side limit does not 
exist either. For the same reason, the horizontal asymptote y = 1 exists only on the positive side, 
i.e., x >, while it does not exist for x < 0. 

6. Oblique asymptote: 


OO*"/\ Hs. 1/x . 1 
) im A A. =_— Lim —__ 
x>o0 14+ In(x/2) x00 x(1 + In(x/2)) 


By consequence, there is no oblique asymptote. 
7. Critical points: 


1/2 

x/2 _ In(x/2) — In(x) es 
(in(x/2))° x (In(x/2))” 

*. however, In(x/2) — n(x) #0 because, In(x) > In(x/2), Vx > 0 
*. In(x/2) —In(x) < 0, Vx > 0 


ues ) - (1/x) In(x/2) — In(x) 


fi) =0: ray = (PO 


Then, 


In(x/2) — In(x) n.d. _ _ a a — 
x 0 + + + =F 

(In(x /2))? n.d. + =F + 0 
f(x) n.d. — _ - n.d. _ 


+ 
+ 
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There are no extreme points and f(x) always descends \,. Also, 


In(x/2) —In(x) \/ 
x (In(x/2))” 


— (n(x /2) — In(x)) ((In@x/2))” + 2x In@e/2) wt) 
(x ( In(x/2)) y)’ 
)_ 


_ (In(x) — In(x/2)) (In(x /2) +2 
7 2 (In(x/2))° 


fi@)=0: f"@)= ( 


1 
- hG/DS2=0-4 hee «= 2a5 
2 @ 
. 2 
_ 2 = eo 


because In(x) — In(x/2) > 0, Vx > 0. In addition, f (x2) is found as 


In (2/e?) 


Ge. 
In 

x 
In2 — Ine? _ 2—I1n2 _ 


0 
Jat” — Ine? 2 


a 
f (x2) = = {Ine le log 5 =loga—logb; loga? = bloga} 


Then, 


In(x/2) + 2 n.d. - 0 + of oh 
In(@x) — In(x/2) n.d. + + + + a 
ne 0 + + + + + 

(In(x/2))3 ond. = = = 0 ap 

Sf’ (x) n.d. 4p 0 - n.d. + 


There is one first-order inflection point at (x, y) = (x2, y2). 
8. Summary of the important points: 


defined: x € RJIx #42,x >0 
h. asymptote: y=1 (x > 0) 


v. asymptote: x = 2 
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zeros: (x, y) = (1,0) 
extremes: (none) f(x) always descends \ 


2 —*) 


inflection: y= {-, 
(x, y) (3 5 


9. Graphical representation: results of the analysis for function in P.3.87 are summarized by f(x) 
graph (see Fig. 3.74). 


3.88. Given logarithmic function, done as follows. 


f(x) =xIn’ x 


1. Domain of definition D: logarithmic function is defined for all x > 0; thus domain of definition D 
isx € R|x > 0. 
2. Function’s parity: 


even: f(-x) = (—x) In?(—x) (not defined) 
odd: — f(—x) = —(—x)In?(—x) (not defined) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


fx) =0: «. xlx=0 ». x=0¢D, and, x12 =1 


Then, 


ake 


O *2 1 


Fig. 3.74 Example P.3.87 
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There is one second-order zero at (x, y) = (1, 0). 
4. y-axis crossing point f (0): f (0) = (0) In?(0) (not defined) 
5. Limits: there are two limits in total to resolve. 


x—>-+oo: lim f(x) = lim xIn’?x =+00 
7X? +00 x—>+00 


x> 0 
es 


: : 2 _ In’x oe) 
x—>0: ion = Bala x = (0-00) = lim +~ = (=) 
—— Pa = . 


2Inx 
tH 4. : _ Inx (oe) 
= lim —— = lim —2xInx = (0-o@) = —2 lim ——- = (=) 
x> 0 mS x> 0 x> 1 lo) 
x? x 
1 
a Be FI X  _ _ 944; a wae 
“2 lim = —2 Jim 2) =0 
aoe e 


Even though x — 0 function tends to zero, limit does not exist because function is not defined 


for x < 0, and by definition, this limit does not exist. 
6. Oblique asymptote: 


2 
. ft) . xinx ; 
a= lim = lim —— = lim In? x = 0 
x—->>CO xX xo xX x—>0O 


By consequence, there is no oblique asymptote. 
7. Critical points: 


2\nx 


x 


* 2+Inx=0 or, Inx=0 


fi@)=0: fe) =(xW’x) =W’x4+7 


= (2+1nx)Inx =0 


I i ae | 5.4 
and, f(x1) = a In =—>(-2)°= hee 
f(2) = 1m? 1=0=y, 


Then, 
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2+ Inx n.d. _ 
Inx n.d. _ _ _ 0) + 
yO) n.d. 


There is one maximum point at (x, y) = (1/e?, 4/e”) and one minimum point at (x, y) = 
(1, 0). Also, 


1+1 
f"(@) =0: s"(x) = (x +2Inx)' = 2 ** =0 

1 
1+Inx=0 7. Inx=—-1 ». x) =- 
e 

1 ie) i ee 
and, f(1/e)= — {In—} =-(-l=-=y1 

e a e e 


Then, 


2} + + + + 

1+ Inx n.d. - 0 + 
x 0 + + aie 
f'(@) n.d. — 0 ae 


There is one inflection point at (x, y) = (1/e, 1/e). 
8. Summary of the important points: 


defined: x>0 
zero: (x,y)=(1,0) (double) 
extremes: (x, y) = (1/e*,4/e?) (max) 


(x,y) = (1,0) (min) 
inflection: (x, y) = (1/e, 1/e) 


9. Graphical representation: results of the analysis for function in P.3.88 are summarized by f(x) 
graph (see Fig. 3.75). 


3.89. Given composite logarithmic function, 


iG) = - +In@? +2x+1) = : + In((x + 1)’) 
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Fig. 3.75 Example P.3.88 


1. Domain of definition 
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: denominator of a rational function must not equal zero; thus x = 0 is 


location of first vertical asymptote. Logarithmic function is defined for x > 0 and x # 0, that is to 


say,x +140 .. 
In summary, domain of definition 
2. Function’s parity: 


even: 


(—x) 


odd: 


1 
x 


x # —1, which is location of second vertical asymptote. 


isx € R[x 40,x 4-1. 


f(a) =o + n(x)? + 2-2) + D2 $n? 2 FD A FO 


— f(—x) = — — In’? — 2x4 1) F f(x) 


In conclusion, this function is neither odd nor even. 


3. Function’s sign: 


f(x) =0: 


where, it should be noted that 


In («x + 1)°) = 


1 
—4+InQ@x?+2x+1=0 «. 
XxX 


in ((x a: 1”) = -— 


Gti) 2 2 a0 = 


and, the f(x) = 0 transcendental equation may be solved by Newton—Raphson method as 


Xn+1 = 


where, 


f (Xo) 
f' (Xo) 


1 
f (xo) = rial Inte 2x 4 1) 


1 Mi 
f'(Q0) = (- + In(x2 + 2x0 + ») = 


2x, —xj- 1 
x9 (x0 + 1) 
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By inspection of Fig. 3.76 (left), and by knowing the properties of log and inverse functions, 


obviously x9 < —2. Taking, for example, the initial value x9 = —3 results in 
0 —3.000 1.053 —1.111 
1 —2.052 —0.385 —2.138 
2 —2.233 —0.030 —1.799 
3. —2.249 —0.000 —1.799 
4  —2.249 
with this initial guess x9 = —2.249, in only three iterations, the third decimal place is fixed. To 


illustrate this result, 


f (—2.249) = < + Inte? + 2x + 1) © —8.84348 x 10~° 


1/x = a = - - n.d. + 
Infat+D7] + + = n.d. - 0 + 


There is one first-order zero at (x, y) = (%o, 0). In this example, it is necessary to compare 
which of the two terms in f(x) = 0, ie., 1/x or In(-), is greater because it is their sum (not 
product) that determines the sign of f(x). A rough sketch as in Fig. 3.76 (left) helps visualize this 
relationship and subsequently determine the sign of f(x) in each of the given intervals. Note that 
Fig. 3.76 (left) shows the relation In((x + 17) = —1/x. 


4. y-axis crossing point f (0): f (0) = (1/0) + In(0? + (0)x + 1) (not defined) 
5. Limits: there are six limits in total to resolve. 


x —> —0O: Jim. f@= im. (- +In ((x + )) = jim. (apo in ((x +4 1) 


(ae) ee 


(In 
x—> +00: lim f(x) = lim  (F +in( (@+D 2) = tim. (arecr-P in (cx +02) 


= lim In (+ 00)) = +00 
x—-+00 


Jim 


x—>-l: lim f(x) = Jim n, (Gert +In (+ +1)) 
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x1: lim f(x) = lim (oar t In («x es )) 


= tn, (m(0)) =» 


1 0 
eS 04 in 0) = im (2 tan (tee) = 20 
> x> 0 x> 0 x 
1 0 
x30: lim f@®) = lim — + In (+r) = £65 
_— x> 0 x>0 x 


6. Oblique asymptote: 


1 0 
— +In((x + )”) tee 1? 
in = lim Vv, ieee =(=) 
x>00O X x00 x X00 V2 x CO 
VH . 2 
= lim — 
xo x +1 
by consequence, there is no oblique asymptote. 
7. Critical points: 
1 "Ox? -x-1 
'G=0% f@=(— In( i?) ao 0 2 Baga a0 
f'@) f'(x) (f+ («+ 1) PEED x — Xx 
ey? exe —l=0 4 We HI +e— 10 4 GH D+) =0 
1 
 X4 = 51 Ka =1 = so that, 


f()=14+in4, and, f(-1/2)= —2+In7 


oo ie = = 0 + 7 7 + + 
x — X2 - = a - - a = 0 + 

xe + 1 * iF ae 0 i - + 
x+1 0 - 0 as + 1 + + + 
St’) - n.d + 0 - n.d - 0 + 
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There is one maximum point at (x, y) = (x1, y,) and one minimum point at (x, y) = (x2, y2) 
Also, 
2x2 —x —1 _ x3 — x2 -—2x -—1 
x2(x+1) J x3(x + 1)? 
P(x) =x°— x? —2x-1=0 


fin=02 (= ( 


This third-order polynomial must have at least one real zero. Location of that zero may be narrowed 
to an interval by applying the intermediate value theorem, for example, 


xo = —1: P(xo) =-1 
x= 0O:P(x%)=-1 
xo= 1: PQ) =-3 
xXo= 2: P(%)=-1 
xo= 3: P(x) = 11 


which is to say that one zero must be within (2, 3) interval where this polynomial (note: polynomial 
is a continuous function) changed its sign. Taking, for example, the initial value x9 = 2 Newton— 
Raphson method 


results in 


0 2.000 -l1 6.000 
1 2.167 0.002 7.750 
p; 2.148 3.378 x 1077 7.545 
3 2.148 


with this initial guess, x; = 2.148 is fixed to the third decimal place in only two iterations, as 


x3 — x2 —2x - 


1 
= 3.378 x 1077 
x3(x — 1)? 


f" (2.148) = —2 


F(x) = f (2.148) = = + In (2.148 +1) ) = 2.759 = yy 


Then, as P(x) = (x* + ax + b)(x — x3) and x? + ax + b > 0 (check by long division, approx.) 
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=) = = = = = = = 
x — x3 - - - = - 0 F 

x? +ax+b + + + + + sf =f 
Be - - - 0 + + Sg 

(x +1)? + 0 + + + + + 

Sf" (x) - n.d. - n.d. ar 0 - 


There is one inflection point at (x, y) = (x1, yi). 
8. Summary of the important points: 
defined: x 40,x 4-1 
v. asymptote: x =0,x =-1l 
zeros: (x, y) = (—2.249, 0) 
extremes: (x, y) = (—1/2,-2+1n(1/4)) (max) 
(x,y) =(1,1+1n(4)) (min) 
inflection: (x, y) = (2.148, 2.759) 


9. Graphical representation: see Fig. 3.76 graphical method to estimate x, (left) and complete 
function graph (right). 


— f(x) =—I/x 
=f) = In[(x+1)7] 
—2 -1 0O 


Fig. 3.76 Example P.3.89 
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3.5  Trigonometric Functions 
3.90. Given trigonometric function, 
. u 
f(x) = sin (« + =) = cos x 
as per well-known basic relationship between sinx and cos x functions (if in doubt, visualize these 


two functions with the help of the unit circle: their rotating vectors are orthonormal, i.e., they always 
create 7/2 angle). 


1. Domain of definition D: cos x function is defined for x € R. 

2. Periodicity: by definition, cos(x + n 27) = cosx,n = +1, +2,.... That is to say, the shortest 
period of this function is T = 27. However, any other multiple of 277, for example, 47, 67 etc. 
also defines repetitive pattern thus can be declared as one period. 

3. Function’s parity: 


even: f(—x) = cos(—x) = cos(x) = f(x) .. (even) 


odd: — f(—x) = — (cos(x)) # f(x) .. (not odd) 


In conclusion, function cos x is even but not odd. 
4. Function’s sign: 


f(~)=0: cosx=0 x= 5 tam, a= 041594)... 


Due to its periodicity, zeros of cosx, starting with 2/2, are evenly distributed at z intervals in 
both directions. 

As this function is even, so it is sufficient to look only at the positive side (the negative side is 
mirrored) as 


COs x 1 + 0) _ 0 + 0 


5. Function’s range: amplitude of trigonometric functions sinx and cos x is limited to the range 
—1 < sinx < 1 and —1 < cosx < 1. In other words, amplitudes of these two functions are 
|sinx| = | and|cosx| = 1. 

6. y-axis crossing point f (0): f(0) = cos0 = 1 

7. Limits: limits lim. sinx (as well as lims..cosx) are not defined; however, it is always 
contained within [—1, 1] interval. 

8. Oblique asymptote: 
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This ambiguous form may be resolved by the help of the “the squeeze theorem” (aka the 
“sandwich theorem’), which in a not-too-rigorous interpretation may be used as follows. 

Given that x — oo, denominator “x” never equals to zero; thus, there is no danger of division 
by zero. On the other hand, module of the numerator is | cos x| < 1 (i.e., including | cos x| = 0). 


Therefore, there are two possible extreme situations: 


0 .  |cosx| 1 
— < lim _ 
xX X—>0O x xX 


(Note the form of this double inequality: left side, middle, right side — like a sandwich). As the 
left-side limit tends to the same value as the right side limit, then the middle limit is “pressed” 
between the two, and it must converge to the same value; otherwise, it is not converging. That is 
to say, at the two extreme instances: 


1 
jcosz}—>1: tim £© < tim 1°%*! < jim + =0 
xX>0o X X00 x X>0O X 
|cosx]} > 0: .. @A0) 1. xO nr (Xn =H+1,+2,...) 
fe ee OO 
x>00 X ~~ ¥-¥00 x ni 


Therefore, because the left-side limit equals to the right-side limit, it can be concluded that 


ee FO) 
a= lim —= 


x>00 X 


0 


which is to say, there is no oblique asymptote. 
9. Critical points: 


f'@®)=0: f'@) =(cosx) =-sinx=0 ». x =nn, n=0,+1,42,... 


Thus, (over one period) 


il _ _ _ = _ 
sin x 0 + 0 _ 
to) 0 = = + 0 


In conclusion, both extreme points (min and max) are periodic with the period T = 27 as well. 
Also, 


f'@)=0: f"(@)=Csinxy =—-cosx =0 -. x= tnz, n=0,2+1, +2, 43,... 


Thus, (over one period) 
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=a = = 
cos x 1 + 


yey = 
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0 = 


therefore, concave/convex intervals are also periodic with the period 27, and they overlap with 


the function’s zeros. 
10. Summary of the important points: 


periodicity: 


parity: 


y-axis crossing: 
Zeros: 


extremes: 


inflections: 


T=a 
(even) 
(x, y) = ©, 1) 
IT 
(x,y) = (5 + nn, 0) 
(x,y) = (0,1) (max) 


(x, y) =(a,-1) (min) 
(x, y) = (27,1) (max) 


(x, y) = (47/1, 0) 
(x, y) = (+37/2, 0) 


11. Graphical representation: results of the analysis for function in P.3.90 are summarized by f(x) 
graph (see Fig. 3.77). Note that sin x and cos x have identical forms, spatially separated by quarter 
of their period, 7/4, in other words by 2/2 difference in their arguments. 


Fig. 3.77 Example P.3.90 
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3.91. Given function, 


1. 


2. 


f(x) =sin? x, x € [—a,7] 


2 


Domain of definition D: sinx function is defined for x € R; therefore sin“ x is also defined for 


x eR. 
Periodicity: in general, first, product of two trigonometric should be transformed by using 
product-to-sum identities, in this case 


; (cos(0) _ cos(2x)) 


9 : : 1 
sin’ x = sin(x) sin(x) = 5 (cos(x — x) —cos(x + x) = 
- ; (1 = cos(2x)) 


Thus, periodicity is determined as 


cos2(x + T) = cos2x 
cos 2(x + T) — cos2x = 0 


af SY pe 
cos x — cos y = —2sin 5 sin 5 


. (a) . (A) 
—2 sin | ————————_ ]} sin | ———_————_ ] = 0 


2 2 


6 OD) aa) 


First term in the last product can take non-zero values because it is f (x); therefore, it is sufficient 
to find condition when the second term always equals zero, i.e., 


sn7T=0 .. T= 


as the shortest non-zero period. 


. Function’s parity: 


even: f(—x) = (sin) = (—sinx)* = sin’(x) = f(x) .. (even) 
odd: — f(—x) =—sin?(x) 4 f(x) .. (not odd) 


In conclusion, function sin’ x is even but not odd. 


. Function’s sign: a quadratic function is positive for all values of its argument; thus (sin x)? > 0. 


f(x) =0: (sinx)? =0 ». x =nx, n=0, +1, +2,43,... 


Due to its periodicity, zeros of sin’ x, starting with x = 0, are evenly distributed at z intervals in 
both directions. 


. Function’s range: amplitude of trigonometric functions sinx and cos x is limited to the range 


2 


—1 <sinx < 1 and —1 <cosx < 1. Therefore, 0 < sin“ x < 1 for all values of x. 
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6. y-axis crossing point f (0): f (0) = sin’ 0 = 0 

7. Limits: limits lim+., sin’ x are not defined; however, the function’s amplitude is contained within 
[0, 1] interval. 

8. Oblique asymptote: 


a= lim = lim = 
x>00 X xX>00 X CO 


f(x) i sin? x (= —) 
This ambiguous form may be resolved by the help of “the squeeze theorem” (aka the “sandwich 
theorem’) that, in a not-too-rigorous interpretation, may be used as follows. 

Given that x — oo, denominator “x” never equals to zero; thus there is no danger of division 
by zero. On the other hand, module of the numerator is | sin? x| < 1 (ie., including | sin? x| = 0). 
Therefore, there are two possible extreme situations: 

0 | {sin?x| 1 
— < lim —— <— 
XxX xX 0O xX XxX 


That is to say, at the two extreme instances: 


9 
ae Sis tl Sy Oe a Se 
x>0o X X00 x X>OO X 
[sin?x]>0: 3 #0) ~ xo Stan Gee...) 
lim F@) = lim | sin? «| = o =0 
x>0oo X x—>0O x w/2+n0 


Therefore, because both the left and right side limits tend to zero, then it must be 


_ f(x) 
a= lim = 


X>0O 1X 


0 


and, by consequence, there is no oblique asymptote. 
9. Critical points: 


fi'@)=0: f'(x) = (sin’ x) =2sinxcosx =0 
sinx=0 ». x=nn, n=0,+1,+2,... 


or, 


cosx=0 ». x= =—+n7, n=0,+1,+2,... 


Thus, (over one period) 
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2; + + =F ++ + 
sin x 0 + 1 + 0 
cos x 1 + 0 - -1 
7 0 + 0 - 0 


In conclusion, both extreme points (min and max) are periodic with the period T = z as well. 
Also, 


f"@)=0: f"() = @sinx cos x)’ = 2 (cos” x = sin” x) =0 


: : 18 
* cos*x =sin’x .. cosx=sinx ., a= 2 


Periodicity of f” (x) is 


cos*(x + T;) — sin?(x + T>) = cos’ x — sin? x 


In general, function that consists of sum (and/or difference) of trigonometric functions is also 
periodic; its period may be found as the smallest common factor among individual periods of all 
trigonometric terms. In this case, both cos” x and sin’ x are periodical with the shortest period 
T = T, = T, = 1; by consequence, f”(x) is also periodic with T = z. 
In addition, 
2 


2 2 2 


O<x<a7/4: cos*x>sin*x .. cos’ x —sin°x >0 

. 2 +2 F 2 a) 
w/4<x <3m/4: cos’x <sin°x .. cos’ x —sin°x <0 
3n/4<x<m: cos*x>sin’x .. cos’x—sin?x >0 


Thus, (over one period) 


cos? x — sin’ x 1 + 0 _ 0 + 1 
f'~) 1 + 0 - 0 aT 


therefore, concave/convex intervals are also periodic with the period z. 
10. Summary of the important points: 


periodicity: T=a7 
parity: (even) 
y-axis crossing: (x, y) = (0,0) 


zeros: (x, y) = (£nz, 0) 
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extremes: (x,y) = (0,0) (min) 
(x, y) = (7/2, 1) (max) 
(x,y) = (x, 0) (min) 


inflections: (x, y) = (+77/4, 1/2) 
(x, y) = (4377/4, 1/2) 
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11. Graphical representation: results of the analysis for function in P.3.91 are summarized by f(x) 


graph (see Fig. 3.78). 


3.92. Given function, 


1. Domain of definition 


f= sin(r./x), x € [0,27] 


only for x > 0; therefore sin(z ./x) is defined for x € R|x > 0. 
2. Periodicity: argument of this composite trigonometric function contains square root, thus 


sin(r/x + T) ¢ sin(2J/x) 


): although sin x is defined for all x € IR, square root function is defined 


for all values of x, i.e., there is no T > 0 that satisfies the periodicity equation. 


3. Function’s parity: 


even: f(—x) = singaV¥—x) .. (not defined) 


In conclusion, function sin(z ./x) is neither even not odd. 


Fig. 3.78 Example P.3.91 


odd: — f(—x) =—sin(aJ/—x) .. (not defined) 


max. 


max. 


min. 
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4. Function’s sign: within the interval x € [0, 27], there are three zeros, 


f@)=0: sin(a./x)=0 «. w/x=nx, n=0,1,2 


n=0 HT /x =O0-2 x=0 
n= R/x =*1 x=1 
N=: W/x = 2K 4 


Obviously, the zeros are not periodically distributed. Note that due to the ./x argument term, the 
distance between the subsequent zeros increases quadratically. Thus, 


sin(./x) 0 + 0 _ Oo + 


5. Function’s range: amplitude of a composite trigonometric function sin f (x) is still limited to the 
range —1 < sin f(x) < 1. 

6. y-axis crossing point f (0): f (0) = sin( J0) =0 

7. Limits: limits lim... sin(./x) are not defined; however, the function’s amplitude is contained 
within [—1, 1] interval. 

8. Oblique asymptote: 


. F(x) : 
a= lim — = lim 
X>0O X x00 x 


sin(z ./x) _ (“ —~) 


CO 


This ambiguous form may be resolved by the help of “the squeeze theorem” (aka the “sandwich 
theorem’’) that, in a not-too-rigorous interpretation, may be used as follows. 

Given that x — oo, denominator “x” never equals to zero; thus, there is no danger of 
division by zero. On the other hand, module of the numerator is | sin( ./x)| < 1 (i.e., including 
| sin(zr./x)| = 0). Therefore, there are two possible extreme situations: 


< lim 
x OO 


0 | sin V%)| 
Xx Xx 


1 
< —_ 

x 
That is to say, at the two extreme instances: 


x00 x X00 X 


=0 


|sin(z./x)| > 1: lim fe) 
x00 =X 


[sin(a/x)| > 0: «. 40) ». KVx One® (n= 1,2,...) 


2 


a, i a 1) 
iii ee ion ( =) =0 
X>0OoO X X00 x n 


Therefore, because both the left and right side limits tend to zero, then it must be 


co aes, FO 
a= lim —= 


X00 OX 


0 
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and, by consequence, there is no oblique asymptote. 
9. Critical points: 


f@)=0: fx) = (sina Va)’ = aE cos(/x) = 0 


* cos(n./x)=0 .. x = 5 tam, n=0,1,2 (x € [0, 27]) 


n=0: *%/x =~ Bas] 
he a Pes -~ x=3 


Thus, (x € [0, 27r]) 


cos(s ./x) 1 + 0 = 0 + 0 — = 
m/2J/x) co + +t + + + + + + 
f(x) oo 4p 0 - 0 ae 0 - - 

Also, 


0 


f'@=0: fW=F (se) oie samen) + cos(ryE) _ 


| N(x) = a/x sin(./x) + cos(a./x) =0, (x #0) 


By taking, for example, the initial value x9 = 2/4 (close to first zero of f(x)) Newton—Raphson 
method 


_ fo) 
f' (x0) 
where, 


N(xo) = wx sin(t/x) + cos(a/x) 


Xnt+1 = Xn 


2 
N' (x0) = a cos(m 4/x) 


results in 
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0.785 0.037 —4.623 
1 0.793 —9.810 x 10-5 —4.647 
2} 0.793 —6.524 x 107!° —4.647 


and, with the initial value x9 = 7, 


0 3.142 —2.895 3.727 
1 3.918 0.597 4.925 
2 3.797 0.003 4.871 
3 3.796 1.056 x 1077 4.870 
4 3.796 1,332 %10-" 4.870 


Thus, within interval (x € [0, 277]), there are two zeros of f(x), where f(x) takes values: 
(x1, y1) = (0.793, 0.337) and (x2, y2) = (3.796, —0.162), so that 


CS) Tes 


10. Summary of the important points: x € [0, V2] 


defined: x > 0 
y-axis crossing: (x, y) = (0,0) 
zeros: (x, y) = (0,0) 
(x, y) = (1, 0) 
(x, y) = 4,9) 


extremes: (x,y) =(1/4,1) (max) 
(x, y) = (9/4,-1) (min) 
(x, y) = (25/4, 1) (max) 


inflections: (x, y) = (0.793, 0.337) 
(x, y) = (3.796, —0.162) 
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Fig. 3.79 Example P.3.92 7 
if max. 
0 x 
12 
(25/4 < 2m) 
Lilt | i 
0 1/4 1 9/4 4 2n 


11. Graphical representation: results of the analysis for function in P.3.92 are summarized by f(x) 
graph (see Fig. 3.79). 


3.93. Given function 


f(x) = sin(@rx2), xe |-v2, v2| 


1. Domain of definition D: argument of this function, 1x7, is defined for all x € R; therefore, 
sin(sx7) is also defined for x € R. 
2. Periodicity: argument of this composite trigonometric function contains square; thus 


sin (x(x + T)*) = sin (w(x* + 2xT + T°)) F sin(rx”) 


for all values of x, i.e., there is no T > 0 that satisfies the periodicity equation. 
3. Function’s parity: 


even: — f (—x) = sin((—x)”) = sin(rx”) = f(x) .. (even) 


odd: — f(—x) = —sin(ax’) = sin(—mx’) # f(x) .. (not odd) 


In conclusion, function sin(zx”) is even but not odd. 
4. Function’s sign: this function is even; thus it is sufficient to analyze within the interval x € 


[0, V2], 


f(x) =0: sin@rx?) =0 +. mx? =nz, n=0,1,2 


n=0: mx* =0-7 «. x, =0 
n=1: 9x ="! «1. m= 1 
n=2: 9x? =2m 7. x3 = V2 


Obviously, the zeros are not periodically distributed. Note that due to the x? argument term, the 
distance between the subsequent zeros decreases as per square root. Thus, 


3.5 


9. 
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sin(t x”) + 0 - 0 + 0 4+ 0 - 0 + 


. Function’s range: amplitude of a composite trigonometric function sin f(x) is still limited to the 


range —1 < sin f(x) < 1. 


. y-axis crossing point f (0): f(O) = sin(z - 07) =0 
. Limits: limits lim... sin(x”) are not defined; however, the function’s amplitude is contained 


within [—1, 1] interval. 


. Oblique asymptote: 


a= lim 
x>00 X x00 x 


FOO _ sin(tx”) (= sete 
— = lim — 
ioe) 
This ambiguous form may be resolved by the help of “the squeeze theorem” (aka the “sandwich 
theorem’’) that, in a not-too-rigorous interpretation, may be used as follows. 
Given that x —> oo, denominator “x” never equals to zero; thus, there is no danger of 
division by zero. On the other hand, module of the numerator is | sin(x?)| < 1 (ie., including 


| sin(7x?)| = 0). Therefore, there are two possible extreme situations: 


0 i 7 1 
D2 in | sin(7x7)| as 
XxX K-FOS xX x 
That is to say, at the two extreme instances: 
. 2: ] 
ea its. te eg ee a, 
x>00 X x00 x xX>00 xX 
|sin(wx?)| > 0: 3. (« £0) «. Kx? > ne (n=1,2,...) 
x3 Jn 
f(x) _ | sin(rx?)| 0 
lim — = lim = =(0 
x00 X x00 x Jn 


Therefore, because both the left- and right-side limits tend to zero, then it must be 


ye FO) 
a= lim —= 


X00 =X 


0 


and, by consequence, there is no oblique asymptote. 
Critical points: 


fe) =0: f'(x) = (sin@rx?))’ = 27 x cos(rx”) = 0 


. x cos(71x7) =0 .. x; =O0 and, 


. mx? = = nn, n=0,1 @ €[0,2n)) 
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‘| 1 
= 0 : 2 Ss = 
n FRX 5) x2 Va 
3x1 3 
= 1 & 2 = a. — - 
n FRX 5 X3 5 


where all maximum values equal to one and all minimum values equal to minus one. Thus, 


(« € (0, v21) 


x O + + + + + + 
cos(1.x7) 1 + 0 = 0 + + 
f'@) 0 + 0 = 0 + + 


Also, 
f"@) =0: f"(x~)=2n (x cos(x7))’ = —2n (rx sin(x7) — cos(7x°)) =0 
N(x) = 2mx? sin(x7) — cos(rx7) = 0 


By taking, for example, the initial value x) = 0.5 (close to midpoint between two zeros of f (x)) 
Newton-Raphson method 


f (xo) 
f' (Xo) 


Xn+1 = Xn — 


where, 
N(xo) = nx? sin(x7) - cos(x") 


N' (xo) = 2m x (27 x? cos(rx7) +3 sin(zrx")) 


results in 


0 0.500 0.404 10.154 
1 0.460 0.035 8.384 
2 0.456 0.389 x 10-4 8.199 
3 0.456 4.951 x 10-8 8.197 


and, with the initial value xp = 1.0 (close to the second zero in this interval), 
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0 1.000 1.000 —39.478 
1 1.025 —0.073 —45.105 
2 1.024 —2.691 x 1074 —44.772 
3 1.024 —3.747 x 107° —44.770 


Thus, within interval (x € [0, V21), there are two zeros of f”(x), where f(x) takes values: 
(x4, y4) = (0.456, 0.607) and (xs, ys) = (1.024, —0.152), so that 


CO) (i Zs 0 - 0 - + 


10. Summary of the important points: x € [0, V2] 


parity: (even) 


y-axis crossing: (x, y) = (0,0) 


Zeros: 
(x, y) = (0, 0) 
(x, y) = (1, 0) 
(x, y) = (v2, 0) 
(cont.) 
extremes: 
(x, y) = (0,0) (min) 
(x,y) = (1/¥2, 1) (max) 
(x,y) = (¥3/2,-1) (min) 
inflections: 


(x, y) = (0.456, 0.016) 
(x, y) = (1.024, —0.152) 


11. Graphical representation: results of the analysis for function in P.3.93 are summarized by f(x) 
graph (see Fig. 3.80). 


Fig. 3.80 Example P.3.93 
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3.94. Given function, 


f(x) =e" sinQzx), x € [-3, 3] 

. Domain of definition D: this composed function f(x) is product of exponential and sinusoid 
functions, each defined for x € R; by consequence, their product is also defined for x € R. 

. Periodicity: after multiplication by exponential function that is not periodic, the sinusoid 


function’s amplitude changes in accordance. By consequence, there is no repeating pattern; 
therefore, this product is not periodic, 


e&t) sin (Qn(x + T)) =e e* sin(Qa(x + T)) F & sin(27x) 


for all values of x, i.e., there is no T > 0 that satisfies the periodicity equation. 
. Function’s parity: 


even: f(-x) =e™ sin(QQa(—x)) = —e™ sin(2ax) # f(x) .*. (not even) 


odd: — f(—x) =e™~ sinQrx) 4 f(x) .. (not odd) 


In conclusion, function e* sin(27x) is neither even nor odd. 
. Function’s sign: within the interval x € [—3, 3], and because e* > 0 for all x, 


f@)=0: e sinQ@zx)=0 .. sinQrx)=0 .. 2xx =nx, n=0,+1,+2,...,+6 


x= =, n=0,+1,+2,...,+6 


Obviously, the zeros are periodically distributed and normalized relative to 7. Given that e* > 0, 
then 


foe: 0 - 0 + 0 -—- 0 + 0 = 0 + 0 
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. Function’s range: on its own, amplitude of a trigonometric function sin f(x) is limited to the 


range —1 < sin f(x) < 1. However, after the multiplication with exponential function, sinusoid 
amplitude follows its exponential “envelope” (see Fig. 3.81). 


. y-axis crossing point f (0): f (0) = e° sin(2z -0) =0 
. Limits: for the reason that limits to infinity of a sinusoid are not defined, but its amplitude is 


limited to |1|, then only limits of exponential envelope may be determined, i.e., there are two 
limits in total to be resolved, 


= |I| 

x — +00: im, f@a= ime sin@rx) = +00 
<1 

x—>—oo: lim f(x)= lim e* sin@rx)” = 0| 

——— FOS x>— 00: 

. Oblique asymptote: 
. ff) . e* sin(27x) (= x ~<) 
a= lim ——= lim = 
X>0O X x00 x love) 


This ambiguous form is not defined; by consequence, there is no oblique asymptote. The envelope 
limit, however, is the same as in P.3.68. 


. Critical points: given that e* > 0, 


foeat: (@O=(¢ sin(27x))’ = e* (2m cos(27x) + sin(2xx)) = 0 


*, 20 cos(2a7x) + sinQzx) = 0 


Note that, although periodic with T = 1/2, f’(x) zeros are not exactly positioned 
on “nice” numbers. With the help of Newton-Raphson method and by sweeping the 
initial value x9 = ([-—2.5, —2.0,...,2.5,3.0], these zeros are found (after rounding 
to three decimal places) at x; = [—2.725, —2.225,...,2.275,2.775], where f(x;) = 


[0.065, —0.107, 0.176, —0.29, 0.478, —0.789, 1.3, —2.144, 3.535, —5.828, 9.608, —15.841]. 
This example also illustrates that Newton-Raphson may be sometimes sensitive to the choice of 
initial value, even to the point of becoming unstable. For more on this issue, revisit the course 
lessons. 

Thus, (x € [—3, 3]) 


fi) O31 + 0 - 0 ee eet 0 - 0 + 126 
Also, 


fo) =0: f(x) = (e* (20 cos(2xx) + sin2zx))) 
= —e* (20 (4x? — 3) cos(2rx) + (12x? — 1) sin(27x)) = 0 
. N(&)= Qn (4n7 — 3) cos(27x) + (127 — 1)sinQzx) =0 
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10. 


11. 
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Similarly to the f’(x) function, period of f’(x) is T = 1/2 with the zeros that are not 
exactly positioned on “nice” numbers. With the help of Newton-Raphson method and by 


sweeping the initial value x») = [-—3.0, —2.5,...,2.0,2.5], these zeros are found (after 
rounding to three decimal places) at x; = [—2.949, —2.449, ..., 2.050, 2.550], where f(x;) = 
[0.016, —0.027, 0.044, ..., —1.4630, 2.4121, —3.977]. 


Thus, (results where differences are after third decimal place are marked as ‘~’), 


f'@®) O| + 0 -—- O 4+ +.) + 0 = O +. 252 


Within given interval, there are 12 inflection points. 
Summary of the important points: 


y-axis crossing: (x, y) = (0,0) 


zeros: (x,y) = (tn/2,0) 


extremes: 
(x, y) = (—2.725, 0.065) (min) 
(x, y) = (—2.225, , —0.107) (max) 
(x, y) = (2.275, 9.608) (max) 
(x, y) = (2.775, —15.841) (max) 
inflections: 


(x, y) = (—2.949, 0.016) 
(x, y) = (—2.449, —0.027) 


(x, y) = (2.050, 2.4121) 
(x, y) = (2.550, —3.977) 


Graphical representation: results of the analysis for function in P.3.94 are summarized by f(x) 
graph (see Fig. 3.81). 


3.95. Given function, 


f(x) =Inx sin(4x), x € [0, 27] 
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Fig. 3.81 Example P.3.94 


1. Domain of definition D: this composed function f(x) is a product of logarithmic and sinusoid 
functions. Although a sinusoid function is defined for x € R, it is logarithmic function that is 
limited to x > 0 interval; by consequence, their product is also defined for x € R|x > 0. 

2. Periodicity: after multiplication by logarithmic function that is not periodic, the sinusoid 
function’s amplitude changes in accordance. By consequence, there is no repeating pattern; 
therefore, this product is not periodic, 


In(x + T) sin (40x + T)) 4 Inx sin(4x) 


for all values of x, i.e., there is no T > 0 that satisfies the periodicity equation. 
3. Function’s parity: 


even: Ff (—x) = In(—x) sin(—4x) .. (not defined) 
odd: — f(—x) = —In(—x) sin(—4x) .. (not defined) 


In conclusion, function In x sin(4.x) is neither even nor odd. 
4. Function’s sign: (x > 0) 


Inx =0 “ xp=l 
f(x) =0: Inxsin(4x)=0 «. {sin4x)=0 .. 4x =nn, n=1,2,... 
» Se n=1,2,... 

4 


In this case, the sinusoid’s zeros are periodically distributed by 7/4, but there is an additional 
zero at (1, 0) that is forced by the logarithmic function, then 


2° Eh i i i i i a oe oe a 
sn(44x) O + 0° 8 -—- -~- —~ O + 0 - 0 + 0 = 
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5. 


6. 
Ti 


Function’s range: on its own, amplitude of a trigonometric function sin f(x) is limited to the 
range —1 < sin f(x) < 1. However, after the multiplication with logarithmic function, sinusoid 
amplitude follows its exponential “envelope” (see Fig. 3.82). 

y-axis crossing point f (0): f(0) = InO sin(4-0) .-. (not defined) 

Limits: for the reason that limits to infinity of a sinusoid are not defined but its amplitude is limited 
to |1], then only limit of logarithmic envelope may be determined. However, when x — 0 , the 


sinusoid’s value is well defined, and then |’ H6pital’s rule may be used. That is to say, 


<|l 
x—>-+oo: lim f(x)= lim mene oe 
————__ x +00 x—>-+00 
O: ii iain tae 
ee ee 
sin(4x) 
tec: 1/x 1. sin*(4x) (5) 
= lim = =-—- lim = 
x> 0 —4cos(4x)/ sin’ (4x) 4x0 x cos(4x) 0 
rH 1 li 8 cos(4x) sin(4x) _ 1 (8-1-0) 
~ 4x50 cos(4x) —4xsin(4x) 4. (1 — 4-0-0) 
= 0} 
. Oblique asymptote: 
. ff) . Inx sin(4x) oo x n.d. 
a= lim = lim = 
X00 X X00 x ie) 


This ambiguous form is not defined; by consequence, there is no oblique asymptote. 


. Critical points: given that x > 0, 


sin(4x) + 4x In x cos(4x) _ 
. = 
sin(4x) + 4x Inx cos(4x) = 0 


f'@)=0: f’(x) = (Inxsin(4x))' = 0 


Same as in problems P.3.93 and P.3.94, even though f(x) zeros may be equidistant, its critical 
points are slightly shifted due to distortion of the sinusoid form and its ever-increasing amplitude. 

With the help of Newton-Raphson method and by sweeping the initial value x9 = 
(0.25, 1.0, 1.5, 2.0, 3.0, 3.5, 4.5, 5.0, 6.0], these zeros are found (after rounding to three 
decimal places) at x; = [0.234, 0.886, 1.326, 2.008, 2.771, 3.548, 4.330, 5.13, 5.896], where 
fi) = [—1.169, 0.047, —0.234, 0.686, —1.015, 1.264, —1.464, 1.631, —1.774]. This example 
also illustrates that Newton-Raphson is sensitive to the initial value and may become unstable. 
Thus, sometimes, it is necessary to use “trial and error method” to choose the initial values. 

Thus, (x > 0). 


Pend - 0 - - —- 0 +60- 0 + 0 = 
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Also, 


fe) <0: fl) = ae + fins tn) 
_ 8x cos(4x) — (16x? Inx + 1) sin(4x) _ 
= = = 

* N(x) = 8x cos(4x) — (16x? Inx + 1) sin(4x) = 0 


0 


With the help of Newton-Raphson method and by sweeping the initial value x) = 
(0.5, 1, 2, 2.5, 3,4, 4.5,5.5], these zeros are found (after rounding to three decimal 
places) at x; =  [0.497, 1.1, 1.694, 2.413, 3.175, 3.95, 4.729, 5.511], where f(x;) = 
[—0.639, —0.091, 0.250, —0.199, 0.155, —0.126, 0.105, —0.090]. 

Thus, (with truncated numbers), 


Pomnd- 0 + 0- 0 + 0 = 0 + 0 


Within given interval, there are six inflection points. 
10. Summary of the important points: 
defined: x >0 
y-axis crossing: (not defined) 
zeros: (Xx, y) = (17/4, 0) 
(x, y) = (1, 9) 
(x, y) = (7/2, 9) 
(x, y) = G7/4, 0) 


extremes: 
(x, y) = (0.234, —1.169) (min) 
(x, y) = (0.886, 0.047) (max) 
(x, y) = (1.326, —0.234) (min) 
(x, y) = (2.008, 0.686) (max) 
(cont.) 
inflections: (x, y) = (0.497, —0.639) 
(x, y) = (1.1, —0.091) 
(x, y) = (1.694, 0.250) 
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Fig. 3.82 Example P.3.95 


(x, y) = (2.413, —0.199) 


11. Graphical representation: see Fig. 3.82. 


3.96. Given function, 
f= cos*x —cosx, x€ [O, 27] 


1. Domain of definition D: each of the two sinusoid functions are defined for x € R; therefore, f(x) 
is also defined for x € R. 

2. Periodicity: in general, first, product of two trigonometric should be transformed by using 
product-to-sum identities; in this case 


2 


cos” x = cos(x) cos(x) = (cos(x —x)+cos(x + x)) = (cos(0) + cos(2x)) 


1 1 
2 2 


1 


=s (1 + cos(2x)) 


Thus, periodicity of cos(2x) term is determined as 


cos 2(x + T) = cos 2x 
cos2(x + T) —cos2x = 0 


_ (xX ty\ . (x—y 
cosx — cos y = —2sin 5 sin 5 


; (a) . (AP) 
—2 sin {| ——————_ sin | ——————_] = 0 


2 2 
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5. 
6. 


7. 


-asin(2224P) cn (P) 2 


First term in the last product can take non-zero values because it is f (x); therefore, it is sufficient 
to find condition when the second term always equals zero, i.e., 


snT=0 »., T=nx, n=+1,+2,+43,... 
At the same time, 
cos(x +7) =cos(x) ». T=n2nx, n= +1,+2,43,... 
as two non-zero periods. 
Sum (or, difference) of periodic functions is also periodic function with the period equal to 


smallest common factor of the individual periods. Thus, in this case, smallest common factor is 
T=2n. 


. Function’s parity: 


2 


even: f(-~= (cos(—x))” — cos(—x) = cos*x —cosx = f(x) .. (even) 


odd: — f(-—x)= —cos’ x + cos x # f(x) .. (not odd) 


2 


In conclusion, function cos“ x — cos x is even but not odd. 


. Function’s sign: 


f(x) =0: cos’x —cosx =0 ., cosx(cosx —1)=0 .. 


cosx=0O ., x= Stnz, n=0,+1, +2, +43,... 
cosx=1 .. x=n2n, n=0,+1, +2,43,... 


That is to say, 


y-axis crossing point f (0): f (0) = cos? 0 — cos0 = 0 

Limits: limits lim... cos x and lim4..(cos x — 1) are not defined; therefore, limit of their product 
is also not defined. 

Oblique asymptote: 


a= lim 
x>0o XX x00 x 


f(x) _ cos?x —cosx (“= —“) 
= lim = = 


by consequence, there is no oblique asymptote. 
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8. Critical points: 
f(x) =0: f'(&) = (cos? x — cosx)’ = sinx — 2sinx cos x = sinx(1 — 2cosx) =0 
sinx =0 . xX =nn, n=0,4+1,42,... 
1 1 
1-—2cosx=0 .. es ae eC 
x =t7/3+n2n, n=0,+1,+2,... 


Thus, (positive side only) 


sinx 0 + V2 + OO -— - - oO + 
E=2icossay) —1 — 0 + + + 0 - a - 
St '(x) QO = 0 4F 0 = 0 aE 0 —- ce 
Note that there are two levels of maximum points, local maximums y = 0 and global 


maximums at y = 2. 

Also, aside from numerical Newton-Raphson method, it is possible to use the following 
analytical method to solve trigonometric equations (note negative “—4” factor of quadratic therm 
in the coming quadratic equation) 


f"(x) =0: =f" (x) = (sinx — 2sinx cos x)’ = —4cos? x +cosx +2 =0 


{t = cos x } 
+4/33+1 
AP 4249 =0 > ho = = 
(3 ap ‘) 
". X12 = arccos | ————— 
8 
us ? 
{5 = arcsin x + arccos x } 
++/33 -—1 
X1,2,3,4 = +o -£ arcsin (“3-") 


where f”(x) zeros x; are periodic. Within [0 < x < 27] period, there are four inflection points 


f= cos” E + arcsin (—")] — cos E + arcsin (—")| 
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sin(—x) = —sinx; arcsin(—x) = — arcsinx; 


cos(x + y) = cos x cos y — sinx sin y; 
sin(arcsinx) = x; cos(arcsinx) = V1 — x? 


21-5733 
~ 32 


f (x2) = cos” E + arcsin (4")| — cos E + arcsin (A=) 


2145/33 
~ 32 


| 3x _ {Vv33-1 3x _ {V¥33-1 
f (x3 ) = cos oe age — cos i —— - 


_ 214.5733 
~ 32 


a | on . {-v33-1 3x _ {-Vv33-1 
f (xq) = cos F Gea a a — cos = on —_{ 


_ 21-5733 
= 32 


Thus (over one period), 


— = = = = = = = = = = 
X-*M - = O + + + + +t +F + + 
aoe - —-— -— = O + + + + + 4+ 
3) Ti = = = - - 0 + + =F 
Sf Se nn O + + 
fe = = @Q oF 0 = O + QO = = 


9. Function’s range: f (x) is limited to the range between its minimum and absolute maximum 
points (there are local maximums at y = 0 repeating at n 27). 
10. Summary of the important points: 


periodicity: T=27 
parity: (even) 


y-axis crossing: (x, y) = (0,0) 
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Fig. 3.83 Example P.3.96 


Zeros: 


inflections: 


3 Functions 


(x, y) = (x/2, 0) 
(x,y) = (0,0) 

(x, y) = (x/2, 0) 
(x, ») = G/2, 0) 


(cont.)extremes: 


(x, y) = (0,0) (max) 
(x, y) = (1/3, —1/4) (min) 
(x, y) = (7,2) (max) 


(x, y) = Gx/3,—1/4) (min) 


(; (3=") 1 
(x,y) = 3 + aresin ; 


8 32 
A . (V33-1\) 2145733 
(x,y) = 3 + arcsin 3 ; 32 


3 
(x,y) = & — arcsin 


(42) 4) 


8 32 


3 
(x,y) = & — arcsin 


: (|) 4a) 


8 32 


11. Graphical representation: results of the analysis for function in P.3.96 are summarized by f (x) 


graph (see Fig. 3.83). 
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3.97. Given function, 


foy= 
x 

1. Domain of definition D: being a sinusoid function, the numerator of f(x) is defined for all real 
arguments; however, its denominator may cause division by zero; thus, f(x) is defined for x € 
R\x 40. 

2. Periodicity: even though by itself sin(x) is periodic, it is being multiplied by non-periodic inverse 
function, 1/x, which causes the amplitude of f(x) to reduce as x varies. Thus, f(x) is not 
periodic. 

3. Function’s parity: 


sin(—x) sinx  sinx 


= f(x) .. (even) 
x 


even: f(-x) = = = 


sin x 
odd: — f(—x) = ar # f(x) .. (not odd) 


In conclusion, function sin x /x is even but not odd. 
4. Function’s sign: (x #0) 


feo: ““ 26 4 sexed & eSen, aoe... 
= XxX 


That is to say, 


In conclusion, locations of f(x) zeros are periodic with the period of z. 
5. y-axis crossing point f (0): 


in 0 
{OHS — — not defined 


6. Limits: limits lim,_,4.. sinx are not defined; however, the f(x) envelope follows 1/x (see 
Fig. 3.84). On the other hand, lim,_.9 f(x) exists, as 


= (Ml 
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Actually, this function is well known as “sinus cardinal,” i.e., f(x) = sinx/x = sinc (x), and 
because both left-side and right-side limits are equal, then lim,_.9 f(x) = 0, while (x # 0). 
7. Oblique asymptote: 


7 f(x) i sms 7 sin x ee = 

a= lim —— = lim = lim = 

X>0O XxX x->00O X X—>0O x2 CO 

by consequence, there is no oblique asymptote. 
8. Critical points: 
; , sinx\’ xcosx — sinx ; 

f@)=0: fe) =(—) = : “. xcosx— sinx = 0 
— x x 


With the help of Newton-Raphson method f'(x) zeros are found (after rounding to three 
decimal places) at x, = [...,—10.904, —7.725, —4.493, 4.493, 7.725, 10.904, ...], where 
f@) =L.., —0.091, 0.128, —0.217, —0.217, 0.128, —0.091, ...]. 

Thus, (with truncated decimal numbers) 


x COS x — sinx 
i | ee eS 
CO) eae 


Note that sinc (x) function is not defined at x = 0, neither is its first derivative. 
Also, 


xcosx — sinx \' 2 — x?) sinx — 2x cos x 
f'@)=0: fren = ( : ) _( | = 


-- N(x) = (2— x’) sinx — 2x cosx =0 


With the help of Newton-Raphson method f” (x) zeros are found (after rounding to three dec- 
imal places) at x; = [..., —9.206, —5.940, —2.082, 2.082, 5.940, 9.206, ...], where f(x;) = 
[..., 0.024, —0.057, 0.419, 0.419, —0.057, 0.024, ...]. 

Thus, (with truncated decimal numbers) 


N(x) «+ O 
Moe =-— = = = 0 + + + 
(a en) 


Note that sinc (x) function is not defined at x = 0, neither is its second derivative. 
9. Function’s range: f (x) is limited to the range —0.217 < f(x) <1. 
10. Summary of the important points: 
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define: x40 
parity: (even) 
zeros: x = -+n7 


y-axis crossing: (x, y) = (0,1) (not defined) 


extremes: (x,y) = (++ +++) 
(x, y) = (—7.725, 0.128) (max) 
(x, y) = (—4.493, —0.217) (min) 
(x, y) = (4.493, —0.217) (min) 
(x, y) = (7.725, 0.128) (max) 
Cs gen] 
inflections: (x, y)=(--,---) 
(x, y) = (—5.940, —0.057) 
(x, y) = (—2.082, 0.419) 
(x, y) = (2.082, 0.419) 
(x, y) = (5.940, —0.057) 
Gy yy= Caen) 
Note that, as oppose to its zeros, extreme and inflection point of sinc (x) are not perfectly aligned 
with the multiples of 2/2. 


11. Graphical representation: results of the analysis for function in P.3.97 are summarized by f(x) 
graph (see Fig. 3.84). 


Fig. 3.84 Example P.3.97 


340 3 Functions 


3.98. Given function, 


sin x 


f(x) = tanx = 
cos x 


1. Domain of definition D: being a rational function, the numerator of f(x) is defined for all real 
arguments; however, its denominator may cause division by zero. Thus, f(x) is not defined if 
cos x = 0, that is to say, vertical asymptotes are located at 


sinx =O 7. x= Stan, n=0,+1,+2,... 
and therefore x € RIx 47/2+nz7, n=0,+1,+2,.... 
2. Periodicity: even though both sinx and cosx are periodic with T = 2m, the inverse 1/cosx 
creates periodic zeros at T = 1; consequently, f(x) is periodic by T = 7, Le., 


tan(x + 7) = tanx 


3. Function’s parity: 


sin(—x) sin x 


even: f(-—x) = =-—tanx ~ f(x) .. (not even) 


cos(—x) ~ cosx 


sin x 


odd: — f(—x) = -( \z ee Saye, a toa 


COS X COS X 


In conclusion, function tan x is odd but not even. 
4. Function’s sign: (x #7/2)+nnr,n=0,+1,+2,... 


sin x 


=0 .. snx=0 ». x =n, n= +1,22,... 


f(x) =0: 


COS X 


That is to say, 


cosx --- — QO + 1 + 0. - =~ = O | + 


In conclusion, locations of f(x) vertical asymptotes are periodic with the period of z. 
5. y-axis crossing point f (0): 


6. Limits: limits lim,—.+.. tanx are not defined; however, limits around vertical asymptotes are 


i —l 
x2>--—7/2: lim f(x)= lim nee ec) = 
> x>—*/2 x>—"/2 COS X (0) 


+00 
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{both sinx and cos.x are negative on the left side of — x/2} 


_— i fa) = ii sin x (-1) 
x =D 1m Xx im = TS 
yes x7 Pp x>—7/2 COS X (0) 


{because only sin x is negative on the right side of — 7/2 | 


sin x (1) 


x>7/2: lim f(x)= = +00 


seg fa) COs x ~ (0) 


{both sinx and cos x are positive on the left side of 7/2} 


ae i fl = sin x A 
x—> 7/2: = 
rie ‘. a cos x ~ () 


— only cos x is negative on the right side of x/2} 


7. Oblique asymptote: 


. fl) . tanx not defined 
a= lim —— = lim = 
X>0O X x>00 Xx lee) 
by consequence, there is no oblique asymptote. 
8. Critical points: 

sinx \’ cosxcosx + sinx sin x 1 
f(x) =0: ray =( ‘e - = —— =1+ tan’ x 
—— COS x cos? x cos? x 


‘ 1+tan?x>0 «. f(x) ascends 7 forall x 


because a quadratic function (-)? > 0 is always positive. Then, either inverse or plus “1” is still 
positive. Therefore, there are no extreme points. Also, 


1 ‘ 2si 
f'(x) =0: f(x) =a > ) = — = 
—— COS” x COS” x 
* sinx=0 7. x =n, n=0,+1,42,... 


Thus, 


2 + + + + + + + + + + F 

sin x + 0 - ~ =~ O + + + O = 
cosx -- — -— -— O + + + 0 = = = 
f'@) -- - O + nd - O 4+ nd - O + 


Inflection points are periodically distributed. 
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Fig. 3.85 Example P.3.98 


+ — - — - — - 9 
oe 


SE a ee | 


9. Function’s range: f (x) is not limited, i.e., -oo < f(x) < oo. Note that for x = +7/4 (and all 
the other periodic locations) sinx = cos x; thus f(x) = tanx takes values +1. 
10. Summary of the important points: 


periodicity: T=a7 
parity: (odd) 
v. asymptotes: x =7/2-—n7 
zeros: x = -Enm 
y-axis crossing: (x, y) = (0,0) 


extremes: (none, f(x) always ascends /7) 


inflections: (x, y)= (nz, 0) 
11. Graphical representation: results of the analysis for function in P.3.98 are summarized by f(x) 
graph (see Fig. 3.85). 


3.99. Given that 


if, y=tanx then x =arctany 


that is to say, geometrical interpretation of the relation between these two function is that, simply put, 
x-axis and y-axis exchanged their positions. In this case, form of arctan(x) function is identical to 
rotated version of tan(x) (more precisely, its section within the —7/2 and 7/2 interval.) 


1. Domain of definition D: given that range of tanx is —oo < tanx < +00, then range of tanx 
translates into domain of arctan x, i.e., x € R. 

2. Function’s range: similarly, the tanx domain translates into range of arctanx, i.e., —7/2 < 
arctanx < 7/2. (Trigonometric functions do not have one-to-one mapping; thus this is the 
principal range, and there are two horizontal asymptotes at y = —z/2 and y = 7/2.) 
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3. Periodicity: arctan x is not periodic, i.e., arctan(x + T) # arctan x for all T ¥ 0. 
4. Function’s parity: one possible method to prove arctan x function’s parity may be as follows. 
odd: f(—x) = arctan(—x) = B 
{tan (arctan x) = x | 
—x=tanp .. x =-—tanp 
{- tanx = tan(—x), see P.3.98 | 
x = tan(—f) 
arctanx = —B 


—arctanx = 6 


arctan x = — arctan(—x) 
—_—— -=-—_ 
f@) f(-x) 


f(x) =—f(-x) -. (odd) 
even: f(—x) =—f(x) # f(x) ©. (not even) 


In conclusion, function arctan x is odd but not even. 
5. Function’s sign: 


sin 0 0) 
=-=0 
cos 0 1 


f(x) =0: arctanx=0 .. x =tan0= 


That is to say, there is one zero at (0, 0). With the help of unity circle, and as it is already found 
that arctan x is an odd function, it can be deduced that for x > 0, sign of arctan x is positive, and 
therefore for x < 0, sign of arctan x is negative. 

6. y-axis crossing point f (0): 


f() = arctan0 = 0 


7. Limits: limits lim,—.+.o arctan x are deduced with the help of its inverse function tan x, see P.3.98. 


: : Ls 
x—>—7/2: lim tanx =—oo .. lim arctanx = — — 
one x —7/2 x—>—00 2 
: : a 
x—>7/2: lim tanx =+oo .. lim arctanx = — 
=» x>7/2 xX—>+00 2 


— 


8. Oblique asymptote: 


ge i ie Os (2) =0 


x00 =X X00 x CO 


by consequence, there is no oblique asymptote. 
9. Critical points: 
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f'@~) =0: f'(x) = (arctan x)’ = >0O .. f(x) ascends 7 forall x 


x?241 
because a quadratic function (-)* > 0 is always positive. Then, either inverse or plus “1” is still 
positive. Therefore, there are no extreme points. 


Also, 


x 


ir oat 1” = i ee 
foy=0: = (ayq) =a? 


Thus, 


=) = = = = = 
x -CO — 0 + w 
(+1? co + ++ + «© 
f'~) Ol + 0 - O 


There is one inflection point at (x, y) = (0, 0). 
10. Summary of the important points: 


parity: (odd) 
y-axis crossing: (x, y) = (0,0) 
zeros: (x, y) = (0, 0) 
h. asymptotes: y= —z7/2 
y=n/2 
extremes: (none) f(x) always ascends 7 


inflection: (x, y) = (0,0) 


11. Graphical representation: results of the analysis for function in P.3.99 are summarized by f(x) 
graph (see Fig. 3.86). 


3.100. Given function, 
a 2 
f(x) = a + arctan (—x* + 1) 


1. Domain of definition D: a constant plus arctan function is defined for all arguments, i.e., x € R. 
2. Periodicity: arctan x is not periodic, i.e., 
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Fig. 3.86 Example P.3.99 : 
/2— pe aa Ai yl sae if) 
a.h. 
1 
0 x 
—1 
—1/2 lan —— Sa a a a at | 
—7/2 0 x/2 


. + arctan ( —(«+ Ty + 1) H > + arctan (—x? + 1) 
for all T # 0. 
3. Function’s parity: 


a 2 
even: f(-x»)= 3 + arctan (—(—x) + 1) 
= _ + arctan (—x? +1) = f(x) .. (even) 


u 2 
odd: — f(—x) = = arctan (-x + 1) H# f(x) .. (not odd) 


In conclusion, function f(x) is even but not odd. 
4. Function’s sign: f (x) is even; thus, it is sufficient to analyze only x > O side. With the help of 
arctan x function properties (see P.3.99), it can be deduced that: 
(a) limit lim,_,_.. arctan(- ) = a for all real arguments of arctan() function, 
(b) therefore, after adding 2/2 it must be lim, (x {2+ arctan(—x? + 1) = 0, 
(c) and, f(0) = 7/24 arctan(0+ 1) = 2/2+ 7/4 = 37/4 > 0, 
(d) this function is even, therefore, f(x) > 0 for all x. 
That is to say, f(x) has no zeros; however, there is one horizontal asymptote at y = 0 


5. y-axis crossing point f (0): 
f(0) = % + arctan (= 0)? +1) = + 


6. Limits: limits lim, ++. arctanx are deduced with the help of its inverse function tanx (see 
P.3.98). 


—"/2 


x—>ctoo: lim (J + arctan = ) +1) )=0 
————__—- ---} xXx =x00 2 


that is to say, y = 0 is horizontal asymptote. 
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7. Oblique asymptote: 


x>00 X x00 x CO 


pie ey OS 2 (2) =i 


by consequence, there is no oblique asymptote. 
8. Critical points: 


fay =O: fx) = (F + arctan (2? +1) 


{composite function: (arctan g(x))’ = _ 8) 
. s(x) +1 
—2x ¥ 


(x2 +1? 41 x4 —2x2 42 - 


where f (0) = 37/4. Then, 


> = ~ = 
a — 0 + 
Cal-+) ns 
f@ + 0 = 


There is one maximum point at (x, y) = (0, 37/4). Also, 


/ 4 _ 9? 2) — x(443 — 4 
oso: p=? (aaaaq3) =a 


x4 —2x242 (x4 — 2x2 + 2)? 
_ 3x4 — 2x? —2 


(x4 — 2x2 42)? 
. 3x4 -2x7-2=0 -. {t=x?} 2. 3r7-2t-2=0 «. 
ee ee eon (note: 1 - v7 <0) 


he= 


6 3 
1 7 
Xp. = sm ~ +1.102 
where, x2 = —xX,, and f(x%1,2) © 2.405 = y, rounded to three decimal places. 


Thus, 


3.5  Trigonometric Functions 347 


Fig. 3.87 Example T 
P3.100 fl) 


ax. 


a.h. x 


2+ + + + + 
XX 0 - oF ts 
Cee — - — 0 F 
Cee + h6+t+CUwh+lhCUwt+tlCUGt 
fixe) + 0 = O + 


There are two inflection points, as calculated above. 
9. Function’s range: this functions occupies the interval between its horizontal asymptote, y = 0, 
and its maximum at y = 37/4. 
10. Summary of the important points: 


parity: (even) 
zeros: (none, f(x) is always positive) 
h. asymptote: y=0 
y-axis crossing: (x, y) = (0, 37/4) 
extremes: (x, y) = (0,37/4) (max) 
inflections: (x, y) = (—1.102, 2.405) 
(x, y) = (1.102, 2.405) 


11. Graphical representation: results of the analysis for function in P.3.100 are summarized by f (x) 
graph (see Fig. 3.87). 


3.101. Given function, 


(1 _ cos(2x)) 


Nile 


f@= 
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a simple trigonometric transformation shows that, 


f@= (il — cos(2x)) = : (1 — (cos* x — sin’ x)) = 5 (coset sin’ x — cos*x + sin? x) 


= sin’ x 


therefore, this function is already analyzed in P.3.91 (see Fig. 3.78). 
3.102. Given function, 
f@wm= Qsin?x+sinx, x €[—-x,7] 
1. Domain of definition D: sinusoid functions are defined for all real arguments, and so is their sum, 
ie.,x ER. 
2. Periodicity: sin x is periodic with T = 27 (see P.3.90 ), while sin? x is periodic with T = z (see 


P.3.91 ). The lowest common denominator for z and 27 is therefore T = 27, 


2 sin?(x + 2m) + sin(x + 27) = 2sin* x + sinx 


for all T 4 0. 
3. Function’s parity: 
even:  f(—x) = 2sin’(—x) + sin(—x) = 2 sin(—x) sin(—x) + sin(—x) 
= 2sin* x — sinx H# f(x) .. (not even) 


odd: — f(-—x)= —2 sin? x + sinx H# f(x) .. (not odd) 


In conclusion, function f(x) is neither even nor odd. 
4. Function’s sign: within x € [—z, 1] 


f(x) =0: 2sin?x+sinx =0 .«. sinx (2sinx+1)=0 


sinx =0 “. x=0,7,-z 
or, 

1 a4 5 
2 si 1=0 .. snx=-= 3. x =--=, -— 
sin x + sin x 5 x 6 6 


That is to say, over one period of 27 


sin x 0 _ _ _ _ _ 0 + 0 
2sinx + 1 1 + 0 _ 0 + + + + 


5. y-axis crossing point f (0): 


f(O) = 2sin’ 0+ sin0 =0 
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6. Limits: limits lim,—.+.0 sinx and its square are not defined. 
7. Oblique asymptote: 


a= lim lim 
X>0O X x00 x CO 


FR): a 2sin’x+sinx _ (=) 


by consequence, there is no oblique asymptote. 
. Critical points: 


ioe) 


f'@)=0: f'(x) = (2sin’ x + sinx) 


= 4sinx cosx + cosx = cosx (4sinx + 1)=0 


qu 
cosx =0 on P= aa 
or, 
: : 1 . 1 
4sinx+1=0 a alae Se) Ry. = aesin (~7) 


See 


. 1 
‘| Xp = 7+ arcsin 4 


(see Fig. 3.88 (left)) 


where, 
f(-*/2) = 2 sin? (—7/2) + sin (—7/2) = 2(-1)* + (-) = 1 
f(@/2) = 2sin? (*/2) + sin (#/2) = 2(1)? + (1) = 3 
{sin(arcsin x) = x } 
f (1,2) = 2sin’ (aresin(—1/4)) + sin (arcsin(—1/4)) = 2 (—1/4)* — 1/4 = —l/s 
Then, 

cosx —l _ _ _ 0 + + + 0 - -l 

4sinx+1 1 + 0 _ _ _ 0 + + + 1 
fix) -1 - oO + 0 = @ = @ 2S Si 


Within the given interval, there are four extreme points, two minimum and two maximum 
points, as listed above. Also, 


f"(x) =0: f(x) = 4sinx cos x + cosx)’ = 4cos” x — 4 sin? x — sinx 
= —8sin’ x —sinx +4=0 


{t = sinx} 
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1+ 129 
Bratt t fA SS 
, —16 
. fl+ev129 
"| X12 = arcsin | ————— 
, —16 
. fl+ev129 
X34 = +n +arcsin 16 


where f” (x) zeros x; are periodic. Within [—2 <x < sz] period, there are four inflection points. 


«| (27) (3) 
f (x1) = 2 sin* | —z — arcsin |] ————— ] | + sin | —z — arcsin |} ————— 


—16 —16 
sin(—x) = —sinx; arcsin(—x) = —arcsinx 
+y) =cosxsiny + sinx cosy 
_ 61- ae 
f2)= 2 sin’ I (Ae = )| + sin sin ()] 


=2( 4B) 
~ —16 


fs )= = 2 sin | si (Se ~)| + sin sin (3) 


=2( V129 +(5 ~) _ 61437129 
—16 7 


i 14+/129\ 61 — 3/129 
—16 ~ 64 


—16 64 


«| (=) ()] 
ff (x4) = 2 sin® | a + arcsin | ————— ] | + sin] wz + arcsin | ————— 


—16 —16 
sin(—x) = — sin x; arcsin(—x) = — arcsinx 
ee = cos x siny + sinx cos y 
_ 614+ 7129 
64 


Thus, 
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ch) fi = 0 + =F =F = + ic a Ge 
t—io Tie - = - 0 + + + a Se Se 
X—x3 - - - - = 0 + Ses eB 
an SE Ee Oe 
Co oie dt) es De te Pe 
Within the given interval, there are four inflection points as listed above. 
9. Function’s range: this function occupies the interval between its minimum at y = —1/8 and its 
absolute maximum at y = 3. 
10. Summary of the important points: within x € [—7, 7] interval 
periodicity: T=27 
y-axis crossing: (x, y) = (0,0) 
zeros: (x, y) = (—7,0) 
(x, y) = (—52/6, 0) 
(x, y) = (—77/6, 0) 
(x, y) = (0,0) 
(x, y) = (a, 0) 
_f1l\ -l . 
extremes: (x,y) = (« + arcsin (;) ; =) (min) 
0 
(x,y) = (-5. 1) (max) 
2 
(x,y) = i : (min) 
hey) = | aresin | <7 Jo 9) tin 
T 
(x. 9) = (F.3) (max) 
; . 14+/129\ 61-129 
inflections: (x, y) = | —z —arcsin . 
——— —16 64 
Oxi in 14+/129\ 61 —3/129 
Mighe =Reere 16 |’ 64 
ech in 1—¥V129\ 6143129 
las is 16 |’ 64 
. f14Vv129\ 614+ 7129 
(x, y) = | z + arcsin 16 4 6A 


352 


3 Functions 


II I I) | tone. 


arcsin(1/4) 


0 


— 


7m + arcsin(1/4) 1/4 arcsin(—!/4) \ 


t 0'}$ AL— = 
Wl Iv — a . os: L 


Fig. 3.88 Example P.3.102 


11. 


Graphical representation: results of the analysis for function in P.3.102 are summarized by f (x) 
graph (see Fig. 3.88). Unity circle showing arcsin(—!/4) angles in IV and III quadrants where 
two minimum points are located (left) and complete f(x) graph (right). 


3.103. Given function, 


f(x) = sin(2x) — sin (« = =) 
{sin(x — 21/2) =—cosx; sin(2x) = 2sinx cosx | 
= sin(2x) + cos x 
= 2sinx cosx + cosx 


=cosx(2sinx +1), x €[-z,z] 


. Domain of definition D: sinusoid functions are defined for all real arguments, and so is their sum, 


ie.,x ER. 


. Periodicity: sin2x is periodic with T = sz, while sin(x — 2/2) = —cosx is periodic with 


T = 27. The lowest common denominator for z and 27 is therefore T = 277, 
sin (2@ + 1)) + cos(x + 27) = sin(2x) + cos x 


for all T #4 0. 


. Function’s parity: 


even: f(-x) = sin (2(—x)) + cos(—x) = — sin(2x) + cos(x) # f(x) .. (not even) 
odd: — f(—x) = sin(2x) —cos(x) # f(x) .. (not odd) 


In conclusion, function f(x) is neither even nor odd. 


. Function’s sign: within x € [—z, 7] 


f(x) =0: cosx(2sinx + 1) =0 
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cosx = 0 Cee ll 
2 
or, 
1 or 5x 
2 Si 1=0 “. smx=—- = 3) xX =—T=, —-— 
sinx + sin x 5 6 6 


That is to say, over one period x € [—z, 7] 


cosx —-l — = - 0 + + + 0 —- -!l 
2sinx +1 1 + 0 - - - 0 + a na 1 


5. y-axis crossing point f (0): 
f (0) =cos0(2sin0+ 1) =1 


6. Limits: limits lim,_,+,, sinx and cos x and are not defined. 
7. Oblique asymptote: 


a= lim 
xX>00O X x—> 00 x 


f(@) . sin(2x) + cosx (“S) 
— = lim = 


oO 


by consequence, there is no oblique asymptote. 
8. Critical points: 


f(x) =0: f'(x) = (sin(2x) + cos x)’ = 2cos(2x) — sinx 
{cos(2x) = 1 — 2sin? x} 
= 2(1 - 2 sin’ x) —sinx = —4sin? x — sinx +2 =0 
{t = sinx } 


+/33 — 1 


47 -t4+2=0 0 te = : 


0 (2) 
". Xz,2 = arcsin ——— 


X34 =tr4 sin ( 3 


od 


(x) zeros x; are periodic. Thus, within [—z < x < z] period, there are four extreme points 
p 


. {-v33-1 _ {-Vv33-1 
f (1) = sin > (-» — arcsin (=3="))| + cos -- — arcsin ("| 


354 
sin(—x) = —sinx; arcsin(—x) = —arcsinx; 
sin(x + y) = cosx sin y + sinx cos y; 
sin(arcsinx) =x; cos(arcsinx) = V1 — x? 
7 16 
f(x2) = sin E arcsin ("| -++ cos sin ("| 
a 16 
f (x3) = sin aan (= ‘)| ene sin (== ‘)| 
6 (69+ 1133) 
~ 16 
f(a) = sin E (. — arcsin (=> ‘))] diene |. ee (=> ‘)| 
6 (69 a 11V33) 
a 16 
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Then, within given interval, there are two minimums and two maximums, as listed below. 


= a i a a ee a 2 
=) 0 a ie a a a 
0: i a ee a 
ss Bie a a a - - - - O + 
fe) + +4 0 - O + 0 = 0 + 


Also, 


f"(~) =0: f" (x) = (2cos(2x) — sinx)’ = —4sin(2x) — cos x 


= —8sinx cosx —cosx = —cosx(8sinx +1) =0 


therefore, 


++ +++ 
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aa 
—cosx =0 a 2 a 
or, 


1 1 
8sinx +1=0 Fa sink =—> oa x= ar acsin (5) 


where f” (x) zeros x; are periodic. Within [—z < x < z] period, there are four inflection points 


Great) Sasa ae 
(-E)] +eo(- 
(~=(-3)) 


f (x3) = sin 2 arcsin (-;) + cos _ (-3)| = sel 
f(x) = sin [2 e )]+ cos (F) =0 _ 


Thus, within the given interval, there are four inflection points as listed below. 


—7 — arcsin 


SS 
Se 


f(x.) = sin 2 
| 


f (x2) = sin} 2 


vie —- — O + + Ss as a Cg 
ao  - - = 0 Ss es 
X—xX%, - = - - a — 0 Se ee a 
X—xX - = - = - a - O + + 
(aC) ae ee ed 0 ae O = QO se oF 


9. Function’s range: is the interval between its absolute minimum and its absolute maximum. 
10. Summary of the important points: within x € [—z, 1] interval 
periodicity: JT =2z7 
y-axis crossing: (x, y) = (0, 1) 
zeros: (x, y) = (—5z/6, 0) 
(x, y) = (—7/2, 0) 
(x, y) = (—7/6, 0) 
(x, y) = (1/2, 0) 


. [| -v33-1 
extremes: (x,y) = | —z —arcsin 3 ; (max) 
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Fig. 3.89 Example 
P3108 


—w —1/2 0 n/2 T 


(min) 


(a3 —1\ 9 (69 1133) 
arcsin : 
8 16 


16 (max) 


(min) 


i ) 6 (69 + 1133) 


(x,y)=]a- sin ( 16 


8 


inflections: (x, y) = (-z — aresin (—1/8) , -9\/7/32) 
(x, y) = (—7/2, 0) 
(x,y) = (aresin (—1/8), 9/7/32) 
(x, y) = (7/2, 0) 


11. Graphical representation: see Fig. 3.89. 


3.6 Composite Functions 
3.104. Given function, 


f(x) = x4 — 2x? = x? (x” — 2) = x°(x — V2) (x + V2) 


1. Domain of definition D: polynomial functions are defined for x € R. 
2. Function’s parity: 


3.6 Composite Functions 
even: f(-x)= (<x) =9en er" = ye = f(x) .. (even) 
odd: — f(—x) = —x*+2x? ¥ f(x) .. (not odd) 


In conclusion, function x*+ — 2x? is even but not odd. 
3. Function’s sign: 


f(x) =0: =I SOs: x? (x - V2) (x + v2) =0 
‘ ¢, =0, x =0, x, =—V2, x, = v2 


That is to say, there is one double zero and two single zeros of f(x), as 


4. y-axis crossing point f (0): f (0) = 0* — 2-0? =0=0 
5. Limits: there are two limits to resolve. 


x—>-0oo: lim f(x)= lim (x*— 2x?) = +00 
——— x00 xX—>—00 

x—>-+oo: lim f(x)= lim (x*— 2x?) = +00 
Xx—>+00 X—>+00 


6. Oblique asymptote: 


by consequence, there is no oblique asymptote. 
7. Critical points: 


f'@)=0: f'@) = (x+— 2x) = 49? -— 4x = 4s (x? - 1) 
=4c¢+1)@-D)=0 


xX, =0, x2 =—-1, x3 = 1 


Thus, there are three single zeros of f’(x) as 
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| i es i ee o v v 
ai? — 0 a a es a 
x i = — 0 + = eh 
ai — - = = - 0 + 
Coe 0 oF 0 — 0 oF 


There are three extreme points, two minimums at (x, y) = (—1, —1) and (x, y) = (1, —1), and 
one maximum point at (x, y) = (0, 0). Also, 


fF") =O: f(x) = (4x3 — 4x)’ = 12x? -4 = 4x? - 1) =0 


1 
3x7 -1=0 ee MRD 2a) 


where inflection points are located at 


Thus, 


4 es + - + 
x—-x% — 0 ci + SF 
xX—xX2  - - - 0 + 
ee ae ll, = OQ 4F 


There are two inflection points, at (x, y) = (—./1/3, —5/9) and (x, y) = (/1/3, —5/9). 
8. Summary of the important points: 


parity: (even) 


zeros: (x, y) = (0,0) 


(x, y) = (0,0) 
(x,y) = (- v2.0) 
(x,y) = (v2, 0) 


extremes: (x, y)=(-—1,-—1) (min) 


(x, y) = (0,0) (max) 
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Fig. 3.90 Example 
P.3.104 


(x,y)=(,-1) (min) 
inflections: (x, y)= ( - Vp, -¥) 
(x, y) = (vA, —59) 


9. Graphical representation: the above analysis is summarized in Fig. 3.90. 


3.105. Given function, 


f@=e" 


1. Domain of definition D: an exponential function is defined for all real arguments, but rational 
function 1/x is not defined for x = 0; therefore, f(x) is defined for x € R|x # 0. 
2. Function’s parity: 


even: — f (—x) = exp(1/(—x)) # f(x) .. (not even) 
odd: — f(—x) =—exp(I/(—x)) 4 f(x) .. (not odd) 


In conclusion, function exp (1 / x) is neither even nor odd. 
3. Function’s sign: 


f(x) =0: exp(1/(—x)) > 0 
That is to say, there are no zeros because an exponential function is positive for all arguments. 


4. y-axis crossing point f (0): f(O) = exp (1/(0)) is not defined. 
5. Limits: there are four limits to resolve. 


0 
x—> -00: jim | f() = jim exp (1/x) = («x (u-oor )) = exp(0}) = If 
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O| 
x—> +00: lim f@)= lim exp (1/x) = («x (ucroor )) = exp(0|) = 1 
x—>-+00 x—>>+0O 
; : . i 
x—>0: Wan f@= lim exp (1/x) a oo( iim *) = exp(—oo) = 0| 
> x>0 x> 0 x>0 Xx 
: . . 1 
x—>0: a f@= lim exp (1/(—x)) = oo( iim, :) = exp(oo) = +00 
e x—> x> x>0 X 


That is to say, lim,_.9 f (x) does not exist because the two side limits are different (caused by limits 
of lim,_,9 1/x). At the same time, there is one horizontal asymptote at y = 1 where lim,_.4.5 f(x) 
tends. 

. Oblique asymptote: 


POD stg SEU) (1) =0 


x>00 X x00 x x00 


b= lim (f(x) — ax) lim f(x) = 1 


Therefore, there is only horizontal asymptote at y = 1. 
. Critical points: 


exp(1/x) 
aa aa 


fe) =O: fx) = (exp(1/x))' = #0 


because an exponential function by itself is positive, in this case multiplied by “—1” so that f(x) 
always descends \,. Also, 


—ec hy = (2x + 1) exp(1/x) =é 


fay =0: fx) = ( 7 xa 
1 
2x +1=0 ie oD. => 
where inflection point is located at 
1 
f (Ma) = exp (I/(-) = 5 = 91 


Thus, 


i 
oe - Oo + + + 
exp(1/x) + =F + nd + 
f'(x) = 0 + nd + 
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Fig. 3.91 Example } 
P3.105 f(x) 


8. Summary of the important points: 
defined: x #0 
h. asymptote: y=1 
v. asymptote: x =0 (y > 0) 
zeros: (none, f(x) is always positive) 
extremes: (none), f(x) always descends \, 


inflection: (x, y) = (— 1/2, !/e*) 


9. Graphical representation: the above analysis is summarized in Fig. 3.91. 


3.106. Given function, 


fx) =x" 


1. Domain of definition D: the form 0° is not defined. In addition, 


f(x) =x = = = x} =(e™*)*= {(e*)’ = | =(e")'"= oxinx 


that is to say, x > 0 due to the domain of this “hidden” In x function. Therefore f(x) is defined 
for x € R\x > 0. 
2. Function’s parity: 


even: = f (—x) = (-x)™ = ~~ # f(x) .. (not even) 


odd: fi-x) = 4 FO) ©. (not odd) 


In conclusion, function x* is neither even nor odd. 
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3. Function’s sign: 
f(x) =0: x* >0 


That is to say, given that x > 0, there are no zeros because an exponential function is positive for 
all arguments. 

4. y-axis crossing point f (0): f (0) = 0° is not defined. 

5. Limits: there are two limits to resolve, 


joo. Im: fG)= tim 2S (o") = in ee See 
———->— — x—>+00 x—>+00 x—+00 
— err — +oo 
li = ji BF aa 0 =] x Inx 
2 eee ee 
OF ia a {see P.2.97 for lim xInx } 
=e=1 
6. Oblique asymptote: 
. fl) . x CO\ mm... x* dnx +1) 
a= lim = lim — = (=) © tim ~“*=— = 00 
xX>0O Xx x>00 xX lo'e) x00 1 


Therefore, there is no oblique asymptote. 
7. Critical points: 


fi@=0: fi@=(*)=(e™) = e™ jinx! =x (ins + 3) 


=x" (Inx+1)=0, (x £0) 


: 1 
. Inx+1=0 .. nx=-1 .. yh? = eo! A a 
e 


There is one zero of f’(x) at x = 1/e where f(1/e) = (1/e)“/9 = 0.692. Also, 


: 1 
fP@o=0: fW= 2 diss 1) =x* (Inx +1) (nx +1) +27 - 
— x 
=a" (nx lx? S06 
because both terms in the sum are positive. Consequently, there are no inflection points, ie., f(x) 


is always concave U. 
8. Summary of the important points: 


defined: x>0 
zeros: (none, f(x) is always positive) 
extremes: (x,y)= (Ve, (Ye)’*) (min) 


inflections: (none, f(x) always concave U) 
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Fig. 3.92 Example 
P.3.106 


i/e 


9. Graphical representation: the above analysis is summarized in Fig. 3.92. 


3.107. Given function, 


f@)=Q-x)e 


1. Domain of definition D: general form of a polynomial and exponential functions product is defined 
for all real arguments, because each of the two terms is a continuous function; therefore, f(x) is 
defined for x € R. 

2. Function’s parity: 


2 


2 
even: fx) =2- i=“ ie°= = H# f(x) .. (not even) 


2—x? 


odd: — f(-x) =- # f(x) ©. (not odd) 


ex 


In conclusion, function f(x) is neither even nor odd. 
3. Function’s sign: 


f(x) =0: —x%e = —(x? -—2et =—(x + V2)(x — V2) e* =0 
X12 =tv2 
(x, y) = (-v2, 0) 
(x, y) = (V2, 0) 


So that, 
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=i — = = = _ 
x+V2 - O + + + 
x-J/2 - - - 0 + 

ea + + + + 4+ 


4. y-axis crossing point f (0): f (0) = (2 — 0°) e® = 2, ie., (x, y) = (0, 2). 
5. Limits: there are two limits to resolve. 


x—> +00: lim f(x) = lim (2—x”)e* = (—00) (+00) = —00 
———_ x>+00 x—>+00 


0 
x—>-oo: lim f(x) = lim (2Q—x’)e* = lim 2 = lim ae 
———_ — x—>—CO xXx—>—0O X—>—0O X—>—CO 


pe: : x 0° 
—— lim xe =(00-0) =— li = (=) 
X—>—00 xX—>—00 Ver fore) 
2 , 
“— lim o =(=)#- m =-— lim 2e* 
x—>—00 Ve love) xX—>—00 Vex x—>—00 
=0 
6. Oblique asymptote: 
. f(x) _  (2—x?)e* OO\/ mo. (—x? — 2x + 2)e* 
a= lim —— = lim = ( ) = tim — 
x>0O x x00 x CO X00 1 


(Note the negative quadratic term.) Therefore, there is no oblique asymptote. 
7. Critical points: 


fi@=0: fix) =((2-x%)e*)’ = —-G@? 42x —De™=0 -. x? 42x-2=0 


aT 
tS = -1 v3 


Pe 41,2 = 
There are two zeros of f’(x) where f (x1,2) is 


fey: fan) = (2-1 - V3") et = -2 (14 v3) or 
f2): fG2)= (2 oe V3)’) eltv3 _ 9 (1 7 3) tv) 
(x, y) = (-1 = v3, -201 + v3) ety) 
(x,y) = (1+ V3, -20 - Vet) 


So that, 
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-=e- - -—- = = 
<= fie 0 + 7 ni 
Cam — = - 0 = 

© i i as i ai 2 
f@) = 0 oF 0 = 


There are two extreme points, minimum at (x, y) = (x), y,) and maximum at (x, y) = (%2, ya). 
Also, 


f"G) =O: f(x) = (— Ge? + 2x — 2)e*) = —(2x + 2)e* — (x? + 2x — De® 
=-x(4+x)ye*=0 ». x1 =—-4, x1 =0 
There are two zeros of f”(x) where f (x1,2) is 
fr: fi) =(2-(-4°) e* =-14e* 
fx): f(2)=(2—() e& =2 
(x, y) = (-4, -14e~*) 
(x, y) = (0, 2) 


So that, 


= fe + = 0 - 
ceqedl Ti 0 2 Dn 
e ie + + oe AP 
ff") - 0 oF 0 = 


There are two inflection points, at (x, y) = (—4, —14e*) and (x, y) = (0, 2). 
8. Summary of the important points: 


horizontal asymptote: y=0, (x <0) 


yoaxis crossing: (x, y) = (0,2) 
Zeros: (x, y) = (=/9. 0) 
(X:, y) — (4/9, 0) 


extremes: (x,y) = (-1 —af3, 91 4/3) ee) (min) 
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Fig. 3.93 Example 
P3107 


j=) 


_4 _/2 


(x,y) = (-1 + 73, —2(1 — V3) re) (max) 
inflections: (x, y)= (-4, —14 e~*) 
(x, y) = ©, 2) 


9. Graphical representation: the above analysis is summarized in Fig. 3.93. 


3.108. Given function, 


2 


1. Domain of definition D: given e* + 1 > O for all x, therefore f(x) is also continuous 
defined for x € R. 
2. Function’s parity: 


even: f(—x) =n’ (( +1) = In? (= + i) # f(x) .. (not even) 
odd: — f(—x) =—In’ (= - 1) # f(x) .. (not odd) 


In conclusion, function f(x) is neither even nor odd. 
3. Function’s sign: 


f(x) =0: In’ (e*+1)>0 
therefore, there are no zeros of f(x). 
4. y-axis crossing point f (0): f (0) = In? (e° + 1) = In*(2) 


5. Limits: there are two limits to resolve. 


x—> +00: lim f(x) = lim In’ (e* +1) =+00 
——— aes x—>+00 x—>+00 


function 
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x>-co: lim f(x)= lm In? (e* + 1) = In(1) = 0 
—_-_ _-- X—>—0O X—7—0O 


6. Oblique asymptote: lims.. f (x)/x are different, so each limit separately results in 


In? (e* + 1) +00 
= ii = li = |i li 
a= lim | —— =) {lim(f (x) g(x)) = lim f(x) lim g(x) } 
1 
rH ‘ +00 e* 
=2 lim Inlé& lim = +00 
X—>+00 x—>-+00 +1 


1 
In? (e* +1 0\, 0 x 

a= jin ert =( ) 22 tim In(e lim — = 
x—>—0O x —cCo xX—>—00 x>—00 gt + ] 


The two limits are different; therefore, the limit does not exist, and by consequence, there is no 
oblique asymptote. 
7. Critical points: 


este Hee aigee =D 
f(x)=0: ios (i (e + 1)) =2e eat >0 


Therefore, there are no extremes, and function always ascends /7. 
Also, 


ik oe die eee ee te le 
f@=0: f"@= (2¢ <— ) pene +) 


Therefore, there are no inflection points, and function is always U. 
8. Summary of the important points: 


horizontal asymptote: y=0, (x <0) 


y-axis crossing: (x, y) =(0, In? (2)) 
zeros: (none, f(x) is always positive) 
extremes: (none), f(x) is always ascends 7) 


inflections: (none, f(x) is always concave U) 


9. Graphical representation: the above analysis is summarized in Fig. 3.94. 


3.109. Given function, 
f(x) =xe* 


1. Domain of definition D: function is continuous; thus, f(x) is defined for x € R. 
2. Function’s parity: 


even: f(—x) = (-x) el -Cx) — Hy pt # f(x) .. (not even) 
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Fig. 3.94 Example x 
P.3.108 F(%) 


ca 


o- 


odd: — f(—x)=xe"t* S$ f(x) ©. (not odd) 


In conclusion, function f(x) is neither even nor odd. 
3. Function’s sign: 


II 
° 


f(x) =0: xe’ =0 ©. x 


therefore, there is one zero of f(x), where f(0) = 0e”~° = 0; thus 


4. y-axis crossing point f (0): f (0) =0e"~° = 0. 
5. Limits: there are two limits to resolve. 


x—>-+oo: lim f(x)= lim x e*"—) = (400)(+00) = +00 
—__——__x-3+00 x—>+00 
x—>-oo: lim f(x)= lim xe*@-) = (—00)(400) = —00 
———___ x -00 xX—>—00 


6. Oblique asymptote: there is no oblique asymptote, as 


x(x—1) 
I iy 


a= lim =o 


x>00 X x00 
7. Critical points: 
fi@=0: fix)=(xe*) = (20? -x 4 le” * > 0 


Therefore, there are no extreme points, and functions always ascend /7. 
Also, 
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POD: #' = ((2x? —x+1) a>), = (4x3 — 4x? +. Tx — 2) 
=0 


- 4x3 — 4x? + 7x —-2=0 


Third-order polynomial has at least one real zero, here found numerically, at x = 0.327 where 
Ff (0.327) = 0.262. For x < 0.327 second derivative is negative (i.e., f(x) is M), and for x > 0.327 
second derivative is positive (i.e., f(x) is U) 

8. Summary of the important points: 


y-axis crossing: (x, y) = (0,0) 
zero: (x, y) = (0,0) 
extremes: (none), , f(x) is always ascends /7) 


inflection: (x, y) = (0.327, 0.262) 


9. Graphical representation: the above analysis is summarized in Fig. 3.95. 


3.110. Given function, 
f(x) =14+2x3 —x* 


1. Domain of definition D: function is continuous; thus, f(x) is defined for x € R. 
2. Function’s parity: 


even: f(—x) = 14+2(—x)? — (—-x)x4 = 1- 2x3 — x4 SX f(x) 
(not even) 


odd: — f(—x) =—-14+2x?+x44 f(x) ©. (not odd) 


Fig. 3.95 Example . 
P.3.109 fx) 
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In conclusion, function f(x) is neither even nor odd. 
3. Function’s sign: 


f(x) =0: 142x3-x*=0 


Two real roots of this fourth-order polynomial, here found numerically, are x13. = 
[—0.717, 2.107]. That is to say that a general form of f(x) is (x —x1)(* —X2 ) P2(x), where P(x) 
is a second-order polynomial whose two roots are complex. Note the negative term —x*, which is 
to say that lim, f(x) tends to —oo; thus, it can be deduced that has to be P2(x) < 0. So, 


X—%, — O a as 
i = - 0 + 
Bee - - - - - 


4. y-axis crossing point f (0): f (0) = 1+ 2(0)? — (0)* = 1. 
5. Limits: there are two limits to resolve. 


x—> too: lim f(x) = lim (14+ 2x* —x*) = —00 
——$_—<—<—— x7 =xCO Xx—>>=00 


6. Oblique asymptote: 


{4ox3— 34 1 
pitee Pa (~+2x?-2°) = -00 
x 


xX>0O X x00 x x00 


Therefore, there is no oblique asymptote. 
7. Critical points: 


fi) =0: f(r) = (14+ 2x3 — x4) = —2x°(2x — 3) = 0 
3 
“OX = 0, X2 = 0, X3 = 5 


where f(%1,2) = 1, and f(x3) = 43/16. Note second (even)-order zero of f’(x) versus the 
first-order (odd) zero, as 


That is to say, an even order zero does not create extreme; consequently, there is only one 
extreme at (x, y) = (3/2, 43/16), which is an odd zero. Also, 
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f'@)=0: f"(@) = (—2x7(2x —3))' = -12x@ - 1) =0 
X= 0, X2 = 1 


where f(0) = 1, fC) = 2, so that, 


a7 = = = = = 

x - 0 + oe F 
ni — = - 0 + 
f'@) - 0 ae 0 = 


There are two inflection points at (x, y) = (0, 1) and (x, y) = (1, 2). 
8. Summary of the important points: 


horizontal asymptote: (none) 


vertical asymptotes: (none) 


y-axis crossing: (x, y) = (0, 1) 
zeros: (x, y) = (—0.717, 0) 
(x, y) = (2.107, 0) 
extremes: (x, y) = (3/2, 43/16) (max) 
inflections: (x, y) = (0,1) 
(x, y) = (1, 2) 
Note that (x, y) = (0, 1) is not an extreme point, even though f’(0) = 0. Recall that x = 0 is an 


even zero of this f’(x) = 0 equation. 
9. Graphical representation: the above analysis is summarized in Fig. 3.96. 


3.111. Given function, 


f(x) = |x? - |x| -2| 


1. Domain of definition D: an absolute function is continuous; thus, f(x) is defined for x € R. 
2. Function’s parity: function f (x) is even and not odd, as 


even: f (=x) = |(-x)? — | — x] — 2] = |x? - |x] - 2] = f(x). (even) 


odd: — f(—x) = —|x?-|x|-2| A f@) -. (not odd) 


3. Function’s sign: by definition, an absolute function | f (x)| > 0 for all real arguments. Composite 
absolute functions are decomposed as 
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Fig. 3.96 Example 
P3.110 f(x) 
max. 


{If (@)| = f(x), Gf f@)=0) and, |f(x)| = —f(x), Gf f(x) < 0)} 
f(x) =0: |x? —|x]-2)=0 «. 


x?>—-x-2>0: fix) =x? -x-2 
xe—x-2<0: fox) =—x? +2442 
xe+x—-22>0: fox) =x? +2x-2 
xe+x—2<0: fax) = —x?-—x4+2 


x>0: f(x) =|x?-x-2| .. 
x <0: f(x) =|x?4+x-2| 


where each of the four versions of f;(x) is valid within its respective interval (i.e., solutions outside 
of the given interval are excluded) as 

ab>0 .. a>O and b>0O, or, a<O and D<0O 

ab<0 .. a<O and b>0O, or, a>O and b<0O 


x>0: 


fits) =x? —x-2=(«+1)(x -—2)>0 “. x >--I1 and, x >2 


fox) = —x? +x42=-@41)(4-2)2>0 «. x >-1 and, x <2 


x <0: 
fax) =x? +x -—2=(*@-D@+2)>0 « x<1 and, x<-2 


"x <-2 


fiG@jy=ax +o40=>-—6G= 164020 4.241 and 2b 
*" —2<x<0 


Possible zeros are therefore: 
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fi@),(@>2): x=-l o, x=2 7. x =2 

fo(x), O<x <2): x=-1 orf, x= 2. X=S2 

f(x), («#< -2): x =1 of, x= -2 x =-2 

fax), (-2 <x <0): x=1 or, x=-2 -. x =-2 

In conclusion, there are two zeros, x = —2 and x = 2. Otherwise, f(x) > 0. 


4. y-axis crossing point f (0): f (0) = |0? — |0| — 2| = 2. 
5. Limits: there are two limits to resolve. 


x—>+too: lim f(x)= lim x*?+x-—2=-+00 
—— -.. —s—<—=+} X00 X— 00 


6. Oblique asymptote: 


Therefore, there is no oblique asymptote. 
7. Critical points: 


fi)=0: @20): G—x-2) =0, ~ 2x-1=0 « m =1/2 
(-x? +242) =0, -. -2x4+1=0 «. x, =1/2 
fi) =0: (<0): @?4+x-2)'=0, 0. 2x41=0 +. x. =-1/2 
(-x? —x+4+2)'=0, -. -2x-1=0 .. x =-1/2 
where f(x1,2 ) = 9/4, and 
fi) oP = 
EG) + + 0 = = 
F(X) + + 0 = = 
LO Eis 


There are two maximum extreme points at (x, y) = (41/2, 9/4), and two minimum extreme 
points at (x, y) = (42, 0). 
Also, 


f'@=H=0: GeO. f@a(e =7=2) =0, 5 250 « U 
(x) = (—x? +x+ 2)" =0, .. —2<0 .Nn 
P'OS0: CG =O Gls 0 42=7) =), 2250 2 U 


{(@@) = (-x? -—x4+2)"=0, «. -2<0 Nn 


374 3 Functions 


Fig. 3.97 Example 
P34 


0 : $ : 
min. min. 


—2 —1/2 0 1/2 2 


8. Summary of the important points: 


horizontal asymptote: (none) 


vertical asymptotes: (none) 


y-axis crossing: (x, y) = (0, 2) 
zeros: (x, y) = (-2, 0) 
(x, y) = (2, 0) 
extremes: (x, y) = (—2,0) (min) 
(x, y) = (1/2, 9/4) (max) 
(x, y) = (2,0) (min) 
(x, y) = (/2, 9/4) (max) 
inflections: (none) 
9. Graphical representation: the above analysis is summarized in Fig. 3.97. Note that inflection 
points do not exist for the reason that (by definition) f”(x) is not defined at x = 0 and x = +2 


points (the left and right side derivative functions are not equal at these points). However, f (x) 
does change its concavity/convexity at this point. 


3.112. Given composite function, 
f(x) = In[x? — 2x| = In|x(x — 2)| 
1. Domain of definition D: absolute function is always positive or equal to zero; thus, logarithm of 
absolute argument is defined for x(x — 2) 4 0, 1.e.,x #0 and x # 2. That is to say, there are two 


vertical asymptotes, x = 0 and x = 2. Thus, domain of definition D is x € RJIx £0,x 42. 
2. Function’s parity: 
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even: f(—x) = In|(—x)((—x) — 2)| = In|x(@ + 2)| ~ f(x) (not even) 
odd: — f(—x) = —In|x(@~ +2)| 4 f(x) (not odd) 


In conclusion, this function is neither odd nor even. 
3. Function’s sign: 


gee 1 o, x2—-2x-1=0 
ree =l1+vV2 
f(@)=0: 3. Injx*?-—2x)=0 : /2 
ee x*—-2x=-1l oo. x*—-2x+1=(*-1)7=0 
", X34 =1 


That is to say, there are two first-order zeros, x, = 1— J/2andx> = 1+/2, and one second-order 
Zero X34 = 1. 


ere - OO FF FF FF FEF Ft FE +F + + 

a — a - 0 + + + + + +p =F 
@=)- - - =- = = = © + + + 
eS) Tie = = = = ee = = = 0 + 
ce) is 1 + 0 = -1 - 0 + 1 =F 
|x(x —2)| >1 1 <l 0 <1 1 <1 0 <l 1 >1 
Injx(x—2)| + 0 - nd —- 0 - nd — 0 + 


4. y-axis crossing point f (0): f (0) = In |O(O — 2)| = n.d. 
5. Limits: there are six limits to resolve, 


x—>+00: lim f(x) = lim In|x? — 2x] =+00 
— X—=00 X00 


x0: lim f(x) = lim In |x* — 2x| = —00 
x D2 lim f(x) = lim In|x° — 2x| = —00 


Note that due to argument of In | - | is an absolute function, both left- and right-side limits are equal. 
Therefore, there are two vertical asymptotes, x = 0 and x = 2. 
6. Oblique asymptote: there is no oblique asymptote, as 


(= , x Ix] m4, Un |x? — 2x])/ 
= —) |x|! = — = — = sign (x) } = lim ———— 
oo x x—>00 1 
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(x? — 2x)(2x — 2) 
|x2 — 2x| 
|x2 — 2x| .. (2—™Cr= 2) or) 
= lim = lim = ( ) 
x00 1 x00 (x2 _ 2x) love) 
tH oo. (2x — 2)’ j 2 
= ———— = lim 
x00 (x2 — 2x)! x00 2x —2 
=0 
7. Critical points: 
(x? — 2x)(2x — 2) 
2 2x| 2x —2 2(x — 1) 
: = 0 : i => I 2 — 2 : = |x = — = 
Paes P= a 24)) |x? — 2x x2 2x x(@—2) 
* 2x-2 7. x=l 
-. fd) =In|I’ — 2(1)| = In| — 1) =0 
Therefore, there is one maximum point at (x, y) = (1, 0), as 
2 is + + + + + + 
x 0 + + + + =F 

x-1 _ - - 0 + + oF 

Ge? ih — _ = _ 0 + 

fix) - nd + 0 — nd dP 

also, 
2x —-2\' 2x? —2x) — (Qe —2)(2x —2) —2(x? —2x +2) 
=0: " = — = 
froy=0: pro=(F>) oe — 


because denominator is always positive (quadratic function) and numerator is always negative. 
Note that x? —2x +2 > 0 for all x. Consequently, due to f(x) < 0, there are no inflection points, 


and function f(x) is always convex M. 
8. Summary of the important points: 


define: x40, x42 

v. asymptote: x=0, x=2 
zeros: (x, y) =(1 meee 0) 

(x, y) = (0, 0) 

(x, y) = (0, 9) 
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Fig. 3.98 Example 
P32 


(x, y) =(1 + V2, 0) 


extremes: (x,y)=(1,0) (max) 


9. Graphical representation: see Fig. 3.98. 


3.113. Given function, 


_ 1), 1 1 
ror=(s—g)m(1- 5) 


1. Domain of definition D: inverse function 1/x is defined for x ~ 0, and logarithmic function is 


limited to strictly positive arguments; thus, {reall : Ur = or, = 
\ 1 <x-l 0 x—1>0 and, x>0O0 .«. x>1 and, x>0.. x>1 
== a0: S 
x x x—-1<0O and, x<O .. x<1 and x<0O .. x <0 


therefore f(x) is defined forx € RI-oo <x <0, or, 1 <x < +o, thatis to say, that within 
the interval x € [0, 1], this f(x) is not defined. In addition, there are two vertical asymptotes at 
y=Oandy=1. 
2. Function’s parity: 


even: f(-x) = (cx : i) in(1 - =) _ (: ‘p i) in (1 + -) # fox) 


.. (not even) 


odd: — f(—x) = (: f i) In (1 4 =) # f(x) .. (not odd) 


In conclusion, function f(x) is neither even nor odd. 
3. Function’s sign: {recall: ab=0Sa=0 of. b=O0 \, as 
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x—-1/4=0 .. x, =1/4 .. x; € [0,1] (not in the domain) 
1-—1/x=0 .. x2 =1 .. x2 € [0,1] (not in the domain) 


therefore, there are no zeros of f(x), thus 


x-1/4 —- _ - - 0 + + + =F 
Ind—I/x) 0 + nd. ond. nd. nd. nd — 0 


4. y-axis crossing point f (0): f (0) = (0 — 1/4) Indi — 1/0) is not defined. 
5. Limits: there are four limits to resolve. 


1 1 
x—> +00: lim f(x)= lim («-7)im(1- =) =-0 
—— X>=x0O X00 Xx 


Il 
in 
5 
bat 
— 
5 
a 
= 
| 
| 
VT 
| 
a 
=n 
5B 
Ale 
— 
5 
iS 
i 
| 


Indi -1 f 1/2 - 
= a /x) sot i [(x* —x) 
x— 00 1/x x— +00 —1/x? 
=— lim =— lim — 
X—>=xr00 X — Pe pe lH, 


= —1 (horizontal asymptote) 


x0: lim fe) = lim Ce 1/4) in(1— 148") = 


x> 0 
+00 
’ 3/4 1 
x> 1: lim f@)= lim (x 474" ) In(1 = Lx" ) — 
a ~ ~ —>—00 
Therefore, there is one horizontal asymptote at y = —1. 


6. Oblique asymptote: 


f@) |, («— 1/4) Ind — I/x) 
—_ = 1m. 


a= lim li 
xX>00 X X00 x 
_ xIn(1 — 1/x) 1... Ind —-1/x) 0 
= tlm —-— lim = 
X00 x 4 x00 x oo 
a ee 
0 


= = lim |= ina - 1/| = (0-0) =0 


Therefore, there is no oblique asymptote. 
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7. Critical points: 


, 1 1\ t/a? 
f'(x) =0: ae 


1 4x -—1 
= In({1— — ) + ———— 
4x (x — dD 
This is another transcendental equation form that must be solved numerically. With the help of 
Newton-Raphson method, the only f’(x) zero is found (after rounding to three decimal places) at 


(x, y) = (—0.243, —0.805). The same solution can be found by other numerical methods as well: 
graphical, Taylor expansion polynomial, etc. Sign of f’(x) function is summarized as 


fi) + 0 n.d. n.d 


There is one maximum point at (x, y) = (—0.243, —0.805). Also, 


Stacie. Hes (in (: ‘) _ aead ) 2x +1 P 
— : x)= == ———— — 7 
x 4x(x — 1) (2x(x _ Dy 


1 
4. 2, 1=0 .. x=--= 
Xp x 5 


Thus, 


=. — _ = = = = = 


oom - oo + + + + + 
(Qxa-D + + + 0 + 0 4 
fx) + 0 = 


There is one inflection point (x, y) = (—!/2, —0.824). 
8. Summary of the important points: 


define: x ¢0<x<1 


horizontal asymptote: y= -—l1 


vertical asymptotes: x =0 


y-axis crossing: (none) 


zeros: (none, f(x) is always negative) 
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extreme: (x, y) = (—0.243, —0.805) (max) 
inflection: (x, y) = (—1/2, —0.824) 


9. Graphical representation: the above analysis is summarized in Fig. 3.99. 


3.114. Given function, 


f(x) = sin(2e”), x €[-27, 7] 


1. Domain of definition D: all terms in this composite function are continuous; therefore, f(x) is 
defined for x € R. 
2. Function’s parity: 


even: f(—x) = sin (2e~™””) = sin (=) # f(x) .. (not even) 
ae 


odd: — f(—x)= -sin() # f(x) .. (not odd) 


In conclusion, function f(x) is neither even nor odd. 
3. Function’s sign: (x € [—2z,7]) 


fHH=0e sule HU. s Be" Sm, RHO cs: 


“/2 a a 
evr=n— ., x=2In(n=), n=1,2,3 
2 2 


because a logarithmic function is defined for strictly positive arguments. There are three zeros of 
Ff (x) within x € [—2z, z] interval. This statement can be verified as 


fai: f1) = sin (24 el) = sin (3 =) =sinz =0 


Fig. 3.99 Example 
P3113 
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fi): f(%2) = sin (2 alt ans) = sin2x = 0 


f(x): f (3) =sin (2 elt ey) = sin (2 =) = sin3x =0 


Keep in mind the sign of sin(x) relative to its argument (see P.3.90 to P.3.94); in this example, the 
important arguments are zr, 277, 37, so that intervals are 


Der nnz/2) 1 Qn 3x 


sin(x) + 0 _ 0 + 0 _ 


4. y-axis crossing point f (0): f (0) = sin(2e°/?) = sin(2), ie. (x, y) = (0, sin(2)) {in radians }. 
5. Limits: there are two limits to resolve. 


x—>-+oo: lim f(x) = lim sin(2e*/”) = sin(oo) = nd. 
———__ x +00 x—>+00 

0 
x—>-oo: lim f(x)= lim sin(2e”" )) =sin@) = 0] 
x 00 x—>—00 


6. Oblique asymptote: 


* x/2 
a= lim IG) lim cose (=) 


x00 X x00 x 


Therefore, there is no oblique asymptote. 
7. Critical points: 


f@=0: f/@= (sin(2 ey) = e/? cos(2 eo) =0 .. cos(2 el?) 


wp. Ont 1)x 
ia oa 


(2n +1) 
n ——————e 


2. 2 x=2!1 = SH ORD. 


There are three zeros of f’(x) in (x € [—2z, ]) interval where f (x1,2,3) is 
fa: f@)= sin(2 gene) = sin > =1 


3 
fi): fQ2) = sin(2 e?MGr/91?) = sin > =-1 


5 
f(x3): fe) = sin(2 geen?) = sin > =] 


(x, y) = (2 el? ine /4))/2 1) 
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So that, 


ee n/2 31/2 5x /2 
- LSS i a a: i a i 
cos(x) + 0 _ 0 + 0 — 
f'(x) a BE 


Also, 
Ff") =0: f(x) = (e*? cos(2e"”)) = ae cos(2.e*/) — e*/? e*/? sin(2 e*/?) 
= 56%!” (cos(2e"”) — 2e¥? sin(2e")) = 0 
*. N(x) =cos(2e*/”) — 2e*”? sin(2e*/*) = 0 


With the help of Newton-Raphson method f”(x) zeros are found (after rounding to 


three decimal places) at x123 = [—1.687, 1.076, 2.338, 3.122], where f(x1,23) = 
[0.758, —0.280, 0.153, —0.104)]. 
Thus, 

N(x) + 0 

oO a Sa 

ee) ae 0 


8. Summary of the important points: 


horizontal asymptote: (none, must limit on both +00) 


y-axis crossing: (x, y) = (0, sin(2)) 
zeros: (x, y) = (, 0) 
(x, y) = (27, 0) 
(x, y) = Gz, 0) 
extremes: (x, y) = (2e!?/1?_ 1) (max) 

(x, y) = (2e2G7/91/2, 1) (min) 
Gey a(2eP er 1) Gnax) 

inflections: (x, y) = (—1.687, 0.758) 
(x, y) = (1.076, —0.280) 
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Fig. 3.100 Example 
P3.114 F(x) 

1 max max 

x 
0 
_| 
min. 
27 —w 0 T 


(x, y) = (2.338, 0.153) 
(x, y) = (3.122, —0.104) 


9. Graphical representation: the above analysis is summarized in Fig. 3.100. 


3.7. Orthogonal Functions 
3.115. Given function 
(x) =-2 41 
fa) = 5 


Given the horizontal coordinate x; = 0, the vertical coordinate of f (x1) is 


0 
faa -Ptislan “ &=(0,1) 


By definition, the intersect point is found as 


f(x) = g(x) 
A 4+1ear+h 
5 = ax 
The intersect point is at </ = (0, 1), thus 
0 
Vi =-P+o=1 o b=1 2. g(x) =ax+1 


Obviously, one equation is not sufficient to determine two parameters (a and b) at the same time. 
Therefore, for any given value of a, there is an infinity of linear functions that cross <7 = (0, 1) point 
each line with different slope, as illustrated in Fig. 3.101 (left). 
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3.116. Given function 
f@)=-41 
x)=-r— 
2 


Given the horizontal coordinate x; = 0, the vertical coordinate of f (x1) is 


0 
poy =-Ptisi=n 2, Oe 


By definition, the intersect point is found as 


f(x) = g(x) 
x 
--4+1= b 
5 — ax + 
The intersect point is at </ = (0, 1), thus 
(0) 
aa re  b=1 0. g(x) =ax4+1 


Obviously, one equation is not sufficient to determine two parameters (a and b) at the same time. 
Therefore, for any given value of a, there is an infinity of linear functions that cross < = (0, 1) point 
each line with different slope. The second condition is that g(x) also crosses 4 = (—1, —1) point, 
which is encoded as 


g(x) =ax+1 


-l=a(-I)4+1 1. a=2 ». g(x) =2x4+1 


as illustrated in Fig. 3.101 (right). 


Fig. 3.101 Examples P.3.115, P.3.116 
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3.117. Given functions 


f@)=-Zt1 
g(x) =2x+4+1 


By inspection of graph Fig. 3.101 (right), it should be obvious that two shaded right-angled 
(orthogonal) triangles) are similar, i.e., rotated versions of each other. Furthermore, clearly they are 
rotated by 2/2, where their two hypotenuses are aligned with f(x) and g(x). Therefore, f(x) and 
g(x) are orthogonal. 

Formal verification is to calculate angles of the two linear functions. By definition, the ratio of 
the lengths of the catheti defines tangent of angle w created by hypotenuse and cathetus “facing” a 
(within a right—angled triangle, Pythagorean theorem), i.e., the two angles are found as 


1 
tana, = *. Q@, = arctan 5 = 26.57° 


RIM NIe 


tanay = *. Qo = arctan2 = 63.43° 


whose sum is a = 90°. Note that arctan x is calculated in the first quadrant. 
3.118. Given function 


f(x) =4x*4+3 


1. Given the horizontal coordinate x; = 0, the vertical coordinate of f(x) is 
f@i) =40)+3=3=y1 -. F=(0,3) 


Slope m(x) of f(x) for any x is f’(x) = 4; therefore, the slope of an orthogonal function must be 
m, = —!/4, Linear function N(x) passing through < = (0, 3) must be 


1 1 
Es aay aes e MO == tres J. b) =3 
1 
a cee 


2. Similarly, f(—1) = 4(—1) + 3 = —1, which completes coordinates for point 4 = (—1, —1). In 
addition, N> is normal to f(x), in other words parallel to Nj (x) except that it crosses Z leading to 


1 1 
Mae) =e + Oe sf Se ela ae a ela w b= 


1 5 
Mi == ri 
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Fig. 3.102 Examples P.3.118, P.3.119 


These two vertical functions Nj (x) and N(x) are illustrated in Fig. 3.102 (left). 


3.119. Given function 

f(x) =—x° +2 
By definition, first derivative of function f(x) is a linear function T(x) = y = mx + b that only 
touches f(x) at point (x, y). Therefore, first, the slope of tangent line m at any point is found as 
derivative of f(x). Then, among all possible parallel lines (in other words, with the same slope m), 
there is only one line that crosses specific coordinates (x1, y1). 
1. Given the horizontal coordinate x; = 1, the corresponding vertical coordinate of f(x) is 


f@)=-P42=1l=y, » w=(1,1) 


Slope m(x) of f(x) for any x is f’(x) = —2x; therefore, f’(x;) = —2, and the slope of orthogonal 
function must be m; = 1/2. Linear function N(x) passing through /” = (1, 1) must be 


1 1 1 
N => bow NOD==0)+b,=1 .. b= = 
(x) uaa I eo) a I L=5 
1 1 
Ni (x) = 5 x+ 2 
2. Similarly, given the horizontal coordinate x2 = —2, the corresponding vertical coordinate of f (x) 


1S 
f() =-(-2P +2=-2=y. «. B= (-2,-2) 


Slope m(x) of f(x) for any x is f’(x) = —2x; therefore, f’(x2) = 4, and the slope of orthogonal 
function must be mz = —!/4. Linear function N2(x) passing through 4 = (—2, —2) must be 
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1 1 
N2(x) = ae b) «. No(-2)= 7 (—2)+b,=-2 ». bo =—- = 


1 5 
N(x) = “a 2 


3. Two functions intersect when they share the same point, in other words, when they are equal. In 
this case, 


1 1 5 3 
Ni(x) = Nox) ©. ae nas x5 x =—4 thus, a ae ae aa 


That is to say, the intersect point is @ = (—4, —3/2). 
The two orthogonal lines and three relevant points are illustrated in Fig. 3.102 (right). 


3.120. Given function f(x) in P.3.45, 


4 2d-x)  2e@+) 
rONS? x2+1 x241 


By definition, first derivative of function f(x) is a linear function T(x) = y = mx + b that only 
touches f(x) at point (x, y). Therefore, first, the slope of tangent line m at any point is found as 
derivative of f(x). Then, among all possible parallel lines (in other words, with the same slope m), 
there is only one line that crosses specific coordinates (x;, y1). 


1. Given the horizontal coordinate x; = 1, the vertical coordinate of the tangent at point </ is then 
found as: 


peat 
fo = E222», 7, @=(1,2) 


Slope m(x) of tangent T(x) at any point x is derived as 


; 2x2 + 2x)’ (4x + 2)(x? + 1) — 2x (2x? + 2x) 
m(x)= f@)=(—> = = ae 
x7+1 (x- + 1) 
_ A + 2x? + 4x +2—-A— 4x? x? = 2x - 1 
7 (x? + 1)? 7 (x? + 1)? 


then, at the specific point <7 = (x;, y;) = (1, 2), slope m, of tangent 7) (x;) is 


21? 2-1) _ 


m= f(x) = (24D 


m, = 1 


Therefore, equation of tangent at point. Y = (x, y}) = (1,2) is T) = mxt+b) = 1-x4+b, 
where constant b, is found from the condition that T;(x,) = y,. That is to say 


xy = LS 2. J =2 = 7, (41) =mx,+b; ase 2=1-14+b), es bb =1 ea T(x) =x+1 


This tangent is shown in Fig. 3.103 (left). 
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2. Given straight line y = ax +b = —x it follows that its slope equals m = a = —1 and the constant 
b = 0. In other words, it is a linear function that crosses the origin of the coordinate system (0, 0). 
As all parallel lines must have the same slope, i.e., 7 = a = —1, then by consequence, they are in 
the form of 

TIh=-x+bh 
The question in this example is to find at what value of x = x2 the slope m = —1, i.e., the first 
derivative f’(x) = —1? 
Thus, 
; —2(x? — 2x — 1) ; 9 4 9 
 xt+4x4+3=0 


This fourth-order polynomial equation may be resolved by exploiting the factor theorem and 
factors of number 3, i.e., 


3 = (-1)(-3) = MG) 
First, it is easy to find that x = —1 is one of the roots of this polynomial as 
P(x)=xt+4x4+3 0. P(-1) =(-D*4+4(-D+3=0 
Therefore, P(x) is divisible by (x + 1) binomial, then long division of P(x) gives 
("4 Set Dae a a 
Repetition of the factor theorem yields second root x = —1, as 


Q(x) =x? - 2? +443 6 OD =? -(-1)?+(-1)43=0 «. 
Ga a3) SS 1) Sx oe 


This quadratic polynomial does not heave real zeros, thus 
P(x) =x44+4x +3 = (x + 1)°(x? — 2x +3) 
Real zeros of the fourth order equation are 


(x + 19°? —2x4+3)=0 ». m2 =-1 


f'(-1)=0 aswellas f(—1)=0 


In conclusion, at the point @ = (—1,0), the slope of the tangent line to f(x) ism = —1. 
Therefore, the exact form of that tangent 7) is linear function as 


TIh=—-x+h. ». -1=0x4+b, «. bb =-1 «. Th(x)=-x-1 
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—2 0 2 


Fig. 3.103 Example P.3.120 


3. General orthogonality condition for two lines with slopes m, and mp is that their slopes 
(derivatives) at the given point have negative inverse relationship as 


1 
m=-— 
my 
which is exactly the case with T; and T> (i.e. 1 = —1/(—1)). Therefore, these two tangents 7) (x) 


and 7>(x) are normal to each other, as illustrated in Fig. 3.103 (right). 


3.121. Given function f(x) 
f(x) =x? 42x? -1 


By definition, first derivative of function f(x) is a linear function T(x) = y = m,x + b that only 
touches f(x) at point (x, y). Therefore, the tangent’s slope m, at any point is found as derivative of 
f (x) at that point. In addition, it is always possible to envision another nonlinear function g(x) whose 
tangent (i.e., first derivative) at the same point (x, y) is orthogonal to the f(x) tangent, in other words 
whose first derivative at (x, y) is m2 = —1/my. 


1. Given the horizontal coordinate x; = —1, the vertical coordinate of f(x) is 


fa=CI?+2-l?-1=0=y ». Y=(-1,0) 
fix) =3x° +4x 0. f(-)=-l=m 
therefore slope of the orthogonal function must be mz. = —1/m, = 1. The two functions, f(x) 


and g(x), must satisfy two equations: first, obviously, they must share </ = (—1, 0) point; second, 
at & = (—1, 0) point, their derivatives must satisfy the condition of orthogonality, i.e., 


1 1 1 
f(-l)=0=g(-l) «. ax} + bx +5 =a(-l) + b(-I) +5 =a-b+5 =0 
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g(-—D=1 ©. 2ax,+b=2a(-1)+b=-2at+b=1 


This system of equations is solved, for example, as 


1 
Cae eee Te ee ee “ —b=0 .. b=0 


a=0-!f -, a=—!/r 


In conclusion, quadratic function g(x) = ax? + bx + 1/2 that is normal to f(x) = x3 + 2x? — Lat 
point <7 = (—1, 0) is in the form (see Fig. 3.104) of 


2. Similarly, given the horizontal coordinate x; = 1, the vertical coordinate of f(x) is 


fa) =? +20d"-1=2=y 1 = (1,2) 
f(x) =3x° +4 0. f(D =7=m, 
therefore, slope of the orthogonal function must be mz = —1/m, = —!/7. The two functions, f (x) 


and g(x), must satisfy two equations: first, obviously, they must share 4 = (1, 2) point; second, 
at & = (1, 2) point, their derivatives must satisfy the condition of orthogonality, i.e., 


1 1 1 
fO=2=20) “ axt+bu +5 sally +b) +5 =atb+5=2 


gQ)=-I7 «. 2axy+b=2a(l)+b=2atb=—-'7 


This system of equations is solved, for example, as 


3 3 
a=-b+52(-b+3) +b=-2434b=-Ip b= 


3 
a= 22/7 + > . aS —23/14 
In conclusion, quadratic function g(x) = ax? + bx + 1/2 that is normal to f(x) = x3 + 2x? — Lat 
point & = (1, 2) is in the form (see Fig. 3.104) of 


= 23424 ag 
a ae ge 
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Fig. 3.104 Example 
P3d2t 


® 


Check for 
updates 


Multivariable Functions 


Limits: given multivariable functions in the form f(x, y, z,...), there are multiple limits to calculate 


lim 
xX >X9, 
y—> Yo, 
(x,z)—> (%0,Z0), 
(x,y,Z)—> (0.0.20), 


PE Zits) 


where the function limit exists if all variable limits converge to the same value; otherwise, the limit 
does not exist. Note that convergence of each individual limit by itself is a necessary but not sufficient 
condition to prove the existence of the global limit. 


Partial derivatives: are calculated for each variable relative to all the others. For example, in the case 
of a two-variable function f(x, y), the following equivalent notations are used to specifically write 
the order of second partial derivatives as 


Integrals: 


(fe = fe = 5 -G f\ 3 
(12), = y= (4) = HL 
(A), = 5 = # (4) = 2h 
(8), == 5, Ge = 


volume of a multidimensional object is calculated as integral along each variable (the 


integral sum is a commutative operation). For example, in the case of three-dimensional space, we 
systematically reduce the number of variables as 


vio = fff S(x,y, z) dx dy dz 
XYZ 
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=f dy dz f f(s, y.2) dx 
y,Z x 


f(y, 2) 
=f az { Fo.2 dy 
v4 y 
f(@) 
= | f(z) dz 
z 
Problems 
4.1 Domains of Typical 3D Surfaces 
Sketch plot of surfaces in P.4.2 to P.4.4. 
4.1. f(x,y) =x? 4.2. f(x,y)=x*+y 
4.3. 22=x?+y° 44. =x? +y74+27 
Determine domains of functions in P.4.5 to P.4.8. 
4.5. f(x,y) =x4+/y. 4.6. f(x, y) = In(—x — y) 
4.7. g(x,y) =J/9-x2 -y? 4.8. h(x, y) = V1 —x?4+/y?-1 
4.2 Multivariable Limits 
Calculate limits of functions in P.4.9 to P.4.12. 
‘ 2.3 13,2 2_ y2 
4.9. ea Sa oe eee) 4.10. lim a 2 
(x.y) 0,0) x2 ++ y? 
: xy 3 2 
11. lim ———~ x“y 
= (x,y) (0,0) x? + y? 4.12. 


lim  —— 
(x,y) > (0,0) x? + y? 


4.3 Partial Derivatives 


Calculate partial derivatives of functions in P.4.13 to P.4.18. Then, if applicable, calculate derivatives 
at given points. 


4.13. Calculate f’(1,1) and f{(1,1) if f(y) =4—x?-2y?, 
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x 
4.14. ,y=si . 
f(@, y) = sin a 


4.15. Calculate ae and a if x? + yi +2? + 6xyz = 1. 


4.16. Calculate f”, fl", ff" if f(x,y) = 3x2 +x7y? — 2y?, 


xx? Ixy? Jyx? J yy 


4.17. Calculate partial derivatives of z = e* sin y, where x = st” and y = s*t. 


4.18. Given uv = In (x — a)? + (y — b)?, where a, b are constants, prove the following equation: 


au d*u 


aa ie 


4.4 Multivariable Integrals 


Calculate integrals of functions in P.4.19 to P.4.20. 


3 2 
4.19. Calculate the following integral: i / xy dx dy 
0 JI 


4.20. Given 3D surface is defined as v1 — x? dA where domain R is bound by (x, y) variables. 


Calculate surface A, given that |y| < 2. 
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Answers 


4.1 Domains of Typical 3D Surfaces 


4.1. Function f(x, y) = x? does not depend on y; thus, when looking “into” the y-axis at the x-z 
vertical plane, there is only quadratic function z = x? visible. However, this quadratic function exists 
at any position along y € [—ox, oo] axis; see Fig. 4.1. 


4.2. While looking into the z-axis, starting with point (x, y) = (0, 0), that is to say, atz = f(x, y) = 
0, function f(x, y) = x? + y? defines a circle whose radius increases along the z-axis; see Fig. 4.2. 
At the same time, while looking sideways into either the x- or y-axis direction at the vertical plane, 
there is a quadratic function: z = x” if y= Oorz=y? ifx =0. 


4.3. While looking into the z-axis, starting with point (x, y) = (0, 0), that is to say, atz = f(x, y) = 
0, two-sided cone function z? = x? + y? defines a circle whose radius increases along the z-axis; see 
Fig. 4.3. Looking sideways, however, in either x- or y-direction, there is a linear function, |z| = |x| if 
y = Oand [z| = |y| ifx =0. 


Fig. 4.1 Example P.4.1 z 


fi 
mY 
Mbhiyy yy 


lay 


Fig. 4.2 Example P.4.2 
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Fig. 4.3 Example P.4.3 


Fig. 4.4 Example P.4.4 


4.4. Function r? = x? + y” + z* defines a sphere whose radius equals r; see Fig. 4.4. Looking from 
any of the three directions, there is always a circle projection, r* = x? + y? if z = 0,r? = x* + 2’ if 
y =0, andr? = y?+ 2 ifx =0. 

4.5. Function f(x, y) =x + ,/y is defined for x € R and y > 0. 


4.6. Function f(x, y) = In(—x — y) is limited by In function; thus, —x -y>0 .. x+y <0. 


4.7. Given g(x, y) = /9 — x2 — y? is limited by the domain of radical function; thus, 


D= |e.» jo-x- yr zal a {9 


Pay <¥} 


Thus, in x, y plane, g(x, y) is contained within a circle whose radius r = 3, z is limited only to 
z> 0, and ./9 — x? — y? < 3 (ie., when (x, y) = (0, 0); i.e., 0 < z < 3, or g(x, y) defines the upper 
half-sphere). 
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Fig. 4.5 Example P.4.8 


4.8. Function f(x, y) = al — x24 Vy? — | is limited by two square roots (see Fig. 4.5); thus, 


fees. + eal & eet 


y=120 4 YP Sl & lyst 


Looking sideways into the y-axis, i.e., when x < 1, projection of h(x, y) function onto the upper x-z 
vertical plane is a half-circle function z* + x? = 17, ice., its radius equals one at y = 1. At the same 
time, looking into the x-axis when y > 1, projection of h(x, y) function onto the upper y-z vertical 
plane is a hyperbola y* — z? = 1 for x = 0. 


4.2 Multivariable Limits 


4.9. Limits of multivariable functions must be calculated along multiple directions. That is to say, in 
the first iteration, limits are calculated along each variable. However, in order for a limit to be defined 
(i.e., given surface is continuous in any direction), all limits along any arbitrary directions must be 
equal. That condition is main difference relative to the single-variable functions where there is only 
one possible path along the line. In this case, function is continuous along both x and y lines; thus, 


lim : Ory? — 279" + 9x By) =] PP = 172? 4301) + 20) = 11 
(x,y) > (1,2) 


4.10. In the case when a function is not defined at a given point, as 


; x2 = y" 0 
lim ——;=- 
(.y)+,0) x2 ++ y2 0 
the existence of such limits must be verified as same as for single-variable functions, for example, by 
L’H6pital’s rule or some other techniques. As the very first test, limits should be tested along the x- 
and y-axes separately, as 


=O of 


lm —~W—=7,= 
(x.y) @.0) x7 +07 y% 
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Oey or. 4 


lin ——~ 
yO) P+y? 


These two limits are not equal; thus, it is sufficient to conclude that lim,,))(0,0) f(x, y) does not 
exist. 


4.11. Even if the two limits along the x- and y-axes are equal, that is a necessary but not sufficient 
condition. As in this example, 


xy x (0) 


lim — = 
(x.y>@,.0) x2 + y2 x2 +0 


xy (0) y 
lim = =0 
(iy >Oy) x2? + y? OF y? 


however, limit along y = x is 


xy xXx xe 1 


Gy>Gx) x? + y2 x? 4x2 YF 2 


Therefore, even though the first two limits are equal, they are different from the third. It is sufficient 
to find a case that is different to conclude that the limit at a given point does not exist. 


4.12. This limit appears to not exist, because 


; 3x7 0 . 3x7y 
lim ={- however, lim == 0 
(x.y) ,0) x2 ++ y? 0 (x,y) (2,0) x2 + y2 x? 
3x2 0 
wy) Oy) x° + y y 
3x8 3x 


lim —= lm —= 
(Ox) 2% (y)>0,0) 2 


Even though these three limits are equal, it is not certain that there is no some other path in existence 
on the surface that leads to a different result. The question is how to prove that this limit exists along 
any arbitrary line? One possible technique is to apply “the squeeze theorem” (see Sec. 1.4). 


Distance between point f(x, y) = O and any other arbitrary point on f(x, y) surface may be 
expressed as 


Sy a 3x7y ax? 3x? |y| 
—o| = = ly| = (4.1) 
x24 y? x24 y? x? 4 y? x24 y? 
because “3”, x”, and ¥y? are all always positive; thus, 
3x2 3x2 
5257.20 = 
as (3,x°,y)20 => iyi ep 
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Fig. 4.6 Example P.4.12 


Therefore, the first conclusion is that the lower side limit of (4.1) is zero. On the upper side, because 
it is always true that x? < x74 y’, then the second conclusion is that 


x x? 

x<x? ty? = Su 2) S&S 4 sae 2A 
xo +y x-+y 
<1 


Once the two boundaries are established, (4.1) may be written as double inequality 


lower boundary < f(x,y) < upper boundary 


3x7y 
0< —— <3 
Say = ly| 


a {apply the squeeze theorem | 


3x7y . 
m O< im ——~ < lim 3jy| (4.2) 
(x.y) >0,0) (x.y) (0,0) x? + y? (x.y) 0,0) 
3x2 
0< z 


im ——~ 
~ ey) 0,0) x? + y? 
As both left- and right-side inequalities in (4.2) tend to the origin, i.e., (x, y) > (0, 0), then by the 
virtue of its position between the two extremes, any point at distance f(x, y) is “squeezed” between 


two limits and must also converge to zero; see Fig.4.6. In summary, even though f(0, 0) is not 
defined, this limit exists as in any direction 


. 3x2y 
lim ——;= 
(x,y) > 0,0) x2 + y? 


4.3 Partial Derivatives 


4.13. Partial derivatives are calculated relative to the indicated variable, while all the other variables 
are assumed to be constant, i.e., 
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! a 2 2 / 
=a —2y)=-2x .. f,d,)=-2 
/ a 2 2 / 
fag G-¥ dw) =—4y 2 KG, N= 4 


4.14. Partial derivatives of composite multivariable fractions follow the same rules as for single- 
variable derivatives, 1.e., 


Hoo gs Ss gag = ( . )- Z c “ 
_ = = hs 
ax. l+y l+y ox\ity) I+y. 1+y 


j a0. x x 0 x x x 
f, == sin = cos == COs 
i: aan lappy oy \Iaey (1+ y)? I+y 


4.15. Implicit partial derivation is done by following the rules for composite functions as well as for 
any other ratio/product terms, 


az dz dz 

(x+y? +2°+ 6yxz =1) +. 3x7+32°— + 6yzt 6xy— =0 

Ox —— dx ax 
FOFO 


5 (2 +62 xy) = Ax? 2 92 


dz x? + 2yz 
dx 2 +. 2xy 


0z 


=0 
dy 


az 0z 
a (x by ae Grye = 1) oy Sy a Se75 bees Gey 
SOS 


Oz y? + 2xz 
dy —s-- 4 2xy 
4.16. Second derivatives may be relative to the same variable as the first derivative or mixed. 


f, (x? Se a ee 2y’) = 3x74 2xy? 


af: 0 
(a fs = (ae + 2xy?) = 6x + 2y? 
_ Ox x 
7 of, a 2 3 2 
fy = ay rae + 2xy ) = 6xy 
of: a 
" y 2252 2 
fix = Fy = jg Br’ — 49) = Oxy 


0 
" y 2D! 2 
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4.17. Given parametric form of function z(x, y) = e* sin y, where x(s,t) = st? and y(s,t) = s*t 
are expressed relative to parameters s and f, its derivatives are calculated by following the composite 
function rules as 


dz dzox dz dy pe: 2 
= =e t . 2st 
Ds Se As + Dy Os e* (sin y) t“ + e* (cos y) 2s 


= 77 e" sin(s*t) + 2st e" cos(s?t) 


a az 0 dz 0 
7 = ~ > + a = e*(sin y) 2st + e* (cos y) s? 


= 2ste™ sin(s?t) +s? e" cos(s*t) 


Note how each fraction relative to one variable may be expanded to include any other variable, e.g., 


dy _ dy Of _ dy dt 
Ox Ox dr Ot Ox 


4.18. Given 


u=InVJ/(x — a)? + (y — bY? 


it follows that 


Ou _ 1 0 

dx /(@—aP+(y— by? ax 
1 1 

J@-aP+0—bY 2/@—aPtQ—b 


Ve =a)? + (y — bY 


0 
- [(x — a)? + (y — by" ] 


1 1 
= 2 _ 
Ga eO=ae 2/G=ao=ne 

_ X= 4 
~ (x —a)?? + (y— bP 

au —(x—a)*+(y—b)? 

ox? [@- a? + (y — by] 

Similarly, 
ou y-a ; ru (x —ayY —(y— by 


dy 7 wHay+iy=b) ~~ ay? 7 [(@ — a)? + (y — by] 


Therefore, 
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eu eu -(x-ayP+(y—bY — (x-a)?-(y— by? 
2 ae 2 277 2 272 
[~-a?+~-b2]} [(@-a?+0-5)?] 


4.4 Multivariable Integrals 


4.19. Fundamentally, integration is an addition; thus, it is a commutative operation, and the order of 
integration variables can be changed as necessary. 


3 2 3 2 3 y2 
[ f eyacay= [eas | ydy= [sas — 
0 JI 0 T 0 2 


Pe OT Og 
2 


2 


3 3 
=; x? dx 
1 2 Jo 


xX 


3 x 2 


0 


4.20. Double integral delivers surface area bound by the integral limits. Thus, given 


II J1l—x2dA (4.3) 
R 


and interval |y| < 2, it is necessary to determine the bounds as well as shape of this surface. 
Operation of square root imposes limit 1 — x? >0 .. |x| < 1. In addition, z = //1 — x? defines 
a positive semicircle whose radius r = 1. After taking into the account the given condition that 
“Le yS2 
then (4.3) defines the surface of a half-cylinder whose y-direction length is / = 4; see Fig. 4.7. The 
length of half-circumference (see P.5.101) equals s = 2rm/2 = 7; therefore, the rectangular area 


that covers this “tunnel” equals 


A=sxl=nx4=4n7 


[[ Vis aa aan 


Fig. 4.7, Example P.4.20 


> &X 


® 


Check for 
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Integrals 


Basic integral solutions are derived from the fundamental theorem of calculus and are traditionally 
given in the form of “tabular integrals”, which are then simply used without additional proofs. A 
minimal list of tabular integrals and basic properties of integration may be as follows (assuming that 
constant a > 0): 


Tabular integrals: 


f(x) [ro dx 


a nx” !+C, n¥#—-l) 
1 
ae In|x| +C (x £0) 
x 
a ol +C 
Ina 
sin x —cosx+C 
cos x sinx + C 


Basic properties of integration: 


fe f(x) dx =a / f(x) dx (constant a is factorized) 


/ d ( f (x)) = f(x) +C (integral is antiderivative) 


y [ fo) + a(x) | dx = / f@@)dxt i g(x) dx (integral of a sum is sum of integrals) 
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[ro g(x) dx = f(x) g(x) — / f'(x) g(x) dx (partial integration) 


Note that the result of integration is not unique. That is to say, the integration result is a family 
of functions separated by an arbitrary constant C. That is direct consequence of the fundamental 
theorem of calculus where, for example, f dx =x+C because d(x + C) = dx 


General strategy to solving integrals: 


Tabular forms and basic properties of integration may be used within the following, progressively 
more involved, steps: 


1. Check if the given function is one of the tabular forms (i.e., trivial solution). 

2. Decompose the given function’s form into tabulated forms. 

3. Apply the change of variables method, several times if needed, so that the given function is 
decomposed into tabulated forms. 


4. Apply the method of partial integration, several times if needed. 
5. Apply some combination of the above methods. 


Problems 


5.1 Simple Integrals 


Calculate simple integrals in P.5.1 to P.5.8. 


5. : (x? + 2x —1) dx 5.2. / (x7 +x) dx 5.3. / = dx 


5.4. Jo + 1)Qx + 1) dx 5.5. [o cosx + sinx) dx 5.6. / ie le Sx dx 


5.7. [le + 008° x01 + tan?) dx 5.8. — a as 


5.2 ‘Integration by Change of Variables 
Calculate integrals in P.5.11 to P.5.23 by change of variables method. Note that it is not necessary to 


write the integration constant C during the intermediate steps; it may be summarized and added to 
the final integration. 


1 1 
5.9. ——d 5.10. ——— d 5.11. AO aed a 
I= . l= ° [: Sosa 


5.4 


5.12 


5.15. 


5.18 


5.21 


5.24 


5.3 


Trigonometric Substitutions 


A [vertex 


/ tanx dx 


sin’ x dx 


i fre dx 


cosx e"* dx 


Integration by Parts 


5.22. 


Pe 
te 

Fi [: cos(x* +2) dx 
F [ sin’ dx 

[= x dx 


5.20. 


5.23. 


Calculate integrals in P.5.25 to P.5.40 by the partial integration method. 


5.25 


5.28. 


5.31. 


5.34. 


5.37. 


5.40. 


5.4 


. fre dx 

fer dx 
fem dx 
[: sinx dx 


Je cosx dx 


5.26 


5.29. 


5.32. 


5.38. 


5.41. 


. jae dx 
ic dx 
[ve dx 


A [ scostax) dx 


i 35" dx 


| sin(2x) e™* dx 


Trigonometric Substitutions 


5.27. 


5.30. 


5.33 


5.36. 


5.39. 


5.42. 


407 


sin x 
E i dx 
cos* x 


- [ sina dx 


/ e “ dx 


[ve dx 

[> In(1 + x’) dx 
: fo- 1) e* dx 
Je sinx dx 


I> In(x? — 1) dx 


feo sin(ax) dx 


Functions in this section are some of classic forms that are solved by applying trigonometric identities 
and substitutions. Calculate integrals in P.5.43 to P.5.57. 


408 


2 
5.43. Jv 9 — x2 dx 5.44. i es dx 
/36 — x2 
1 1 
5.46. / dx 5.47. ; ae 
cos x cos? x 
5.49. fo + tan’ x) dx 5.50 / —_ d 
ee 
5.52 / : d 5.53 i : d 
52. ——————. dx 53. ———. dx 
jm xe fiat 
1 
5.55. / a2 +x? dx 5.56. / —— dx 
14+ x? 
ry) 
5.58. ve 72> = is dx 
J4 — x4 


5.5 Rational Functions 


5.45. 


5.48. 


5.51. 


5.54. 


5.57. 


5 Integrals 


/ J25x2 +4 
dx 


/ 1 
cos? x 


[v= dx 


oo 9 
i e~ dx 
aS 


[vera 


Calculate integrals in P.5.59 to P.5.66. Note that rational functions are often integrated by applying 


the partial fraction decomposition technique in Vol. I. 


2. 2 
5.62. /== dx 5.63. / aE ax 
x3 xt+—] 


5.6 Definite Integrals 


Calculate definite integrals in P.5.68 to P.5.81. 


3 2 
5.68. / x? dx 5.69. / x(1+ 2x3) dx 
2 


20 2 
5.71. : coax dx 5.72. / ae 
0 0 V¥1+ 3x2 


Xx 
5.60. i @+D@—4 d 


5.67. 


5.70. 


5.73. 


1 
: ———. dx 
= 


x —2In|x+ 
ze In| q dx 
1-—x 


bg 
/ x’ cosx dx 
0 


5.7. Area Integral 


1 6 
5.74. / x cos(ax) dx 5.75. / 
5 


Tl 


In2 
5.77. Vex —1 dx 5.78. / 


0 


5.80. / e* sin(ax) 5.81. / 
0) pa 


5.7.‘ Area Integral 


(+ 1)@ -4) 4 


oo a2 + x? 


409 


Xx 


1 
x 5.76. [oxi +2) dx 
0 


[o.@) 
dx 79, | e °F dy 
0 


e* cos(ax) dx 5.82. / e* sin(ax) dx 


1! 


By using definite integrals, solve problems in P.5.83 to P.5.86. 


5.83. Derive the formula for the area of a right angle triangle whose catheti are a and b. To verify the 
result, use it to calculate the area if the two catheti equala = 2and b=1. 


5.84. Derive the formula for the area of a circle whose radius equals r. 


5.85. Derive the formula for the volume of a cuboid whose sides equal a, b, c. To verify the result, 
use it to calculate the volume if the three sides equal a = 4, b = 3, andc = 2. 


1 
5.86. Calculate / fC x)* dx given that f(x) is a piecewise linear function as in Fig. 5.1. 
0 


In P.5.87 to P.5.94, calculate the area between f(x) and g(x) curves. Exclude unbound regions, and, 


if needed, assume (x, y > 0). 


5.87. f(x) =x, g(x) =8-x’, 


5.89. y=x, x*+y—-2=0, 


Fig. 5.1 Example P.5.86 


5.88. 7x>—9y+9=0, 5x*—9y+27=0, 


5.90. y=sinx, y=!/2, 


410 5 Integrals 
5.91. x7+4y?-20=0, xy-4=0 5.92. y=x(x—1)(x-2), y=0, 


5.93. x?-y?=9, 4x —S5y =0, 5.94, x? +y?=8, y? =2x, 


5.8 Volume of a Solid of Revolution 


Given a curve and interval (if given; otherwise, calculate the applicable interval), calculate the volume 
of a solid of revolution in P.5.95 to P.5.100. 


5.95. y=2, x € (0,2) 5.96. y=2x, 1l<x<3 5.97. y = 4x — x? 


5.98. y=1/x, x€ (1,0) 5.99. y=Inx, ye (0,1). 5.100. y=sinx, x € (0,z). 


5.9 __ Line Integral 


Given a curve and interval (if given; otherwise, calculate the applicable interval), calculate the line 
length in P.5.101 to P.5.105. Exclude unbound regions. 


Reminder: Arc length s of a continuous function y = f(x) within the interval x € (a, b) is 


b 
i=] Vl+y? dx 


If the function is given in its parametric form, x = g(t) and y = h(t), where the two parametric 
functions are continuous, then 


to 
s= / Vx2+ y? dt 
th 


assuming that derivatives are possible. 


5.101. x27 + y? =r? 5.102. y = 4 — x” bound by y = 0 
5.103. y = x? + 2x below y = 0 5.104. /x+ /y=1 


5.105. x = Vay? -Ilny, ye (le). 
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5.10 Mean ofa Function 


Reminder: Consider a simple piecewise linear function in Fig.5.2. Knowing that the 
geometrical interpretation of a definite integral is the surface of the area under the function 
over the given interval, it is trivial to conclude that 


4 
/ f(x) dx =4 
0 


because within [0, 4] interval, there are two non-zero rectangles whose total surface equals four 
unit squares. 

For any arbitrary f(x), it is possible to construct a rectangle whose length equals to the same 
interval as in the integral (here, four), and at the same time, its surface equals to the value of 
the integral (here, four). Then, the height (here, one) of that rectangle is referred to as “average 
value of f(x)” and in this example is written as (f(x)) = 1. In general case, knowing the area 
and length of a rectangle, its height is calculated as 


neehe™ surface area 
length 


and equivalently, for any continuous function f(x) within x € [a, b] interval (length), the 
formal definition of its average (height) is written as 


f? fF) dx 


1 b 
(F@)) = 2 = f peas 


Calculate average values of given functions f(x) and intervals in P.5.106 to P.5.109. 


Fig. 5.2 Graphical 
interpretation of an average 
value 
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5.106. f(x) =sinx, x € [0, 27] 


5.108. f(x) =1+0.75cosx, x € [0, 27] 


5.109. f(x) =cos’x, x € [0,27] 


5.107. f(x) =cosx, x € [#/2, 32/2] 


5.11 Improper Integrals 


Given definite integrals in P.5.110 to P.5.118, calculate the area under curves. 


dl 
5.110. / iy dx 
1 X 


oS J 
S113. [ xe *~ dx 


(oe) 


cea | 
5.111. / — dx 5.112. / —— dx 
1 x -1 


Vx2 


od 
5.115. / —. dx 
0 1 + x2 


100z 
5.118. i V1—cos2x dx 
0 
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Answers 


5.1 Simple Integrals 


n+l 
5.1. fottar-ndx= fears frxdx— f dx = { {x= te} 
n 
4 4 


Xx 


= 407--x4+C=—422-x40 
~ 4 Z ~ 4 


=) 2 i go 
5.2. fottnars frtart fxdx= + S+e=-G+ See 
—2 2 2x2 2 
5.3 [> ax= f art f Fara f xx art fx d= fx det fa? ax 
_ JX af Vx 
xP xP 2 
3/2 V2 3 


+= [v=] =29(F +1) +0 


Ox". Bx? 
5.4. fotversndr= forsar+par=S4 Saree 


[0083+ sins) dx=3 | cos ax [ sins dx 


— { [ coss dx =sinx, [sins ax= cos. 


= 3sinx —cosx +C 


; [fxvavedx= [aver ar= f feveRar= f Vo ax = f Va as 


8 
= 18 dy = 15/8 
fa x 5 x +C 


5.5. 


5. 


o 


5.7. [ (e+ 008° x10 + tan? 9) dx = fe ax [ (cos* x(1 + tan’ x)) dx 


<i 3 sin? x 
=e+ cos x {1+ 3 dx 
cos? x 


2 
= e+ [cox (Se ) dx 


melt f cosx dr =e + sinx +C 
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5.8. = a 


oy. Me dx+ fx Shahi Gras 


tx a 


5.2 Integration by Change of Variables 


1 1 
5.9. [pra letene & dx=dt}= fat 
xma t 


= in|) =lalx+e) +c 

5.10 i ; di= ied t 

_ i —— aX = = a 
Gay ae 


1 - 1 
tae} = au= t ie 


+c 
Xmda 
5.11. [ect+ 1)° dx = foes 1)? x? dx 

dt d(x?+1 

= {raat a ge We V2) 98 -dt=x ax | 
dx dx 

5 f ear LD =p egice 
~ 36 * 


[verter = [ev x dx 


5.12 


24] 1 
raat Pe ae a vdx = atl 
dx dx 


1 it 
= = tedt= ear 
=5 | via=> fi dt Zh (x7 +134+C 


—sinx dx =dt .. sinx dx =— dt} 


dt i= 1 
-- | faq--frta--5- 
t4 —3 3cos?x 
5.15. [rans ax= [ fe dx = {cosx =t “. —sinx dx = dt} 
dt 
= f F=-Inlei =-Injeossi +c 


5.16. [<coste? +2) dx = {2 42—% &, 2dxe= at xdx = art 


5.2 Integration by Change of Variables 415 


2 t dt = ~sin(t) = +sin(x? +2) + 
= 5 | os = 5 sin(t) = 5 sin@ 
5.17. [ smanas = {e=2 & a Ea av=5ar| 
dx 2 


1 1 1 
— 5 | sineat = 5 cost =~; cos(2x) + C 


5.18. Given trigonometric function is first transformed by the following identities: 


1 
sinx sinx = 5 (cos(x — x) —cos(x + x)) 
= 1 1 
sin’ x = 5 (cos(0) _ cos(2x)) = 5M _ cos(2x)) 
Then, 
[snr dx = | 5(1 0s») dx = >| dx — 5 | cos dx = aa 5 | eost23) dx 
J 2 “2 2 ~~? 2 
2 irate pS “| () dt => — = sin2x) + 
= _ - —dt= =-—-—-— | cos =-—-—-sin 
aougioae cadens Wa anes ade 2 40° 


5.19. Given trigonometric function is first transformed by the following identities: 
sin? x = sin? x sinx = (1 — cos” x) sin x 
Then, the change of variables method is 
cosx=?t .. —sinx dx =dt 


so that 


[sintx ax = [ (1 -c0s*x) sinx dx =— | (1-?) ar-- | are fed 


1, 1 , 
Sahat = EOS Ae COs x+C 


— Tx 1 1 t 1 é 1 —ax 
5.20. e dx = \¥t=-ax ~, ——dt=dx}=—-— |e dt=-- , =e +E 
a a G lee? a 
ox? . 1 1 ; 
5.21. xe axStpaex* 2. -dp=2ands 2 = dt=ax pa — | ¢ dt 
2a 2a 


1 e 1 x2 
= —. 1 = —-€ +C 
2d ae” 2a 
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5.22. 


5.23. 


5.24. 


5.3 


5.25. 


5.26. 


5.27. 


5.28. 


5 Integrals 
2 1 1 es ae 
5* dx = = x? : = oo = = = s dt = —-— = —- C 
/ aa f aS he BS AOR ee xdx| al as 2s 


x x? 
[sae [sare 
2 2 1 
= jt=x°-1 .. x*=t+1 «. dt=2xdx .. an ae 
{a sf ats fica ares 
= — => n 
2 t 2 2 t 2 2 


NG ine 
— al — — in — 
a” 7 


[cosxe™ dx = {t = sinx -. dt =cosx dx} -fe dt=eé=e™4+¢ 


Integration by Parts 


u=x 2; ab = ax 
fre dx = 
ave dx = vefe dx=e 
aad — fe dx=xl- 240-8 -D4C 
“=x 2s. du = dx 
Jr Ydx= 
Qbae" ay =: ve fer dx = {see P.5.20} = —e* 


=—xe*+ / e* dx =—-xe* —e*=-e*(x+1)4+C 


=7 6 = 2 f xe dx = {see P.5.25} = x” e* — 2(e*(x — 1)) +C 
= e*(x* —2x +2) +C 
aa J. du =2x dx 
jee dx = 
dv=e*dx .. v= a dx = {see P.5.20} = —e~* 
i a aoe / (—2xe-*) de = axe + 2 f xe dx = {see PS.26} 


Saye SD (e" + 1) =-e* (x? +2x + 2) +C 


5.3 Integration by Parts 


u=Inx J. du = — 
5.29. fons dx = x 


adv= dx : Lx 


ae 


=xInx-x+C=x(Inx-—1)+C 


1 
5.30. fries) ar= [ratte vo, dt=2xdx .. xdxv=5}=5 finear 


t 
= {see A.5.29} = 5 (Int—1)+C 


dx 
u=Inx v. du= — 7 1 d 
x vA 
5.31. femear= = Fine 5 foe 
A 5 x? 3 3 x1 
av= xX dx v x on = 
x3 3 
= —Inx-—-—+C 
3 x 97 
5.32. [ee dx Sy ee dx 
u=x- di 2x dx 
— 2 1 2 
dv=xe’ dx v= fre dx = {see P3.21}= ul 
1 1 1 2 
= see - foe bedr= oe - [ xe" ie eS ae 
2 a 2 


5.33. fo —lDedx= ie dx — fe dx 


x7e* dx = {see P.5.27} = e* (x — 2x +2) 
=e" (x? -2x +2) -e + C=e* (x? -2x + 14+ 
w=x 2. du = ax 
5.34. [ ssinx dx = 


dv = sinx dx a v= [ sinx dx = —cosx 


= —x cosx + [ cos. dx = —xcosx +sinx +C 


5.35. J scostax) dx = for=1 = gary oy ax= 1a 
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u=t » Ou = dt 


1 
= = | roost at = 
a avascost at £; v= f cost dr = sins 


1 1 
=> (: sint — i sint ar) = = (ax sin(ax) + cos(ax)) +C 
a a 


S. due" dx 


= 
ll 
% 


5.36. fe sinx dx = 


——— 


dv=snxdx -;: v= f sinx dx = —cosx 
z 


= =e cos + f e*cosx dx 
u=e* >. di=e* dx 


dvu=cosxdx <<. v= f cosx dx = sinx 


= —e* cosx + e* sinx — / e* sinx dx 


es 
i. 


This integral is an example of a “circular” form, i.e., after applying the integration by parts method 
two times, the term in the form of the original integral (“I”) is created again. Therefore, 


I=-e’*cosx+e*sinx—I .. 21 =e*sinx —e*cosx 


a Je sinx dx = 5 (sinx — cosx) +C 


1 
=] -. du=—d 
Inx cas ae Inx 11 
5.37. | > dx = ne eee 
x? 1 1 1 x xXx 
dv = — dx v= — dy j= 
x? x2 x 
Inx 1 1 
S26 a CS ie eG 
x x x 
5.38. jen dx = hae x dx 
u =x? 3“, de=2% dx 
= 1 2 
dv=5' xdx «v= {= x dx = {see P.5.22} = —— 5* 
21n5 


2 1 x? 1 x? 2 1 x? 1 1 x? 
x 53* — — | SX xdx=x a Sy +C 
21n5 In5 21n5 In5 21n5 


eek eel, Be 
~ ons” \* ” ind 


5.3 Integration by Parts 


2x 
n(x” — 1) . du= * i 
5.39. [= in(e?=1) ax = e 
yf 
dv=x dx v= 
2 
2 
Si n(x* — 1) )-f% ae 7 dx = {see PS.23 } 
2 Z x 


* tn(x? — 1) - 5 @? 1) - 5 tnx? 114 


5.40. [ Pcosx ax = { [uav=uv- f van} 


du 
u=x*> > —=2x «, du=2x dx 
dx 


dv-=costxdxS v= [osx dx = sinx 


=x? sinx =2 f xsinx dx 
uw=x>du= dx 


dv=snx dx > v = [ sins dx = —cosx 


[ssins dx = —x cosx + [ cosx dx = —xcosx + sinx 


[we sinx — 2(—x cosx + sinx)) +C 


= UG — 2) sinx + 2x cosx) + C 


5.41. Given / sin(2x) e"* dx can be modified as 


so that 


[ sinc2m eink dy = {sin(2x) = 2sinx cos x } = a sin x cos x e"* dx 


2 f sins cos x e""* dx 
u = sinx *. dt =cosx dx 


di=cosxe dx <=. v= [cosx er" x= {see A5.24} = en 
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Integrals 
=IJsinxe* = 2f cos x e""* dx = 2sinx e™* — 2¢sin+ 
a7 (sinx — 1) +¢ 
partial integration: u=e* », du=—be™ dx 
5.42. a sin(ax) dx = ; 
dv =sin(ax) dx .. v = — —cos(ax) 
a 


=e (~< coscax)) ~ f (-Z costes) (—be”*) dx 
a a 


1 b 
= ——e"* cos(ax) — — | e* cos(ax) dx 
a a 


a 
partial integration 


partial integration: u=e* » du=—be* dx 


1 
dv = cos(ax) dx .. v= —sin(ax) 
a 


i —bx b 1 —bx |: b —bx .: 
=-—-e ™cos(ax) -— | —e ”” sin(ax) + — | e ™ sin(ax) dx 
a ala a 
Note that after two partial integrations, the last integral on the right side is identical to the original 


integral on the left side. Thus, subsequent partial integrations do not advance the solution. However, 
like any other common term in an algebra equation, this integral may be factored out as 


b\? ; 1 BA 2x 
+ (2) / e* sin(ax) dx = ——e~”* cos(ax) — — — e~* sin(ax) 
a a ada 


E a a fo dita ares _ E cos(ax) + b mee) 


a2 a 


which gives 


‘ae sin(ax) dx = —_ (- ‘) i e~”* [a cos(ax) + b sin(ax)] + C 
1 


= era et (a cos(ax) +b sin(ax)) +C 
a 
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5.4 Trigonometric Substitutions 


5.43. [ Vor dx = x = 3sino .. dx =3cos@d@ and x’ =9sin’@} 
= | ¥9—9sinto 3 cos 0 ao = [ 3V1— sin? 3cosé dé 
= |sin?@ + cos? = 1 an 1 — sin? 6 = cos” 0 A eos? = cos } 


=9 | cose cos @ a0 =9 | cos? dd = {costa = 


= 3 | f+ 0526) 40] = 3] [ a+ | c0s20 ao | 


1 1 
= {1 =20 ae ar=2 a0 5 f cost ar = 5 sin29| 


1+ cos 20 
2 


9 1 9 
=—— & 5 n29| = {sin26 =2sind cose me [9 + sin@ cos 6] 


Return to the original variable as 


3sing naé=— = 6 in ~ 
, — sin .. sin — ier = arcsin — 
3 3 


/o_ x2 
3 coed =V9—x2 «. cosd= i sd 


9 V9 — x? 9 
= 5 aesin + 55 a eC=5 sin > + SV9— P+ 


2 
5.44. [ a tt [x = sino -. dx =6cos@éd@ and 4? = 36sin" @} 


36 sin? @ 36 sin’ 0 


oy pee cost’ dé 
V36 — 36 sin? 6 Se aa 


= 36 | sin’ 0 do 


{sin? = osm | 

> 2 
— 18 [ (1 ~cos26) dd = is | do — 18 [ c0s28 do 
= 186 —18 f cos20 a6 = {y= 20 es ay =240| 


1 1 
= 18(0-5 [ cosyay) = 18 (0 ~ 5 sin20) 


= {sin20 — 2sind cose | 
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422 
= 18(0 — sinOcos@)+C 
Return to the original variable as 
x= Osmdg * sie = . .. 6 =arcsin (=) 
6 6 
V36 — x? 
V¥36—x2=6cosd ... cos = 
V 36 — x? 
= 18 arcsin (=) RE & 5 : +C = 18 arcsin (=) 
= 5 V36 =P LC 
given form /u2 +k? substitutionis u—=k tand 
J25x7 +4 , Bee ya? _2_ 4 
5.45. / —_ He “ Sx=2tan@ «x= stand. dr= = — se 


—— ae or 2 
mn 25x? +4=,/2%5 — tan?04+4= 
v 25x? + Dat oe cos 6 


-| 2 1 2 do 
~ J cos@ (2/stan@)* 5 cos? 6 

_ 4 698125 2 f 1 cos*O do = 1B pene 
~" 4 § J cos® sinto cosO 4 sint 6 


{ =sind .. dt=cos@ ao| 


_ 125 1 _ 125 1 

~~ 4 t4 ~ 12 sin? 6 

Return to the original variable as 
sind 5x ; a4 

5x = 2tand “. tand= =— .. sind = —cosé 
cosé 2 2 

2 f) 
V25x2 +4 = —— “. cos? = —— 
cos 6 25x2 +4 


5x 
2 
Z /25x2 +4 
3 
125 (= + ‘) ee (J25x2 + 4)3 ae 


~is Bx 12x3 


5.46. Given trigonometric function can be converted as follows. 


1 : ; 1 tan x 
/ 1 dx cosx | tan x _ / (a5 a ane) dx 
i a aa 1 
cos x + tan x ace + tan x 
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i! 1 sin x 
— +tanx .. dt =d +d 
cos x cos x cos x 
sin x 1 il tan x 
ae eee eee se dx 
cos?x cos? x cos? x  cosx 


+C 


1 


COS X 


+ tan x 


dt 
= f Pini =n 


5.47. Inverse square cosine may be transformed as follows. 


5 / a ts 
faite. os {(4) -4 et 
COs x g g 


/ | dx — jdt cosx cosx — sinx(—sinx) cos?x + sin? x 1 


cos? x cos? x cos? x 


cos? t 


= far=r=tanx +c 


5.48. Inverse cube cosine may be transformed as follows. 


1 1 1 
—— dx = | —~— — dx 
cos? x cos? x cos x 


sin x 
i= t= 
cos x cos? x 
1 sin x 
v=—— dx .. v= {see A5.47} = tanx = 
cos? x cos x 


1 sinx / sinx sinx d sin x / sin? x 


2, o% = 3 

cOosSx cOsx cosx cos? x cos? x cos? x 
sin x 1 — cos? x sin x 1 1 

= — 3 dx = a 5 dx + | —— dx {see A.5.46} 
cos? x cos? x cos? x cos? x cos x 
sin x 1 

= ans : dx +I1n + tanx 
cos? x cos? x cos x 

1 sin x 1 
2 =a = as In +tanx}] => as dx 
cos? x cos? x cos x cos? x 

1 sinx 1 

= ; +tanx|+C 
2cos*x 2 cos x 


+2 +2 2 
sao. f(s) tre f(te2B2) arn f EOE 


cos? x cos? x 


1 
-fon«- (see A547} = f dr=1= tans + 
cos? x 
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I d a 4 sint 4 1 sint Qe 
re Re =a— dt, =a 
aa: x? — a Cost eS os? t (ee cos? t 
st 


sint cost sint 1 
1—cos? 1 | reat COs sin? cost t cost 
1 a a 
= {see A546] = In|—— + tant] = {x = o. ¥= arecos —| 
cost cos t x 


n ——$—$————— 
cos (arccos 4/x) 


= {costareeo Z) =z; tan(arccos z) = 
Zz 


1 
=In|= += VI=@/xP|+C=In ane ane ae 
a a a 


a |x| 


+C 


=H=Vx27-a 7, du= 
av=adx f VSx 


: 
ata’ x? — q? 

= xVx2 — @- dx = xx? — a? dx— sS 

ta Jee —a@ ae 


=xfP—a- [ Vea dx —a* 
—_—— I 


I 


x 
———— dx 
wr feeen), Vx? — a? | 


1 
= dx = {see A.5.50} 
Vx*—a 


1 
= x7 x2 —a2— [vereas =a In |— ar x2 — a? 
x 
i 
I 
1 
21 = xV x2 — a? —a‘ln|— ark a 
x 
1 
of VB ax = bee F in |* * Ve —@ 
2 a a |x| 
5.52, | 2 | int, .. d tdt .. t = 
52. ———— = }x =asint, “. dx =acos ’. ¢ = arcsin — 
Vaz — x? a 
acost — dcost cost 


dt = dt 
Va? —a? sin’ t dV1— sin? t cos? t 


LOST , 
- fa t =aresin~ +C 
LOST a 
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1 
1 x =a tant t = arctan ~ & £de=a zy 
5.53. l= dx = " 
[3 2 1 
a 1+tan?¢ = Zi 
cos 
1 
Vata — cat V1 + tan? t cos? t 
cest | 1 
= = | —2ar= {see P5.46 | 
cos? t cost 
1 1 x 
= In | —— + tant] = In | —————__ + tan (arctan =) 
cost cos (arctan x) a 
(arctan x) : tan(arctan x) 
= #cos(arctanx) = ——— ; tan(arctanx) = x 
V1 +x? 


JVar-+x2 x 
=In + +C 
a 


X\2 x 
1+(=) + [=i 
a a 


a 


5.54. The Gaussian integral form 


me a 
re] e~ dx 
=i 


is among the most important in science and engineering. There are multiple methods to solve it; one 
possible method exploits the symmetry of multivariable integral form by declaring the square of the 
Gaussian integral as follows. 


2 * ay er —x? (-y? i. = —x?_y? 
i vee dx = e° dxdy= e * dx dy 
—0o —OO J—-C 


as 


Even though there are two variables involved x and y, the two integrals have the same form, therefore 
the same form of their respective solutions. Furthermore, 


oo poo ae 
= / / ee" +Y) dx dy 
—oo J—oo 


Illustration of how Cartesian coordinates (x, y) are transformed into polar coordinates (r, 6) is 
shown in Fig.5.3. Observe the position of point .2 in the Cartesian system, and note the relations 


x=rcosé, y=rsind », x*+y?=r? and dx dy=r dr do 
The geometrical interpretation shows the equivalence of unit differential areas dx dy = r dr d0. 


With this change of variables, it follows that the total space in both Cartesian and polar coordinates is 
covered as 
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r r-+dr| 


Fig. 5.3 Example P.5.54 


x € [—00, co] | r € [—00, oo] 
= 6 


y € [—00, oo] 


Thus, the Gaussian integral in polar coordinates is calculated as 


on ET 20 oo ‘ lee) 5 
a I. en PHY) dy dy= i [ve rdr ao= | ao | er dr=2n f e'rdr 
0 0 0 


yh 1 yk 
r=—r =— <. dt=-—2rdr .. ie rdr= =3e (see as2i| 


x 
=VJVar?4+x2  -. du= ———— dx 
5.55. [Vere ax = = Var + x? 
dv =dx ees Si 
x? +a* — a’ 
=xVa2+x2— peiene dx 
Va? + x? 
a+x a 
NE [agent Data 
Va? + x? ied 


=xVae4+x2- [Verea +x? dx +[{5 
Vaz age” 


That is to say, 
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1 
2 flare dx =x area f dx = {see A.5.53} 


Va? + x? 
| 2 2; 
=xVa2+x2+a7 ln “ase 


Therefore, in total, 


JVaz+x2 x 
+=|+C 


2 
[ Ve¥e ax = 3 PtP +S In 


2 


1 
5.56. luee- [x= tne 2 ies dd =(1+tan?6) dé .. 9 = arctan} 
1+x 


cos? 6 


1 
= | ———_— n 0) d0 =@ =arctanx +C 
leer" 
2r 
5.57. [vertex feo ae tl 1. Udrse dx i= oat} 


2r r+1—1 1 
= [ve ar=2 {arma f a-2 | dt 
14+72 14+72 14+? 


— {see A.5.56} = 2t—2 arctant = 2VJVe* —1—2 arctanVe* —1+C 


Vx2 +2 —/2 — x? x2 +2 J2— x? 
5.58. dx = | —— dx - | — dx 

V4 — x4 V4 — x4 V/4— x4 

x2 +2 d V2 — x? 
ae 

(2 — x7)(2 + x?) (2 — x7)(2+ x?) 
ahxt FQ f2=K> 
Sy ey ey eee a a, ee 
V2 — x2 f2FR2 N= 2 + x2 


where 


V2sint, «. dx =~V2cost dt; see A552] = arcsin =. 


dx 
n= | 5=|- J/2 


dx dx 5) 
h= / Jiu af = {x =/2tant, -. dx= a dt; see ass} 
+x 24 (/2) cos- t 


Therefore, in total, 


Ver $2—V2—x7 | hel ae ti pees x 1¢ 
x= = arcsin — + In a 
V4 — x4 ee /2 2 J/2 
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5.5 Rational Functions 


= tial fracti ae! --f- dx fame 
: + 
partial fractions i i 


dt 
= {x+1l=t ae dx = dt} =—In[x|+2 f 2 


(x + 1)? 


= —In|x|+2Injx+1/+C=In a 
Xx 


+C 


5.60. [= dx = {ari fractions: : + : 
(x + I@—-4) desl) a =4) 


1 4 1 4 
=- ees nee ole Re 
[—aet! a seg eae 


5.61. Given 


partial fraction decomposition of this rational function is (see Vol. I) 


1 1 1 1 1 
/ dx = i dx — i: dx 
x2-—1 2) x-1 2J/ x+1 


1 1 
= fini ijac=-1 
pins = 1] = Ina + 1) + 2 Ixt I] 


ed 1 1 
5.62. /== a a x= {para fractions: — — — = + 
— 2x x 


x2 


1 
see Vol. I 
—2 


1 1 1 1 
= f-cas- f Gat f SS ar=-iny + +m-r40e 
x x? x-—2 x 


| 1 1 
= 4 partial fraction: - + , see Vol. I 
x?4+1 22x41) 2Ax-1) 
1 1 
= arctanx — zinle+ 1j+ 5 nlx — +c 
5.64. This function may be converted as follows. 
=Vl+x? ». x=vVe-1 
jae 17-1 t 
lame dx = — dx .. dx= dt 
1+ Jie t t2—] 


1 
jp ta fhe {see P.5.61 } 


1 |fr-1fo 1. jvl+x2-1 
=-In =-—In +C 
2 EI) 2 fe eT 


5.5 Rational Functions 


5.65. After decomposing given rational function as 


i aa tial fracti : ere 
> = artial Traction: = ; 
fot | 400. Sete 


1 1 1 2 
= / dx — i ane dx 
3J/ x-1 3) x24+x+1 


see Vol. i} 


1 


deat | a 2 | r 
= -In|x-1|- x x 
ge 9). 32a a) gage 1 


The last two integral may be resolved as follows. 


1. First, 


[=m+- Z ere a 1\" (5) 1 
x +xt1 ae ak a 


/ a d f 2 dt 
= —sJS——— 2 oi = _ 3 = 
1\2 3 xX 2 os 

a 


+5 


20¢ = 1) 2t 1 
= ——— dt=2 dt —2 dt 
42 +3 412 +3 412 +3 


= {enar43 - dz = 81 ar} 


1 1 
= sina? +3) 2 f Do at 
1 1 1 2t 
Pes 37 °° = 
(%) + 


1 
so that a dn = arctann 
n24+1 


= in(42? +3) Gack (3) 
=-7-in — —= arctan | —= 
2 V3 V3 


inte Ay a et (==) 
= — INn\Gv X — — arctan 
2 V3 J3 


2. and, similarly, 


Therefore, in total, 


1 1 
faaerrzmen 
x31 3 
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Y in(4x? 44x +4) + —— arct (==) 
— — In(4x X — arctan 
6 3/3 


4 : (= )+e 
— — arctan 
3/3 af 3 


tin [x — 1] — sIn(4x? + de +4) — —— act (AH) +e 
=-mMi\x — — -iMn(4xr X — — arctan 
3 6 3/3 V3 


5.66. After decomposing given rational function as 


ia z= f et? J2x +2 rf 7. if Bie: 
ae dx 
aa” x24 anand x2 —f2x+1 


J2x 2 J2x 
— dx + | ——_ dx - ———_———. dx 
x24 /f2x+1 x24+/2x+1 x2—f/2x+1 
+ z d 
——_—_——- dx 
—Jf/2x+1 
H=h+h-h+h 
where 


1. The first of the four integrals is solved as 


if 
Mie dx = v2 


2b 1 
f= v2 dt —2 dt 
2t7+1 2127 +1 


nav? sa 


=f = a= 


ni. ae dt 


= {first integral, wwr+l=z .. 4tdt= dz, etc.; second integral, see A553] 


= win Qn? + 1| = V2 arctan(V/2 1) 

J2 1 1 
= Pinp(e+4) 4 i| - VZarean (V3 (x + =)) 
=F tn|(v3x +1) +1 — VBaretan (V2x +1) 


2. Similarly, 
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b= vi f =~ dx = 2 tal (Vix - 1) +1) + v2aretan (V2 -1) 


3. The second of the four integrals is solved in the previous step, 


1 
p=2 f <5 — ds = 2 2aretan (V2x +1) 
x24 /2x +1 


4. as well as the fourth integral 


1 
iy=2 | ——— dx= 2/2 arctan (v2 _ 1) 
x2—/2x+1 


In total, 


4 2 2 
i qt = W tal (Vix +1) + 1| — VZaretan (V2x + 1) + 2V2aretan (V2x + 1) 
x 


= inl (Vix _ 1) + 1| + J2 arctan (v2 _ 1) + 2/2 arctan (v2x — 1) 


= hal (Vix + 1) + i} in| (Vix - 1) + 1| 
+ /2arctan (2x + 1) + V2arctan (v2 _ 1) 


Ina —Inb In= 
na—In =In- 
b 
~ at 

arctanx tarctany = aretan = Z 

which is then simplified as 
2 
4 Va |(v3e+1) +1 (2x +1) + (72x - 1) 
[= dx = 5 In 5 + V2 arctan 
oe (3x - 1) | 1- (v2 -1) 
2 : 2x +2 
= Pie slau eta + /2 arctan 
2 x2 — /2x +2 —x 


5.67. Note that 


a 1 nx 
—2In(@x + 1) = {alnb =Inb } =n ae 6 ae aa 


1 


—2In|x+1] _ {Ind /(x+?) _ 
e =e =. 
(x + 1)? 


because a square function is always positive so it can replace the absolute function. Which is to say, 
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x en 2inix+1] _ x —2In|xtl) _ x _ x 


1— x? ~ dx) +x) ° ~Gd-ndt+ndtx Ud-nd+n3 


Partial fraction decomposition of the last rational function (see Vol. I) is 


x 1 1 1 1 


G@-nGhie 8@-0 Sao) 4@402 Dea 0: 


And by consequence (see P.5.9 and P.5.10), 


x 2 In [x41 1 dx 1 dx 1 dx 1 dx 
7_y72° dx = — ap + 2 3 
1-x 8/ («-1) 8/J @w+)1 4/) @4+)) 2/J («4+1) 


Sige adj aes 

= ——In|x - —In - 

gun gun 4x+1'4@+12 
1 ij. £7. 4 1 

aes 7 +c {alnb=Inb"} 
8 ix—-l] 4\ad D2? x41 


1 (x+1)? 1 x 
— n _ 
16 @—l? 4a41? ~ 


5.6 Definite Integrals 


5.68. Geometrical interpretation of definite integral is area A under curve f(x); see Fig. 5.4. Note 
that when calculating finite integrals, the integration constants C are cancelled. Thus, 


3 n+1 4 
a=f[oar=|frrar=* \=5 
2 n 4 


5.69. Note that the result of definite integrals are signed areas; see Fig. 5.5 (left). 


3 
a | 1 65 

= — 34-2") = — (81-16) = — 
5 4 4 4 


Fig. 5.4 Example P.5.68 


F(x) 
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0 x} ° 
—l 0 1 2 
Fig. 5.5 Examples P.5.69 and P.5.70 
fle) | | fle) 
1 
0.5 
+ + 
OK QM x 
\ A 
x 
1 0 
0 7 | On 0 1 2 
Fig. 5.6 Examples P.5.71 and P.5.72 
2 2 2 yo yo 
a= xt) dx = | xdx+ [ wdx=—]| +> 
-1 -1 =1 2 -1 5 =] 
= (2 - (-1)?) + 2025 - C9) 
2 5 
_ 3 . 3381 
a #16 
5.70. Trigonometric functions and irrational numbers are interleaved; see Fig. 5.5 (right). 
n/4 m/4 _ 2 
i cosx dx = sinx = sin - si = sin(—x) = sina) } = 2sin = _ v2 = J2 
-a/4 ile 4 4 4 Z 
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5.71. Within one period, the areas’ sum equals zero; see Fig. 5.6 (left). That is, the average of the 
sinusoidal function over the integer number of full periods is zero. 


2n 2 
i cosx dx = sinx = sin(27) — sin(0O) = 0 
0 0 


5.72. As a matter of style and practicality, when using the change of variables method, the interval 
boundaries may either be recalculated relative to the new variable or kept and applied once the original 
variable is reintroduced. The area under curve is illustrated in Fig. 5.6 (right), as 


dt 
t=14+3x* », dt=6xdx .. xdx= = 


tc) > t=], andl s=2 > r=13 


2 
/ —* dy = 
0 V¥1+3x2 


13 
1 dt 1 
= ee ee Tm — »™ln — yo 


eae 1 7? |P 4 
1/2 


5.73. While using the integration by parts method, it is not mandatory to write the interval limits; 
however, they must be accounted for at the end of calculations. Being signed area, in this case, the 
total calculated area is found to be negative; see Fig. 5.7. 


1 


of 


i x’ cosx dx = {see A.5.40} = ((x? — 2)sinx + 2x cos x) 
0 


0 


- 0 
= (x? — 2) sien” — (0 — 2) str”? + 27 cose” '_ 9 ()-cos0” 


= —2n 


5.74. Square function is even, 


Fig. 5.7. Example P.5.73 
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i x? cos(ax) dx 


Tt 


=x => —=2e ©. du=2x dx 


1 
dv = cos(ax) dx > v= [costa dx = — sin(ax) 
a 


2 


x", 2 . 

= — sin(ax) — — / x sin(ax) dx 
a a 

KE f7 Sau = dx 


1 
dv = sin(ax) dx > v= 1 sin(ax) dx = ——cos(ax) 
a 


1 1 
[> sin(ax) dx = —~ cos(ax) + — / cos(ax) dx = —~ cos(ax) + — sin(ax) 
a a a a 


qu 


15. 2 a 
= | —x~ sin(ax) + —* cos(ax) — ec sin(ax) 
a a a 


— 


1 ,. 2 2, 
—7m~ sin(am) + a cos(az) — a sin(az) 
a a a 
Tee 2 2 2 
— | —(—7)° sin(—az) + =) (—z) cos(—az) — a sin(—az) 
a a a 
i 2 2 
= —n* sin(am) + — 7 cos(ar) — a sin(az) 
a a a 


a 2 ae 
+ -—7~ sin(az) + a cos(az) — a sin(az) 
a a a 


2. 4. 4 
= —N" sin(am) — — sin(am) + — 7 cos(am) 
a a a 


Similarly, 


a 2 ee 2, 
x“ sin(ax) dx = a cos(ax) — — cos(ax) + ae sin(ax) 
- a a a 


1s 


Tl 


2 x? 2 . 
= | — cos(am) — — cos(am) + 0 sin(az) 
a a a 
2, mr 2: . 
— | —cos(—az) — — cos(—az) — —a sin(—az) ]) = 0 
a3 a a 


5.75. Given rational function is decomposed by the partial fraction decomposition technique (see 
Vol. I), so that 


[ x if dx tf dx 
dx = + 
5 *+)Da-4) SJ5 x+1 SJ5 x-4 
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a “x25=>t->6 and we | 


x-4=r.>.x75>r—->1 and x>-6>r->2 
= {see A.5.9} 
ee ee leer di 
= — n -—> In 
5), t Si r 3 Se ll 


1 4 0 
= 5 (In7 — In6) + 5 (In2 — Int” ) 


(the answer may be in any of the following forms) 


1 1 
= —(In7 —1In6+41n2) = 5 in( 


= 5 
= 0.58534... 


1x?) 1. 56 5/20 
6 =—In =In 


as illustrated in Fig. 5.8. Note that by visual inspection of the graph, the calculated area A may be 
estimated to be indeed approximately 0.6 (a little more than half a 1 x 1 square). 


ae 


1 
5.76. i: x In(1+x7) dx = {sce A530) = = # Unt —1) 
0 2 1 2 


tint tp ; lina 1) 


In2 ae In2 : 
=iInz-— -—-=>inZz- — 
2 2 


In2 


—2 arctanJ/e* — 1 


In2 


In2 
5.77. / Ve®—1 dx = {see A.5.57} =2 Ver—1 
0 


0 0 


= 2-2 arctan| -0=2~ > 


Fig. 5.8 Example P.5.75 
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os a 
a 


lal f~ 1 la| a 
= 5 dt = arctan(f) 
a J_xo 1l+t = 
nae) 
~ @ U2 2 
= 7 sign (a) 
; 1 
00 change variable: —-woty=x .. dy = ——— dx 
5.79. i ey ip wot 
: y=0S%=0, and yowmSoxraS ow 
1 ed 1 oo 1 0 1 
== e dx = —-——_ & =-—(e- 2" | 
Wot Jo wot 0 Wot 
| 
~ Oot 
5.80. See P.5.42; then 
CO 1 CO 
/ e* snl{ax) =-—___.¢"*" (a cos(ax) + b sin(ax)) 
0 a2 + b? 0 
1 7 0 ; 
= ———__ | ¢*""""! acos(a co) +b sin(a 00) 
a2 + b2 aa ‘in ti! 
<1 “i 


~ 


=0 


1 
=~ E cos(a-0) +b sin(a - 0) 
= = 
a 


~ gt be 


Therefore, 
lo.@) 
She is a 
i; e>* sin(ax) = 
0 


By repeating the same idea, 


a —bx _ b 
/ e cos(ax) = 
0 


partial integration: u=e* .«. du=e* dx 
5.81. fe cos(ax) dx = 


1 
dv =cos(ax) dx .. v=-—sin(ax) 
a 
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iil 1 
=e* —sin(ax) — — fe sin(ax) dx = {see A.5.82 } 
a a 


——— 
partial integration 


1 1 : 
=e sin(ax) + For e* (acos(ax) — sin(ax)) 


er ee en ee = Doestan) 
— — sin(ax) — — —— e  sin(ax — COS(ax 
if a - Pree Fred d 


: 1 
a ; e* sin(ax) + Pat e* cos(ax) + C 


which gives 


is 


TN 


Tu 1 
/ e* cos(ax) dx dx = (= i e* sin(ax) + Za e* cos(a)) 


f 


e” cos(az) 


a 
= i e” sin(az) + P41 


ar 1 = 
+l e” sin(—az) — 2+ e ” cos(—az) 


_ a : 1 —it 1 a oT 
ors sin(am)(e” +e”) + ae cos(az)(e” — e-”) 


partial integration: u=e* .. du=e* dx 


5.82. Ga sin(ax) dx = 


1 
dv =sin(ax) dx .. v= —-—cos(ax) 
a 


= e* (-- cos(ax)) - / (- cos(ax) e* dx 
a a 


1 1 
= —-—e" cos(ax) + — Je cos(ax) dx 
a a 


$<. —__— 
partial integration 
partial integration: u=e* .. du=e* dx 
1 
dv = cos(ax) dx .. v= -—sin(ax) 
a 
1 1} 1 : 1 ? 
= —-—e"* cos(ax) + — | — e* sin(ax) — — | e* sin(ax) dx 
a ala a 
The last integral may be factored out and moved to the right side as 


1 1. 1 
(1 + =) Je sin(ax) dx = ——e* cos(ax) + a e* sin(ax) 
a a a 


a 1 


fe sin(ax) dx = ore a (a cos(ax) — sin(ax)) 
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which gives 


i : e* sin(ax) dx = - e* (acos(ax) — sin(ax)) 7 
=—3 - i (e* (a cos(am) — sin(am)) — e~* (acos(—az) — sin(—az))) 
= = i (e" (a cos(am) — sin(am)) — e~™ (acos(am) + sin(az))) 
= “a4 cos(ar)(e* = e*) +4 — sin(az)(e* 4 e*) 


5.7. Area Integral 


5.83. A right-angled triangle may be mapped into a linear function so that the two catheti a and b 
are the horizontal and vertical coordinates, Fig.5.9, of the hypotenuse. 

The angle of a linear function is, by definition of tangent, the ratio of the two catheti; therefore, 
the analytical form of this affine function is 


b 
fx) =x 
a 


Area A under a function is therefore 


a 


@ “pb b1 x? 1b ab 
[ f(x) dx [ res x 72 2 ; 5 d (a 0) 5 


which is a well-known formula given in the elementary school that results in A = ab/2 = 2x 1/2=1. 


5.84. The area of a circle is a classic problem that presented challenge over thousands of years until 
the development of calculus in the late seventeenth century by Newton and Leibniz. One possible 


Fig. 5.9 Example P.5.83 


f(x) 
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technique to calculate the circle area is as follows. 
From the algebraic equation for circle, given r > 0, it follows that 
x+y = = ¥r?—x? = f(x) 


where the function’s boundaries may be x € [0,r], y € [0,r]. This is possible for the reason of 


symmetry; it is sufficient to calculate the area of 1/4 of the circle, specifically the one in the first 
(positive) quadrant. 


That being the case, trigonometric substitution may be used to solve the following definite integral, 
as 


1 1 
Ag = / fad= / Vr? —x? dx = {see A.5.43 } 
0 0 


dx . : 
[x =r cose S 7 oe sind .. dx =-—r sind ao | 


/ /r2 — r2 cos? (—r sin@ d0) = —r? [vi —1cos?@ sind dé 


= { where, if x = 0 > 6 =arctan(0) = >: if x =1—= 6 =arctan(1) = o} 
0 
= - f V¥1-—cos?@ sin@ dO = | sin?.x + cos? x = 1... snes V1—cos?x | 


x) 
= a sin’ 6 dO = {sin x= ; (1 — cos(2x)) { (not negative sign and order of 0 <> 1/2) 


= =F f( (1 - cos(20)) d — ano fa dd — aie cos(26) dé 


The second change of variables results in 


dt 
h=26 dt = 2d6 dd = — 2 pr 
9 r 
A, = =— -— cos t — 
JE 2 0 
6=0 t=0, d=—= =a 
2 
2 2 si 2 2 2 
r-rn rn oor 0) 0 rem 
=—/~-O0|/-— sint] = — —(sina” —-sin0” ) = — 
ae ] 4 4 ) 4 


which equals to 1/4 of the circle area; thus, the full circle area is four times greater, i.e., 


2 
ren 
et ees =r'x 
5.85. Calculation of volumes is done as “integral of an integral”, that is to say, a multiple integrals. 
More precisely, there is one integration for each variable, while all the remaining variables are 
considered as constants. Visually, the volume of a rectangular cuboid is similar to a book, where 
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Fig. 5.10 Example P.5.85 


the area of each rectangular (horizontal) page is calculated as a definite integral of a constant (first 
integral). Then, all pages are piled on top of each other along the vertical dimension until the full 
height is reached (second integral). 


For example, two sides of the bottom horizontal rectangular area (see Fig. 5.10) are x € [0, b] 
interval on the one side and y € [0, a] on the other. That is, area A; is found as 


b b 
Ay= [ fox) dx = [ade =ax 
0 0 


which is an already known area of a rectangle formula. Next, all “pages” are added in the vertical 
z € [0, c] direction as 


b 
= a(b —0) =ab 
0 


= ab(c — 0) = abc 


v=f Aj dz= {A = ab = const.} = ab z 
0 0 


which is known as the cuboid volume formula, e.g., V = abc = 4 x 3 x 2 = 24. This process of 
double integration is formally written in one line as 


b c b c c b 
v=fof reavac= fof aaraz=af az f dx 
0 Jo 0 Jo 0 0 

c b c c 
=af dzx 
0 


= ab | dz=abz 
0 0 


Note that the order of addition is not relevant; thus, the most convenient one may be chosen. In 
addition, this trivial example illustrates the general principle for volume calculations in 3D space. 
What is more, the same reasoning and techniques apply to higher-order spaces and non-trivial objects 
(i.e., non-constant functions). 


= abc 
0 


5.86. Piecewise linear function is one of the most often used approximations in engineering. Given 
its graphical representation, it is necessary to derive analytical forms for each of the linear sections 
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Fig. 5.11 Example P.5.86 


0 0.25 0.5 0.75 1 


separately. Therefore, knowing a priori the analytical form of each linear piece, the overall integral is 
reduced to the sum of simple integrals of each section. 

Linear section y = ax +b is determined by two points in the plane, where the two constants (a, b) 
are determined with a simple algebra. Linear sections are outlined in by points (7, 4, @, F); see 
Fig. 5.11. In addition, f (x) of each section is shown — note the symmetry of the four intervals, each 
resolved as follows. 

Method 1: 
1. SB: at two end points (x, y) of y = ax + d, it follows that: 
(0,0) .. O=ax0+b5d=0 


1 
(0.25.1) -. L=ax7tbaa=4 


Therefore, the analytical form of &¥ linear segment is f(x) = 4.x, which is valid within the 


interval (0, 0.25). Therefore, 
* 10 ( V8 
>, 3 <8 ~ 12 


2. BE: at two end points (x, y) of y = ax + d, it follows that: 


3 


V4 V4 

_ 2 ~ 2 _ x 
I, =| f(x) dx =} (4x)° dx = 16 — 
0 0 3 


1 
(0.25, 1) .. cn eld 
3 
(0.75,—-1) «. Py ene re 


The solution of this system of two linear equations is (a, b) = (—4, 2). Therefore, the analytical 
form of @ Z linear segment is f(x) = —4.x + 2, which is valid in the interval (0.25, 0.75). Then, 


3/4 3/4 3/4 
h= f(xy dx = / (—4x + 2)? dx = / (16x? — 16x + 4) dx 
W/4 V4 Va 
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a de 43 1 2 13 1 
=> _ 4 => _ p) = — 
wm Gaz? pet ( ) 


3/4 
+4x 
V4 


3/4 2 


—16 8 a 
V4 Z 


Pe 
= 16 — 
3 


3. @QY: at two end points (x, y) of y = ax + b, it follows that: 


3 
(0.75,—-1) «. =e ee 


d,0) .. O=ax1+b 


The solution of this system of two linear equations is (a, b) = (4, —4). Therefore, the analytical 
form of @Y linear segment is f(x) = 4x — 4, which is valid in the interval (0.75, 1). Then, 


1 1 1 
Re / fx dx = [ (x —4)? dx = / (16x? — 32x + 16) dx 
3/4 3/4 3/4 


1 1 


1 

i 37 7 1 37 1 
= — 4 4=—-3= — 
oe ee go 12 


16 
-_;3 
3 


— 16 x? 
3/4 


+ 16x 


3/4 


The total area under f (x)? curve (see Fig. 5.11) is 


| 1 1 
l= 2-dx=h+h+h= = 
[ f@ x itl + 43 D6’ D 3 


As an additional exercise, a simple integral 


1 i i I 
r=[ ro=f 4x dx + [ (-4e +2) dx+ fx — 4) dx=0 
0 0 5 3 


which is evident by inspection of Fig. 5.11; the area of a triangle above zero (i.e., positive) equals to 
the area of a triangle below zero (i.e., negative); therefore, their sum equals zero. In other words, the 
average of this piecewise linear function by itself equals zero. 


Method 2: 
Note that due to symmetry, all four interval areas under f(x)* are equal; thus, it is sufficient to 
calculate 7; and multiply by four, as 


I=4I1 a fos Ydx=4 : J 
= = XxX x= _— 
; - 3 (3 


5.87. Given f(x) and g(x), first, it is necessary to determine the applicable interval. In this case, it 
can be visualized as if the total area under g(x) (see Fig. 5.12 (left, top)) is created first and then the 
area under f(x) (see Fig. 5.12 (left, bottom)) is “cut out” and removed. That action leaves only area 
A between the two functions; see Fig. 5.12 (right). 

The applicable interval therefore is determined by two points <& and ¥ that belong to both 
functions, in other words when f(x) = g(x), i.e., 


f@=e@) -. x2 =8-x 


444 


5 Integrals 


Fig. 5.12 Example P.5.87 


2x? = 8 


Pat, 2 7a) 
Evidently, the “cutting out” operation is then a simple difference of 


2 2 2 2 
a= (g(x) — fo) dx = | (8-?-2)ar=8 | ax—2f x? dx 
—2 —2 = i 


2 x3 2 


2 64 
=8 Sal BAe a a 
x i 3 |. Q=—(-2)) g\ (—2)°) 3 

5.88. The two functions may be written explicitly as functions of x, as 

4 Tx? +9 

Tx” —-9vy+9=05> y= f(x) = 9 
5x? + 27 
5x? —9y +27=0S y=g(x) = “ 


The area between the two functions is defined by an interval defined by intersect points </ and & 


calculated as 


f(x) = g(x) 
Tx? +9 5x? +27 
9g g 
7x7 +9 =5x7 +27 3277 =18 ©. 


so that coordinates of the two points are 
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Fig. 5.13 Example P.5.88 


x 
f(-3) = g(-3) =8 ». P= (-3,8) 
fB)=83)=8 .. B=(3,8) 
(see Fig. 5.13). The area between the two parabolas is therefore 
: 3°/5x? +27 7x? +9 35x? +27 — 7x7 —9 
[ (eo senyar= f (FS _ Txt + )ar=f xe + Xx i 
-3 3 9 9 3 9 
2 : 2 3 2.54 5) 
=- 18 — 2x? dx = = x _-— x; =2-6—-— == 
9 [ ) 9 ~ 27 . w 


5.89. Two equations may be written explicitly as functions of x, as 


x+y—-2=0>5 y= f(x) =2-2 
y=) =x 


The area between the two functions is defined by an interval defined by intersect points </ and & 
calculated as 


f(x) = g(x) 
og ay Sg tao H0 2 a eee 2S NH EO HO 


“ X1 = -2, X2 =1 
so that coordinates of the two intersect points are 


f(-2) = 29(-2)=-2 «. # =(-2,-2) 
(HaeO=e1 2 4=C 1) 
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Note that there are both positive and negative signed areas bound by these two functions; see 
Fig. 5.14 (left). Therefore, if a single function integral is calculated, the resulting area is signed where 


the sign changes if the upper and lower integral limits are interchanged. 


Method 1: Direct application of the Newton-Leibniz formula to calculate the integral between the 
two curves (see Fig. 5.14 (left)) results in 


1 1 
[ ew- f(x) dx = [e-#-») dx =2x 


Note that the difference between the two polynomial functions is continuous (see Sect.5.11) and 
already accounted for at the beginning; by consequence, the total area being calculated is correct. 


Method 2: There are multiple ways to cut the total area and then to add the individual areas. For 
example, 


1. Quadratic f(x) function crosses the horizontal axis at =2 «, x12= +,/2. That being said, 
total area A; above the horizontal axis and below f (x) (see Fig. 5.14 (center)) is 


ve a 4/2 8 


=4V72- “= -V2 
7B a 3 


1 
—-s=x 


v2 v2 
A= f fa) dx = | (2—x?) dx =2x 
—J3 an) 


Vi 


2. Triangular area A, above the horizontal axis and below g(x) (see Fig. 5.14 (right)) is 


1 1 
1 
Ao= f (x) dx = f xdx =— x? 
0 0 2 


3. Arc area A3 below f(x) from x = 1 tox = J/2 (see Fig. 5.14 (right)) is 


v2 v2 v2 v2 
A3 = fs) dx = | (2-2) dx=2f ax— [ xedx=2x 
1 1 1 iL 


(Wm ane 0- ts 


al 
5» 2 


v2 4 
1 3 


=2(v3—1)-5 


4. Triangular area Ay above g(x) and below the horizontal axis from x = 0 to x = —2 (see 


Fig. 5.14 (center)) is 
—2 —2 1 
Aa= f s(x) dx = [ xdx=—-—x’ 
0 0 2 


(Note that the area sign is positive due to the order of integral limits.) 
5. Are area As above f(x) and below the horizontal axis from x = if? 16% = a2 (see 
Fig. 5.14 (right)) is 


-2 
=2 
0 
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2 72 O 1V2 


Fig. 5.14 Example P.5.89 
=) = —2 —2 
1 8 2/2 
As= f fs) dx = | (2—x*) dx =2x --x3 Ato. 
V3 Vi V2 _/2 2 3 
—4v2 4 
a) 3 


In total, the area between f(x) and g(x) equals the sum of area above and below the horizontal 


axis, 1.€., 


8 1 4% 5 eu 9 
A = (A, — Ap — As) + (Ag — As) = = BS dspy Emcee! 
ee eee es p= $813 a oe 


5.90. Within the positive interval of the first period, two intercept points </ and # are 


f(x) = g@) 
; 5x ae 
sinx = 5 — ra XxX. =— {see unit circle, Vol. I | 
Direct calculation of the integral between the two curves results in 


Sa 
6 


< 1 = 1 
/ (sins - ;) acm f sinx dx — 5a) dx = — cosx 


--(-2-4)-3(%-2)-47-4 


2 2 2\ 6 6 


5.91. The two functions may be written explicitly as functions of x, as 


20 — x? 
e+4y?-20=0 « y=f(x)= _ 


4 
xy-4=0 .. P= eS 


The area between the two functions is within the interval defined by intersect points </ and &, as 


2-x7 4 2-x? 16 4 
f(x) = g(x) .. = Ee = o. x — 20x° + 64=0 
4 x 4 x? 


448 


where roots of this biquadratic polynomial are found as 


x* — 20x7+64=0 {x? =r} 
t? — 20 +64 =0 
1? — 4t —16f +64=0 
t(t — 4) — 16(¢ —4) =0 


5 


(t—16)(t-4)=0 Sh = 16, h =4 ©. m2 = 44, x34 = +2 


Coordinates of points .~ and ¥ in x > 0 intervals (see Fig. 5.15 (left)) are 


fQ2)=g(2)=2 .. P= (2,2) 
fA=9eM==1 .. B=4D 


Direct calculation of the integral between the two curves in the first quadrant results in 


Integrals 


4 4 4 4 
[ve -senyar= [JPG - 2) ann g [var w an 4 f° Las 
2 2 4 Xx 2 2 2 x 


{x ="7idar © Gea at| 


20 
= S | Vi=sin?r cose at —4 In |x| 


4 
{1 — sin? t = cos’ r} 
2 


1 + cos(20@) 
2 


cos? @ = 
= 10 f cos? dt — 4(In4 — In2) 
Ina—Inb= Ine 


As same as in A.5.18, the change of variables results in 


a as a 1 i. 
~ | V20—x2dx—-—4] -—dx=10—(t+-—sin(2r)) —41In2 }t =arcsin 
2 2 2 Xx 2, 2 


=5 ( arcsin (=) 


4 


2 


)| 
hi ; sin (2 arcsin (=)) 


—41n2 


arcsin a + arcsin 6 = arcsin (av — p24 p/1— a”) 


= )sin(2a) = (sina + cosa)? — 1 


2 


sin? w + cos e= 1 


where the above trigonometric identities may be used as follows: 
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s)-e(4) 


( 
son Jey (35) sal“) 


and 


sin (2 aresin (=) ) 


= ((((g)) +(e (5) ~!) | 


2 

sin(arcsin a) = @ s go Ne 

(eal: (o-G 
cos(arcsina) = V1 — a? 20 20 


ee 
WS ofS ofS 5 


i=Cij=0 


Therefore, in total, 


: Pn i hae) ee ino +4) —4in2 
[[ (700 ~ 400) ax = fF (PF 2) ar =5 (aesin 5 + 5 0) — 41m 


3 
= jens —41n2 


5.92. Given two functions 
y= f(x) =x—-1)(—-2)and y= g(x) =0 


form two symmetrical areas, one positive and one negative; see Fig. 5.15 (right). Direct application 
of the Newton-Leibniz formula to calculate the integral between the two curves results in 


2 2 2 2 
[ (re - eo) dx = [poy ax = fl (ee 0-2) ae = f(a? 38? +28) a 
0 0 0 0 


2 
=4—-$44=0 
0 


ig? 


0 


which is a consequence of symmetrical function with the initial (i.e., f(0)) and final (1e., f(2)) 
value equal zero. Instead, it is necessary to calculate the absolute value of both sections and add them 
thereafter, as 


1 


1 1 1 
[ (e200) dx = [poy ax = fl (oe - ne —2) ae = ff (x? 38? +28) a 
0 0 0 0 


1 1 


1 1 
ar ee a 


3 +4 x2 
0 


0 
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0 2 4 


Fig.5.15 Examples P.5.91 and P.5.92 
and 


2 2 2 2 
/ (f(x) — g(x)) dx = / f(x) dx = / (x(x — 1) — 2)) dx = / (x3 — 3x? + 2x) dx 
1 1 1 1 


2 
+ x 


Zz “(16 — 1) — (8-1) daaye= 
a a r ~~ 


1 


which is to say that either the absolute value or reversal of the integral limits results in the results. In 
total, the area between these two functions equals 1/4 + | — 1/4] = 1/2. 


5.93. Given functions may be written in the explicit form, given that (x, y > 0), as 
P-y~=9 >y= fa)=vx?-9 


4 
4x —Sy=0 i oat A as 


where f (x) is defined for x > 3. Coordinates of the intercept point between f(x) and g(x) are found 
as 


f(x) = g(x) 
4 
x2-9=>-—x 
5 
16 
x*7—-—x?-9=0 x25 
25 


25x — 16x? —225=0 
9x? —225=0 ~9 
x -—25=0 >x=5 ». f(5)=4= (5) 
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Fig. 5.16 Example P.5.93 


Thus, the intercept point is. = (5, 4); see Fig.5.16. Area A between these two functions may be 
found as the difference between their respective area as 


5 
Al =f g(x) dx 
0 


5 
Ao= f St (x) dx 
3 


A= A; — Ad 
where 


1. The triangular area under g(x) where x € (0, 5) is 


7 4 As 
A = d. — te d =- — 
I [ g(x) dx =| x dx 10 x 


2. The arc area under f(x) where x € (3, 5) is 


r= f re) dx= f Vx? —9 ax = {see A.5.51 } 


ee atm > in|s + /x2 —9| 


so that the arc area under f(x) in x € (3, 5) interval is 


5 
Az 


(Gve ae in Ix + /x2 — 1) 


2 


3 


= (Gv# = in [5+/5?— 51) = (Gv = Oe In [3 + 32 - 51) 


9 9 9 
= 10 ~ 5 In|9| + 5 In [3] = 10 — 5 In 3| 
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In summary, area A above the horizontal axis bound between g(x) and f(x) equals 


9 9 
A=A\-A.= 10 - (10- 5 In(31) = 5 In/3| 


5.94. Given functions may be written in the explicit form, as 


P+y=8 sy=f@=V8—-x? 
y=2x > y= g(x) = V2x 


where f(x) is defined for x < /8. Coordinates of the intercept point between f(x) and g(x) are 
found as 


f(x) = g(x) 
V8 —x2 = V2x {note that there are +, / values } 
x? +2x—8=0 


x? —2x+4x—8=0 
x(x —2)+4@ — 2) =0 


(@-2D@+4)=0 Sug =t2 0 fE2=42= 942) [{) 441 > Ive] 


Thus, for x > 0, intercept points are &/ = (2,2) and A = (2, —2); see Fig.5.17. Area A between 
these two functions may be found as the sum of their respective areas. Due to symmetry, it is sufficient 
to calculate the area for y > 0 and then multiply by two. That is to say, 


Fig. 5.17 Example P.5.94 


5.8 Volume of a Solid of Revolution 453 


A =2A,;+2A2 
where 


1. The arc area under g(x) is 


Avs [en ar=v3 f° Je dx = 3% av = va) =$ 


3 


2. The arc area under f(x) is 


2/2 2/2 
Ad = f() dx = / V¥8—x? dx = {see A.5.43} 
2 2 


2/2 


Xx x 
= 4aresin = + SV8— 3) 
( 2/2 2 


{7a Wa] 70 01.2 p= 
— ga 8-Ov2y - (4avesin + 5V8—2) 


=0-(7-2) > Ars=1-2 {both positive and negative side } 


In summary, the total enclosed area is 


8 4 
A ae ee a ee 


5.8 Volume of a Solid of Revolution 


5.95. The circle area whose radius equals r is A = mr7; see A.5.84. If each circle is imagined as 
a paper sheet whose thickness equals zero, then adding an infinite number of “pages” creates a solid 
cylindrical body, where radius may not be constant change along the vertical direction. 

In the simplest case of a horizontal line y = 2 (i.e., radius of the future solid) within interval 
x € (0, 2), thus parallel to the x-axis (see Fig. 5.18), the volume of a solid cylindrical body is 


2 
= 81 


2 2 
vias | ydr=a | Y dx =4n x 
0 0 


0 


which is a simple cylinder, radius r = 2, and height h = 2—0 = 2. 
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Fig. 5.18 Example P.5.95 


5.96. Rotation of a linear function y = 2x creates a cone, whose volume is then 


3 


: 104 
= 4727 ie 


3 3 
v=o | yads=n f Qui dx=arx 5 
1 1 


1 


5.97. Rotation of a function y = 4x — x? 


interval defined by points at the x-axis, 


creates a solid body, whose volume is then bound by an 


4x —x? =x(4—x)=0 -. x1 =0, x. =4 


4 4 4 
v= | yadsaam f x—xP dx =n f(t — 8x3 + 160%) ax 
0 0 0 


A 

1024 1024 12 
=1( a5. \-= a 
‘ 5 3 15 


4 4 46 : 
+x 
0 3 


5.98. Rotation of a function y = 1/x creates a solid body. However, its volume must be calculated 
by an improper integral as 


0 
= im (-// -(-))=n 
I a>oo ‘a 


5.99. Solid body may be created by rotation around any axis, here around y-axis. Rotation of a 
function y = Inx around the y-axis creates a solid body, whose volume is bound by 


o.e) > . a 1 . 1 
V.=0 y dx =a lim = dx =n lim —— 
1 a>oo J, Xx a—>oo x 


1 1 1 
a 
y=Inx «. x=e ., yon | Pdy=a | (e') dy => 
0 0 


Tyo 
= —(e —1 


5.100. Rotation of function y = sin x creates a solid, whose volume is then 


5.9 Line Integral 455 


TU 


1 5 cd oo 1 1 
VY.=0 y dx = sin* x dx {see A.5.18} = — x — = sin(2x) 
0 0 2 2: 0 
= tia 2(O-s2 an@) | Se 
=— — =sin —(0-=sin =— 
g\ "3° 2 2 


5.9 Line Integral 


5.101. Given circle equation x” + y? = r* may be written in its parametric form as 


(@) i 2 ays in 6 

=> Cos : = = 

x r ee do r sin 
dy(0 

y(@)=rsind -. y'(@)= =f aaea 


Therefore, by definition of line length integral in parametric form, (r >0,¢d€ (0, 2z)) 


2a 2a 
= / x24 y2d0= | Jr sind) + +(r cos 6)” a=r fo V sin’ 6 + cos? @ dé 
0 0 


=ré = 2rn 


0 


5.102. Given function y = f(x) = 4 — x?, it is bound by x € (—2, 2) interval. This function is 
even, so it is sufficient to calculate the half-length (e.g., x € (0, 2)) and then multiply by two. Thus, 
by definition of line length integral, it follows that 


2 2 2 2 
s=f vit ytax = [ Vit (20) ax = f Viva? dx =2 f Vv (1/2)? + x? dx 
0 0 0 0 


= {see A.5.55 | 
2 
(5 (ay? px + Se In 


JI+4 v7 4 
_ Ga. +5in V+ 4x? +2) | = + g|vi7 +4] - 


JVC)? +x2 x : 
1/2 Ip 


7 s= vi + jin|vi7 +4| 


5.103. Given function may be written as 
ff) =y =x? 42x =x(x +2) “. x €(-2,0) and y’=2x+2 


so that 
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1 
0 0 fH=2e+2 2. dtaHZlaxe & de= sat 
ico VIF 9? av= f 1+ (2x + 2)? dx= 2 
= oe x—> —2>t-> -2; and x-0>3t->2 


2. 2 2 
Al Vi+eat= f V1+? dt = {see A.5.55} = ( 148+ 5in|Vi+" +4) 
—2 0 


0 


1 
V5 + 5In|v5 +2 


5.104. Given function may be written as 


= 4 
Nebafpa ls fa)=y=Vl-va “ xE(0,D .. jo 


so that 


sof reyeax= ff yi+(4 are ff J+( (a 


-[ 2 FID ava f * ao, 


6 x 
Vee dy 4 
= vif ( >) oa 

0 vx 

Variable substitution may be as 
Wea : aa dt 0O=>t 1 d l>t>1 
X--=> 1. == “xo —>-1l and x-> > 
2 2 JX 


which further leads to 


sev |(ve 7-1) y+ S-4f \ ee 2 feria 


= {see A.5.55| = ule (1 Vite+inlyi+e +1/) ; 


= 2 (vi+1n|vi+1)) 


5.105. Given function 


5.10 Mean of a Function 457 


Line integral can be calculated for y variable as well, as 


5.10 Mean ofa Function 


5.106. The average of a periodic function as calculated over one period is 
20 


iy 1 1 
(sinx) = a sinx dx = on (— cos x) : — ee a a 1=0 


To interpret the result that (sinx) = 0, x € [0,277], as well as (cosx) = 0, x € [0,27] (see 
Fig.5.6), note that within one period of sin/cos functions, positive and negative areas are perfectly 
matched, thus cancelled to zero. 


5.107. The average value of sin/cos functions over an interval that is equal to a non-integer number 
of function’s periods, as in this example, is 


a i 1 oa. 2 
(cos x) = = [ cosx dx = — sinx =—(-1-1l=-—- 
4 ue 


x/ fe 


that is to say, not necessarily equal to zero. 


5.108. The average value over one period of a sinusoid function (“AC”) that is added to a constant 
(“DC”) is found as follows. 


1 2n 1 Qn 1 Qn 
(f(x) =— (1+ 0.75 cos.x) dx = = | dx + — Os x dx 
2m Jo 2m Jo 20 


1 2n 


=—x 
20 


0 


1 
= — 07 —0)= 
5, OF ) 


0 


This is an important general property to notice, and graphical interpretation is shown in Fig. 5.19. 


5.109. Integral that involves the square of a sinusoid function is solved by the change of variables 
technique in addition to trigonometric identity transformation as follows. 


Qn 
(f(x)) = = | cos? x dx = {cost = 5(I +c0si2x))| 


1 2n 


1 20 
— = + xf cos(2x) dx 


[kos Qn) de= : 
" 5 COS( LX = ae 


0 
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pa 
Ss 
= 
ee 


=] 
. 
ne" 


SS 
x 


x 
S 
N 
we 


sarerererexecent 
RRS 
Sarareraranenenty 
RRRNROVNY 
RQQRRR 
SXXXRXF 


= 
R 
DS 
K 
> 
‘ 
& 


dt 

b=]2x 5. GeSa2 Gx. <. i= 

£=0 3. €=0 and 2H le & PH=4e 

1 i 1 1 0 
= —(27 —0)+ — tdt=—~+—( si — si 

ay Ot +e | cos 5 tg, ( sinter” singoy") 
1 
~3 


5.11 Improper Integrals 


5.110. Given open-ended (improper) integral 


it is not always obvious if this area is going to converge or diverge; see Fig. 5.20. One possible 
method to resolve improper integrals is to first calculate the area bound by finite parameter a and then 
to calculate the limiting value when the parameter tends to infinity, as 


5.111. Given improper integral 


| 
dx 
1 «x 


after declaration of non-infinite parameter a, it follows that 
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Fig. 5.20 Example 
P.5.110 


Fig. 5.21 Examples P.5.111 and P.5.112 


a 


cane | 
lim —dx = lim (nis 
a> Jy Xx a->oo 


)e lim (Ina — Inl) = co —0=oo 
1 ao 


which is to say that this integral is divergent. Note the difference between functions 1/x and 1/x? 
as illustrated in Fig.5.21 (left). Although, by inspection, both areas seem to converge, it is clearly 
visible that their respective integrals behave very differently: In x is divergent (i.e., tends to infinity) 
and (—1/x) is convergent (i.e., tends to zero) for x > oo. 


5.112. Given improper integral of a non-continuous function at x = 0 as 


| 
dx 
5 Whe 


it is resolved by two-sided limits tending to zero, as 
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a 1 a 1 
dx + lim dx = lim | x7 dx + lim / x23 dx 
a>0 a> 0 a 


1 
3 
9 Sa f/x? a>0 J_y 


lim 


a> 0 = SL 2 


=m (YoY) +3 (VT) 


1 
a 


=3 lim vx 


+3 lim Wea 
1 a> 0 


=3(V0+1)+3(1-V0) =6 


In this case, even though there is vertical asymptote within the given interval x € [—1, 1], the area 
converges to 3 on each side, Fig. 5.21 (right). 


5.113. Given two-sided improper integral (see A.5.22), 


oy 2 
/ xe ~ dx 
—OoO 


= ~ lim (e-* a) = ‘(0 —0) =0 
Ro ‘i e e ==, = 


a>oo 


then the two-sided limit is 


a 


: #2 . 1 _ 
lim xe” dx = lim — =e 
a>oo J_,, a>oo 2 


x2 


which is to say that signed left-side and right-side areas are equal but opposite sign, (1/2). 


5.114. Given one-sided improper integral 


it is resolved as follows: 


"==2 lim (YT=0-/T=a) =— 201 -o0)=00 


a 


=-2 lm Vl- x 
a—>—0oo 


0 
1 
lim ———. dx 
a>—oo / fl —x 
which is to say that even though, by a quick look inspection, it may appear that the area under f(x) 


converges, its integral diverges. 


5.115. Given one-sided improper integral 


it is resolved as 


a IW 


lim , dx = lim arctanx 
2 
a>oo Jo 1l+x a—>>oo 


1 
= lim (arctana — arctan0) = ~ —0= 
a—>0oo 2 


| 


0 


5.116. Given one-sided improper integral, it is resolved as 
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aa | : | dx : 1 
dx = lim dx={t=Inx »«. dt= —} = lim a 


x In? x aso J, xIn?x 


5.117. Knowing that definite integrals give the total signed area within the given interval, sometimes, 
the correct result can be intuitively deduced. Given improper integral 


[. 
dx 
1% 


note that the inverse function has vertical asymptote at x = 0; thus, it is logical to calculate limit 
a — O after applying the Newton-Leibniz formula. That is to say, 


a 1 


=t i a | mA 
/ —dx=lim | —dx+lim | —dx= lim Inja|| + lim Infa| 
1 a> 0 Boe a> 0 24 a> 0 


x a>0 J_, Xx 


a 


0 
= lim (In a| Int" Int” — In al) = —c0 ~ 00 


(divergent, incorrect conclusion) 


Mathematical software that blindly implements the Newton-Leibniz formula reports this result. 
However, the inverse function is odd, that is to say, symmetric; see Fig.5.22 (left). The left- and 
right-side areas are equal; thus, one should conclude that the total sum must be zero. Indeed, the 
evaluation of undermined result should be as 


at ; ay] ; 0 0 
/ ~ dx = lim dx = lim (In |a| —In}—41" + In — In|a}) 


x a>0 J_1 x 


= lim in! = lim Inl =O .. (correct) 


5.118. Given improper integral of a periodic function 
100z 


V/1—cos2x dx 


0 
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Fig. 5.22 Examples P.5.117 and P.5.118 


it should be evident this integral must equal a non-zero positive value; see Fig. 5.22 (right). However, 
direct and blind implementation of the Newton-Leibniz formula may lead to 


1002 
/ V/1—cos2x dx = [1 —cosx = 2sin? 5 ae 1 — cos 2x = 2sin*x| 
0 


100z 
/ sinx dx 
0 


= /2 |cos(50 x 27) — cos 0| 


1007 
-vif | sinx| dx = /2 
0 


100z 


= V2 


COS X 


0 


= /2|1—-1;=0 


However, by inspection of Fig.5.22 (right), the area under f(x) is obviously non-zero and positive 
(i.e., | sinx| > 0), and f(x) is periodic with the period T = z. Instead, calculation over one period 


gives 
rs 
i sinx dx 
0 


= J2|-1-1)=2v2 


= J/2| cosx 


/ V1 —cos2x dx = J/2 
0 


| = /2 |cos(r) —cos0 
0 


Therefore, given hundred periods, the total area within interval x € [0, 1007] equals 200z. 


Differential Equations 


® 


Check for 
updates 


Systematical study of differential equations and properties of their solutions is done in accordance to 
their forms and techniques for solving. An introductory list of ordinary differential equation forms 


and terms may be as follows: 


First-order differential equations take the form of 


f(x,y,y’) =0 where y’ = — 


where only the unknown function y(x) and its first derivative y’(x) are found in the equation. 
Furthermore, note two most common notations for differentiation. Leibniz’s notation is explicit, that 
is to say, it shows explicitly the relation between the unknown function, its corresponding variable, 


and the order of differentiation as 


dy d’y dy q@) y 


dx’ dx?’ dx3’ Boe 


while Newton’s notation is implicit, i.e., it does not explicitly state the corresponding variable. 


Instead, the derivatives are written as y, y’, y”, y’”, y™, ete. 
Common types of first-order equations are: 


1. “Separable variables” equations take the form of 


i f(x) 
g(x) 


2. “Homogeneous” equations take the form of 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 
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464 6 Differential Equations 
3. “With function coefficients” equations take the form of 


y+ f(x) y = g(x) 


Homogeneous linear differential equations with the constant coefficients take the form of 


ayy’ +aogy =0 (1™ order) 
any” tay’ +aopy =0 (2 order) 


axy"” an any” + ayy’ + ay = 0 (ar? order) 


Problems 


6.1 First Order, Separable Variables 


Reminder: The separation of variables technique is used to solve differential equations whose 
form can be written as 


. g(y)dy=f(x)dx = [eo ay= f fa) dx 


Therefore, the solution y(x) is found by direct integration. 


Derive general solutions of equations in P.6.1 to P.6.12. In the cases where the initial conditions 
y(xo) = yo are given, calculate the value of the associated integration constant c. 


6.1. y=a 6.2. y"=a 6.3. y" =a 
6.4. y’ = 2x, y(0) =0 6.5. y'=y, y() =e 6.6. yy’ +x=0, y(2)=0 
6.7. y +y=a 6.8. y—2xy'=1 6.9. yo +2xy=x 


6.10. /x dy = /y dx 6.11. x(1+y’) = yy’ 6.12. y'tanx-—y=a 
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6.2 First Order, Homogeneous 


Reminder: The general form of “homogeneous” differential equations is 


r=) 


and is solved by the following change of variable technique: 


==! * VSR = { (rene) = r'e+ Fe} 


d dt 
dy=tdx+xdt > seen Bare ae eat 
dx dx 


Derive general solutions of equations in P.6.13 to P.6.24. In the cases where the initial condition 
y(xX0) = yo is given, calculate the value of the associated integration constant c. 


6.13. y'=1+2 ee. fo 
X Pr 
2) a id _ _ 
615. fos * ae 6.16. (x+y) dx—xdy =0 
2xy 
6.17. xy! —2y =—x? 6.18. y’=~In> 
Xx X 
6.19. xy? dy= (x? + y’) dx 6.20. (x —2y)dy=(x—y) dx, y(I)=1 


6.21. (x? — 2y") dx + 2xy dy =0, yC2)=0 6.22, y’—» = tan 
xX Xx 


ae 
6.23. ao lS 0, y(e) =0 6.24. y 
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6.3 


First Order, Function Coefficients 


Reminder: Equations in the form of 


6 Differential Equations 


y+ fx)y =8(x) 


may be solved with the following steps: 


1. first, the “integration factor” jz is calculated as 


lL 


2. then, it is assumed that 


= ef fx) dx 


d 
rae HL) = wg (x) 


3. so that the unknown function y(x) is derived by integration. 


i 
Jeon = f neco at ya= | use) dx 7. y= iE [vse dx 


Derive general solutions of equations in P.6.25 to P.6.34. 


6.25. 


6.27. 


6.29. 


6.31. 


6.33. 


y-y=l 
y’—4xy=x 
y+ 2xy= Qxe* 
p 2 4x 
— =0, y(0) =2 
Xx 


aS ha 


y?+x)-(+DQx+1) =0 


6.26. 


6.28. 


6.30. 


6.32. 


6.34. 


y +xy=x 
y’—2y-3=0 
y’ + ycosx = sin(2x) 


/ 2y 3 
— —— -(x+1) =0 
ee (x + 1) 


1 
y+ ytanx = ——, y(r) = 1 
cos x 


6.4 Linear Equations, Constant Coefficients 


6.4 


Linear Equations, Constant Coefficients 


Reminder: “Linear differential equations with constant coefficients” are in the form of 


any” at Gray toooadk any" + ay’ +aoy=0 


where a; are constants. In general, linear differential equations with constant coefficients are 
solved with the following steps: 


1. 


Its “characteristic polynomial” is 
P,(r) = Gqr” + d,_ir" | +--+ ar? +ayr!+agr° =0 
where the derivative orders in differential equation are replaced with the same-order 


monomial powers. Therefore, the problem of solving differential equation is replaced by 
the problem of calculating polynomial roots P,(r) = 0, L.e., (71, 72, .--5 Tn). 


. Each polynomial root r;, real or complex, is converted into one exponential term as 


Cs FE (a =O, 1,2 500) 


where c; is the integration constant and the power of x” term depends on the multiplicity 
of the particular P(r) root. For example, if the root is unique, then n = 0. If there are two 
identical roots (i.e., “double root”), then the first root’s exponential term is multiplied by x°, 
and the second root’s exponential term by x!. Similarly, if there are three identical roots, 
then the first root’s exponential term is multiplied by x°, the second root’s exponential by 
x!, and the third root’s exponential by x”. The higher-order multiplicities follow the same 
pattern. By doing so, the general solution to differential equation may be written in the form 
of sum of the exponential terms as 


Ve Oe ete i 0 ers) 


Derive general solutions of equations in P.6.35 to P.6.46. 


6.35. 


6.38. 


6.41. 


6.44. 


y”—-9y =0 6.36. y”’+ y'—2y=0 6.37. —8y"+2y'+y=0 
y” —2y'’+y=0 6.39. y"+4y'+4y =0 6.40. 4y”—4y’+y=0 
y” + 6y’ + 25y =0 6.42. y”—2y'+2y=0 6.43. y” —4y'+5y =0 
y” —3y"+3y —y=0 6.45. y”—-2y”"-y+2=0 6.46. y©-—2y’”=0 
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Answers 


6.1 First Order, Separable Variables 


d 
6.1. y=a .. 74 “. dy=adx .. favqaf ax 
Xx 


 y(x) =ax+e 
a ee d d 
Verification: y=ax+c -. y= ioe —(ax+c)=a ¥ 
dx dx 
d’ dy’ 
6.2. y"=a pa = 4 Se =a a: far=af dx .. y =ax+c) 
x Xx 


d 1 
~ =ax+c «©. fo — | (ax+c,) dx 2. yxX)= 5 +ce.x +c 
x 


1 d d {1 
Verification: y= sax texto .. y’ = - = ak (Sax? tex + a) = sax +c 
dy’ d 
"= = x tei) =a v 
a dy" 
6.3. y"=a 5. “3 =a .’, ~ =a .. for=af dx .. y" =ax4+c) 
dy’ / / 1 2 
ree os dy = | (ax+c,) dx .. y =a +cx+e 
d 1 1 
x — sax +cex+caQ .. fo — (Sax? +oeyx+ os) dx 
1 3,1. 
y(x) = sax” + =<c1x" + 02x + €3 
6 2 
‘ : 1 1 
Verification: y= gut + a + Cox + 63 
d d {1 1 1 
y= ~ Ser (Jax + xox + ox + a) — Pan’ + men +c 
dy’ d {1 
y= — = a (Ga? tax +e) = Zax +c 
dy” d 
y"= ~ = Zz atea=a v 


d 
6.4. y= a = v. dy=2xdx .. fava2fs dx +. y(x)=x?+e 
is JMS Se 


Verification: 


y=x+e “ W=2x > w=2x -. Wa=wW .. O=K0V 


6.1 First Order, Separable Variables 


469 
Fig. 6.1 Example P.6.4 


General solution is a family of curves, Fig. 6.1. Given the initial condition / 


iti : y(0) = 0, its 
corresponding specific function is calculated as 
yx) =x? +c 
0= (0) +c 


c=0 > y(x) = x? 
d d 
6.5. y=S=y ce ae aL i = fax “. Injy}=xtecy 
x y 


Verification: 


y=ore" +. y=oe 


> Jay 1. o=o¢e « 0=0V 


General solution is a family of curves, Fig. 6.2. Given the initial condition 


iti : yC) = e, its 
corresponding specific function is calculated as 
y@) = ce 
e=ce! 


Qq=l > ya=e 


d 
6.6. yy’ +x=0 y= n3 y dy =—x dx _ f vdy= [ra 
yy @ x 
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Fig. 6.2 Example P.6.5 


—c=0.5 
—o=1 
— cM =2 


which is an equation of a circle whose radius equals c; see Fig. 6.3. It is converted from Cartesian 
to polar coordinates as 


r? cos?@ +r? sin? 6 = c* 


| 2 
¢ -) a) 
r = ,{/ —————— cos*6+sin*6 = 1 
cos? 6 + sin? 6 


r=c (ie., radius r is constant) 


Verification: 
—2x 
=) 2 2 — 

Yave—x 5 a ee 

2c? — x? 

yy tx= 
=x? eae ea = 0 
9 Ler =aF 
0=0 Vv 
General solution is a family of curves, Fig. 6.3. Given the initial condition < : y(2) = 0, its 


corresponding specific function is calculated as 


y(x) = £Vc? — x? 
0=+Vc? — 22 
0=°-4 « Ve =V4 


lcl =2 > yx) =+tV4—- x? 


6.1 First Order, Separable Variables 


471 
Fig. 6.3 Example P.6.6 


eae * Inft}=—-x+c, .. Injy-—al=—-x+c, 


ly-al| set = {e** >0 


ly-al>0 .. ly-al=y—a} 
y-a=e"el=e 6" = [p= | y(x) =a+ce~* 
: : d 
Verification: y=a+ce* ». y= 


Therefore, 


y+y=a ». —ce*+atce*=a ». a=aV 


6.8. y—2xy=1 7. y=2xy'4+1 ©. 


d d ld 
y—1=2xy! = 2x2 3 
dx y-l 2x 


d 1 fd 
a5 f Sa ty-1= -. dy =dt} 
y-1 2 x 
1 
i Inly— 1] = >Inlx| + {C= ley | 


1 1 z 
Inly = 1) = 5 Inia] + Incr = 5 In(er [x1) = Incr |x)” 


jai? =x and e*s0 - 


, a> ot 
y-l=Vo |x| = Ja V/|x| = 02 Vx 


y(x) = 1+c.Vx 


Verification: y=1l+oaJ/x 7. y= @y 


d C2 
rag a 
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Therefore, 


yoIsy=1 2. It+ase- Reveal A I todt—-ads =f + 0-07 


2 
d d d 
6.9. y’ + 2xy —— ae 7 =x-— 2xy = 7 = x(1 _ 2y) a — ay 
dy 1 
aoe [: x {! 2y=t .. —2dy= dt .. dy sar 
1 fdt x «¢ ; 
7 ==] 2. lll Saas laa 
zit 2 B 


1 2 
~ y(x) = 5 (e2 e*~ + 1) 


. : 1 2 
Verification: y= 5 (e2 e* + 1) oy =O x er 


Therefore, 
2 2 1 
y +2xy=x .. —Ore=_4+Z Z * te =e “ O=0 Vv 
dy dx 
6.10. /xdy=fydx 2. | == | = .. 2ys2Wx4tC 1. Jy=vVxte) 
Jy vx 
y(x) = (Vx +t)? = x + 21x + €2 
d d 2 
Verification: yH=xt2e/x +e , y= Fo at bavi ta) = 14+ 
Therefore, 
dy Jy 2c (er iy 
dy= d 2 7S a= = 
Vx dy = ./y dx eee . a as a 
Cl Vx +C1 C1 C1 
1+ — {= Pat = “ 0O=0 Vv 
+e a 1+ 1+ 
y__ dy 
Al. x0 t+y)=yy 1. x= — 
6 aby) = yy ara ay 
: _ y Og. 4 ae 
: [xa= [foo {l+y =i 2. 2ydy= dt } 
1 dt / 1 2 x ¢} 
~f{—=]xdx » -md+y)=Tz4+5 
2J t Z Z 2 
1+ yee tt =ee” 
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6.2 First Order, Homogeneous 


Verification: y= Vo els y= 
WW cer —1 
Therefore, 
axe e 
x (: + ( Cex vere = 1) ')= (eer) 
0O= 


ex = exe © 


x(1+y’) = yy’ 


x({+c2e" -1) =oxe™ 


dy dy 
—tanx=a+y .. = x 
dx a+y  tanx sin x 


/ dy [= 
= - dx 

at+y sin x 

={aty=e .. dy= dt, and sinx=r 


6.12. y’tanx-y=a 


cosx.dx = dr| 


y(x) = c) sinx —a 


Inja + y| = 1In|sinx| + Inc; = In|c; sinx| 
Verification: y=c,sinx —a y’ =c; cosx 
Therefore, 


. 0O=0 Vv 


C| SOE cysiner td = 


y'tanx-—y=a 


6.2 First Order, Homogeneous 


6.13. Given equation may be converted into explicit f(x/y) form, then the change of variable 


method is applied as 
d 
j= £ oS ats = fr==|ai4e 
dx x x 
dt 


(2 = (GY =F Sele [Hat tal = te 


dt y 
kK+x—=14+k. dt= | — .. t=Inx+iInc ». —=Incx 
dx x 


~ Je Ge 


Verification: y= x Incx =Incx+ 1 s =Incx +1 


Therefore, 


6.14. Given equation may be converted into explicit f(x/y) form, then the change of variable 


method is applied as 
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6 Differential Equations 


2 2 d 1 
ea +y yo Salty ta fra }aree 
xy x x y 
=> 
= ! yo 1 ¢f Ye dt 
yext oo. y= = {fay = fet fe'}axttxt st+x— 
1 dt 
oe 
1 dx ; 
tax ~fF = frat . Injx|+inc == 
t 2 


2incix) «. ~= 
Xx 


2 In(c|x|) {x > 0} 


on =x /2 In(cx) 


y 


Note that the integration constant c may take any convenient form, including the logarithm of a 


constant. 
Verification: 
; | yl be — 
y=xVJ2In(cx) «. 2 In(c x) "Toe CE) eR 
Therefore, 
; x? + y? 
y. = 
xy 

1 xe (x /2 In(c x)) 

2 In(cx) + = 
J/2 In(c x) x2../2 In(c x) 

1 _ x? + x72 In(cx) 
SCA Ge = a2 aeD 

1 | 272 In(c x) 
2 In(cx) + 

J/2 In(c x) ~ fA In(c x) we Jt In(c x) 
aT 1 1 (2 nex)? 
ae ae 2 Intcxy 
Vrintex) + 5 4 JPintex) 
=< x — 
0=0 Vv 


6.15. Given equation may be converted into explicit f(x/y) form, then the change of variable 
method is applied as 


6.2 First Order, Homogeneous 475 


ee Mt dy y x fr=2}=5 af 
. 2xy dx 2x 2y x 2 t = 
d dt 
yest Wa = (fey =f'et fel bax'tto atte 
x dx 


pax ttael(,_} _P-1 
"ae (2 ti) oO 


dt t-1 ; ?—1-20? | r+ 


4+ = -t= = 
dx 2t 2t 2t 
dx 2t 4 
= -f paar [Ptiar 2t dt =dr, (t?+140)} 
c 
1 ies = ale Inc «1 = In —— 
n|x| = -{% n|r| = —In{t" + 1] + Inc n|x| Pol 
; . ct 
2a ang PER oS 


This is a parametric solution, i.e., y = y(t) and x = x(t). The parametric variable t may be eliminated 
and the explicit y(x) solution derived, for example, as follows. 


2: 2 
2 3 42 Bet as qo 
t 1 =— t=—-—1 
= @4 1p ae (t” + 1) 2 - 
. c2 ft? 
* = @ +1? 


2 


yar e/s-) _ =i 
oe? /x2 1/x? 
ytx—-ex=0 of y=vVex—x? 


which is an equation of a shifted circle whose diameter equals c; see Fig. 6.4. It is converted from 
Cartesian to polar coordinates as 


=x(c —x)=cx-x 


x =rcos(@), y=rsin(@) 


y’ se =cx 
r? (cos? 6 + sin? 0) =c fcos@ 


c cosé 


~ cos? @ + sin? 6 


=c cosé 
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Verificati y Vex—-x?2 y’ = Therefore 
erification: y= — yy = , 
2/cx — x? 
y y?— x2 
2xy 
c — 2x (Vex — x2)" — x? 


General solution is a family of curves, Fig. 6.4. Given the initial condition & : y(1) = 1, its 
corresponding specific function is calculated as 


y=vex—x? 
(=./et = 12 


l=c-1l 


- ¢=2 > yx) =V2x - x? 


6.16. Given equation may be converted into explicit f(x/y) form, then the change of variable 
method is applied as 


(x+y) dx —xdy=0 


xdx+tydx=xdy ». (x+y)dx=xdy .. == 
x 


Fig. 6.4 Example P.6.15 


6.2 First Order, Homogeneous 477 


dy dy 
1 = = — /— + =f . 
7 dx : ee de dx tal 
dt d 
lthahtar tax fan f 
dx x 


*. t= In(c;x) thus, y=xIn(c; x) 


Verification: 
y=alnqx) -. yf =inerx) +425 =x) +1 
Ax 
Therefore, 


(x+y) dx —xdy=0 


y _ dy j 
1+i=—= 
x dx 
14 ERE inter +1 
0=0 Vv 


6.17. Given equation may be converted into explicit f(x/y) form, then the change of variable 
method is applied as 


ay = 2 Sx" fo y =2--x 
x 
so that, 
d 
a ee ae 
dx x x 


d dt 
yext sy =2 = ((fe!=sf'et fe} axttxt =rtxS 
dx dx 


t dt 
t+tx—=2t-—x 2. x+x—=2t-t «. xdx+xdt=tdx .«. xdx+xdt—tdx=0 
dx dx 


x-—t t dt 
(x—t)dx+xdt=0 .. —dx=-dt .. 1--=-— 
x x dx 
And, the second time 
dt t t dp dx 
atat1a {ta plep-1 . yteax-1 . fap=-f 2 
dx x x P - Sa e R 7 x 
= Pies cS a ee 
p=—Iniex| -. -=—-Infeyx| -. S = -Inlex| -. y= x" In{eix| 
x x es 


Verification: 
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y=—x7 Inox] 2. y’ = —2xIn|eyx| — x 
1 od =x? Inieix| 
=—3% 4% 2x1 gf 
y , x —2xIn|cyx|—¥ F Ps 
0-0 Vv 
dt 
6.18. y =-n-= f= = oY ins 
y = y ee 
dt dt dt d 
pig Se? Ae Sine = A / =f a 
dx dx t(Int — 1) x 
d 
= {r=1ns % ar=“} a inewxl = ff = inf ~ 1) = imine — 1) 
t r—-—1 
les Sith =i) © eek She 1S Peete £2 Sere 
Xx Xx Xx x 
l+ceyx 


y=xe 


6.19. Given equation may be converted into explicit f(x/y) form, then the change of variable 
method is applied as 


d x+y x\? 
xy dy=(84+y)dx 7. y= a - = 42 * {fy =tx . y =t+xt'} 


dx xy y x 

1 dt 1 

: fo ‘ se ees 
vo k+AxX ath xT 3 


d B 3 
fe a= [> o Zeinab) 2. 25 = Ine be) 
x 3 


3x 
y = x3 In(c, |x]) 


Verification: 


y = xV/3 In(cq |x]) ee y= / 3 In(cy |x|) + 


1 
(3x In(cy |x|)" 


Therefore, 


6.2 First Order, Homogeneous 479 


,_ dy x-y | dy #1 —>/x) 


6.20. (x—2y)dy=(x-—y)dx .. y =a aay BS dx ~ ¥—2%/s) 
lye tx y=t+xt'} fg a 
dx 1—2t 
dt 1-t 2 —2tr+1 | 1-20 dx 
i > rn a) /esa ~ x 


where 


/ i=! dt = {u=20?-2t+1 «. du= (4t—2) dt = —2(1 — 21) dt} 
751°" Y= obubad = 


2 
Sf cau = 2 ioe oes inlets |) 212) £1 
2 u = 5” ~ a y y 
so that 
1 2 
-51n|2(2) -2(2) +1] = Ines 
2 x x 
2 
In 2(=) -2(2)+1 = In(eyx)? 
Xx x 


Dy? = yx ge = e 


which is an equation of an ellipse; see Fig. 6.5. It is converted from Cartesian to polar coordinates as 


x =rcos(@), y=rsin(@) 


2y? — 2yx +x? = C5 
2(r cos(0))? — 2r cos(@) r sin(@) + (r sin(@))? = cs 
r?(2.cos*(@) — 2.cos(6) sin(@) + sin?(@)) = c3 


2 2 
= C3 _ 7) 
= —_ — 2cos(@) sin(@) + sin? (0) 7 cos2(9) — 2.cos(@) sin(@) + cos?(0) + sin’ (0) 
—_—$— $< 
1 


2 
= Cy 
~ i —2cos(@) sin(@) + 1 


General solution is a family of curves, Fig.6.5. Given the initial condition & : y(1) = 1, its 
corresponding specific function is calculated as 


480 6 Differential Equations 


Fig. 6.5 Example P.6.20 y(x) 


2y? —Byx +x" = 3 


2(1)? — 2(1)(1) + 1? = 3 


@=1 > y(x) =2y?-2yx+x7=1 


6.21. Given equation may be converted into explicit f(x/y) form, then the change of variable 


method is applied as 


2 2 2xy 2 
(x? — 2y*) dx +2xydy=0 ». = dy=-dx -. ———; dy=- dx 
ee x _2y! 
xy xX 
isis 4.7 =ftar}: _ _(ahet 
ie “" 1/t—2t 
Se ae dt 12-1 
pot Br ae Oe 
dt 1 217-1 1 
x= -t=-~— .. 2 frdr=- a 
dx 2 t 2t x 
t? = —In|cx| (7) = —In|cx| y? + x7 In |ex| = 0 


Verification: 


2 


y* + x7 In|ex| = 0 “oy = —x7 In|cx| v. y= |x| /—In|cx| 
dy — 2xIn|ex|+X#(/z4) _— 2In|ex| +1 


dx %J/=Infex} = - 2./—In|ex| 


At the same time, 


6.2 First Order, Homogeneous 481 


dy x2—2y? x -2(-x? Infex|)) x72 In lex| + 1) 


= = — v 
dx 2xy 2x |x| /= In [ex] 2x7 /=Tnfex| 
It is converted from Cartesian to polar coordinates as 

x =rcos(@), y=rsin(@) 
ms +x In|cex| =0 
r’ sin? x + r? cos” x In|cr cos x| = 0 

YP sin? x= —& cos? x In |cr cos x| 
tan? x = —In|cr cos x| {c1 = 1/\c|} 
—tan? x 
|r| = cy ——— (x E (0, 2x) 
| cos x| 


General solution is a family of curves, Fig. 6.6. Given the initial condition & : y(3/2) = 0, its 
corresponding specific function is calculated as 
y? + x7 In |ex| = 0 
0° + (/2)7 In|c(/2)| = 0 
In |c@/2)| = 0 
c 3/2) = 1 


c=7/3 => y(x) =|x|,/-In i 


Fig. 6.6 Example P.6.21 
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6.22. y=2 Stn + fystx 4 y =tex0} 
x Xx 
pert pate . [AL [ 
“ax aa tant x 


cos t 
* In|ex| = [Ra {u = sint = du = cost dt} 


int 
In|cx| =In|sin¢t| .. |cex| = sin =| J. y(x) = x arcsin(cx) 
x 
Verification: 
: ; : Cx 
y =x arcsin(cx) .. y = arcsin(cx) + 


V1 — (cx)? 


y —— = tan— 
x 


cx _ faresin(cx) x arcsin(cx) 
i ig es 
arcsin(cx) Tee F an Z 


cx ; ; _ x 
Timex = tan(arcsin(cx)) {tan(aresin2) = = 
cx cx 
t= (cx)? - fk= (ex? 


0=0 Vv 


yy 
6.23. oo, 8 =e ce {p= x oy y=t+xt'} 


dt dt dx 
t t=r—-t4+1 -. x— =P -2t4+1 .f/o-/F 
7 a “Te =F (— 1? % 


{u=t—-1 & du = adr} 
du 1 1 1 x 
incex) = | yS-- SF =— =— 
Uu 


y In(cx) — x In(cx) = — 


(x) = * 
WD = * ~ Tex) 
Verification: 
_ x ae a In(cx) — 1 
a In(cx) ~" ee In? (cx) 
Therefore, 
yoy, 


6.2 First Order, Homogeneous 483 


1 x ol x1 In(cx) — 1 7 
x2 (: 7 =) 7 4 (« _ J) —a+ In? (cx) a 
= (~ 2 a eI )-14 ee : 


rr ~ In(ex) | In2(cx) In(ex) | In(cex) In2(cx) 
2/ Lee af ie 
a (cx) ah (cx) “a+ (cx) 7 (cx) = 
0=0V 


General solution is a family of curves, Fig. 6.7. Given the initial condition </ : y(e) = 0, its 
corresponding specific function is calculated as 


Pe: 
fs In(cx) 
a 
In(c) + In(e) 
eer eee 
fl ~ In(e) +1 7" Inc) +7=70 .«. Inc) =0 


c=1 > ya) =x—- 
Inx 


—y/x 
6.24. i gt rae y= rH 2s y=tt+xt'} 
X X 


d 
kKtxt=ktet «. fea=f ». Injex| =e =e" 
Xx 


Indn(cx)) = J. y(x) = x Indn(cx)) 


Verification: 


Fig. 6.7. Example P.6.23 
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484 


1 
= In(In(cx)) + x ——— = In(In(cx)) + —— men 


y = x Indn(cx)) cine x) 


Therefore, 
y’ = 7 + e/* 


Indintex)) + Fi a = 5 Xlmdn(ex)) +e \Inan(ex))/\ 


1 1 
In(In(ex)) + ——— eS = In(In(ex)) + pate 


Indn€cxy) + Tie Indanfcxy) + Wes 


0=0 Vv 


6.3 First Order, Function Coefficients 


6.25. Given y’ — y = | = 1, it can be declared that 


f@)=-1 and g&x)=1 .. [remar=- | dx=-x ». w=e* 


Therefore, 

Bir fara fra 

“x 
ee aN {-x=1 —dx=dt dx = — dt} 

-fe dt — +c 
a as i a =-l+cje 
Verification: 
y=—-lt+cie* oy’ =ce* 
Therefore, 


cje* — (-14+ cie*) =1 
ore +\- ce =\ 


0=0 Vv 


6.3 First Order, Function Coefficients 


6.26. Given y’ + xy = x, it can be declared that 


2 


f(x)=x and g(x)=x .. [rears frar=> Ae poe? 


d 2 2 
— (e' a a fale ny) = fxer” dx 
dx 

x?/2 x2/2 x? 

e += re dx gmt. xdx=dt 


= fdaae=PP +e 


er 2 y= et /? ANGE y= 1+ cet? 


Verification: 


yeltoe*? 9 yi =-exe*? 


y +xy=x 
—cree 7 +X + cre 7 = x 
0=0 Vv 


6.27. Given y’ — 4xy = x, it can be declared that 


2 
f(x) =-4x and g@v)=x .«. [ f@as=—4 f xdx=-4 = 207 & pse 


Therefore, 

d 2 

— (6 y) =e fa (ee y) = Lae dx 

dx 

—2x? —2x? 2 1 
e y=] xe dx \-2x°=t .. —4x dx =dt “ dx =—7 at 
= -zfe (pasa = oe . +¢ 
4 
2x" 1 —2y? 2x2 
e y=-—-e +c} y=--+ ce 


Verification: 
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Therefore, 


6.28. Given y’—2y—3=0 .. y’—2y =3, it can be declared that 


f@)=-2 and g@)=3 [ro-f eee 


Therefore, 
ae (y eo) ag fe (y er) a 3 fem dx 
dx 
3 
y= -i+c,e™ 
Verification: 
yo = +c,e" y’ = 2c; e* 
Therefore, 
y-2y= 


6.29. Given y’+ 2xy = 2xe~’, it can be declared that 


2 
f(x) =2x and g(x) =2xe = [fear=2fxar=25 a ae 


Therefore, 


6 Differential Equations 


a 


6.3 First Order, Function Coefficients 


yeh a2 | pre dx = be) on y=e™ (x? +c) 


Verification: 
y=e" (x7 +c) 2. y= —2x er Ge + cy) + 2x ee 
Therefore, 
y +2xy =2xe* 


eee (eg + c1) + xe 4 x (eo (x? + c)) = Veer 


Ff -9t\ +2 +or=\ 
0=0 7 


6.30. Given y’ + ycosx = sin(2x), it can be declared that 
f(x)=cosx and g(x) =sin(2x) .. / f(x) dx = [eos dx =sinx -, w=e%* 
Therefore, 


jo = i sin(2x) e"* dx = {see A.5.41} = 2e%"*(sinx — 1) +¢ 


ya) = 2(sin x = 1) + cen sinx 


Verification: 
y =2(sinx —1)+ce7™* +, y’ = 2cosx —ccosxe"* 


Therefore, 


y’ + ycosx = sin(2x) 


2cos x — ccesxe ot 4 2 cos x(sin x - 1) + ccoesxe ™* = 2cos x sin(x) 


2Qeosx + 2cesxsinx — 2eosx = 2 cosxsim(x) 
0=0 Vv 
6.31. Given 
2 4x —2 4x 


it can be declared that 


488 6 Differential Equations 
tee d og bi BY se 55 1 
aes | an 8A) = Ts *: f(x) dx = — ei n|x + 1| 
1 
= —2 In |x+1] = 
jai +1)? 
Therefore, 
X(y sf — dx = {see Ch. 5.67} 
= x= oJ. 
*@+P (— x0 +4)3 
1. (+1)? x 
— = +c 
4 (x-1)? (+1)? 
y = 1 (x + 1)? _ x - 
@+1)? 4 @=l1P @+l) 
(+1), @+1)* x 7 
— ] - 1 
y g ie Lee TY ee tee +1) 
(+1)? @+1) 2 
y(x) = 4 a | a a 
and its derivative is 
—AGe+ty 
oe x+1 ie (x+1)? 9 (+1)? G1 = pA dee 1 
2° @-l? 4 anf 
ye ty 
1 1)? 1)? —4 
ioe ip ge ED — 14 2¢(x + 1) 
2 (x — 1)? 4 («+bDa-)h 
Verification: 
j 2 _ 4x 
- x+1 aa 1—x? 
(x+1)? (x+1)? —A | 
—1+2 
Sree a ose 
2 sph «+t? 2 1 5 4x 
= feos i 
x+T 42 (x bx x41 HE 1 — x? 
(x + 1)? 2x Ax 
(«+ 1(x—-1) ge] Lag 


4x 4x 
fg ye 


0=0 Vv 


6.3 First Order, Function Coefficients 


489 


Fig. 6.8 Example P.6.31 


oN 


General solution is a family of curves, Fig. 6.8. Given the initial condition # : y(0) = 2, its 


corresponding specific function is calculated as 


_ @+1?, @+)? 
4 GTP 


0) 
Oy ee P 
2= 1 —0 0O+1 
aes 0)? + c(0-+ 1) 


2=c(0+1) ». c=2 


_@t*, @+iy 2 
=> yxX)= m “eae foe 


=e 1)" 


6.32. Given y’ — (2y)/(x + 1) — (x + 1)? = 0, it can be declared that 


y— 2 y-(x+1 =0 ‘ Fee Se 
x+1 - x+1 


f(x)=- and g(x) =(x+1)° 


(x + 1) 


Therefore (see P.5.9), 


2 1 
dx== | ——— de = 221 1| = In — 
[ro x fs x n|x + 1| " Gee Te 


1 1 
- =v (me, + x) ~ @+ 1 


That is to say, 


Yeo aap) = f qa t vl ar= {x+1=1,dx =dt} 


1 (x + 1)? (x + 1)4 
"G4 12 5) +c) 2. y 5) +ce(*x4+ 1) 
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Or, alternatively, calculating integral without the change of variables technique, 


2 2 
fotvar=frace far= Stee a yeu+n?(S4x4e) 


note the relation c = c) + 1/2. 


ed 14 

Verification: y= ms ) +o(x+1) «. y =2(x + 1)? + 2e1(x + 1) 
Therefore, 
2y 
—_ = 1° 
y x+1 ed 
2 x+1)4 
dS Ay 296,22) = — GE qci@aay =(x+ 1)? 
x+1 2. 

Ret 1) + e617 — GDS - 2ere+T) = (x + 1? 


0=0 Vv 


6.33. Given equation may be transformed as 


yo? +x)—-(y+ DQx4+1) =0 


ye? +x) = yQxt1)+Qx4+) 
, 24-1  wx+l 
4 idea ~ yay 


2x +1 > dt 
froa--({> dx jf=x +x oo. ar = Qx+ dx} =— f =—Ini 


That is to say, 


1 e411 
eee 
Yel =) (ee |x? + x| . 
{t=x° +x 2. dt =(2x+1) dx} 


1 


dt 1 
= / ‘itl = “lil {see derivative and integral chapters | — 


6.3 First Order, Function Coefficients 


1 


poe ole | 


y(x) = -l+c|x*+x| 


Verification: 
y=-l+ce|x’?+x| 
: c |x? +x] +2xc |x? + x| 4 2x+1 
a aes Se ra 
Therefore, 


‘4 


2x+1 2x+1 
y = 


 giieg Gana 


7) 2 +1 2x+1 +1 
¢ Pb} + SN - SaeetP Fx = S 
x“ +X xe + x XA 


0=0 Vv 


6.34. Given y’+ ytanx = 1/cos.x, it can be declared that 


1 
y’+ ytanx = —— ., f(x)=tanx and g(x)= 
cos x cos x 


so that 


1 


[ro dx = [ons dx = {see Ch.S.15} = —In|cosx| = In 
| cos x| 


1 


| cos x| 


w= en a = 


That is to say, 


1 1 1 sin x 
u(y = dx {see Ch. 5.46} — +e 
| cos x| cosx | cos x| | cos x| 


sin 


x 
y(x) pl seer 


+c|cosx| = sinx + c|cosx| 
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, we sin x| cos x| + cos? x c sinx| cos x| 


y= = cos x — 
cos x cos x 
Verification: 
; 1 
y + ytanx = 
COs x 
—c sinx|cosx| + cos? x : sin x 1 
+ (sinx + c| cos x|) = 
cos x cosx  cosx 
—c sinx}eosx] + cos? x + sinx sinx + csinxteosx] 1 
cos x COs x 
cos? x + sin” 1 
cos x 08 X 
0=0 Vv 


General solution is a family of curves, Fig. 6.9. Given the initial condition & : y(7) = 1, its 
corresponding specific function is calculated as 
y =sinx +c|cosx| 
1 =sinz +c|cosz| 


c=1 > y(x)=sinx + |cosx| 


6.4 Linear Equations, Constant Coefficients 


6.35. Given y” —9y = 0 second-order homogenous differential equation with constant coefficients, 
roots of its characteristic polynomial P(r) are 


y’-9y=0 . PA =r?-9= (7-3) +3) =0 
ry =3, r2=-3 (11 #12) 


Fig. 6.9 Example P.6.34 
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Therefore, as the two roots are unique, the solution is written as 


y(x) = ce" a ce* _— cje £. oe 
Verification: 
y(x) = ce +.0.e°% 
y' (x) = 3cje** — 3c2e7** 
y" (x) = 9e,e** + 9ene* 
Therefore, 
y" ~9y=0 
(9c\e** + 9e.e**) —9 (cie* + ce **) =0 
Yere** + Yexe** — Yere** — Deze" = 0 
0=0 Vv 
6.36. Given y” + y’ — 2y = O second-order homogenous differential equation with constant 


coefficients, roots of its characteristic polynomial P(r) are 


y'+y-2=0 « P()=r’tr-2=(7+2)r—-1=0 
r=—2, n=l (1 #12) 


Therefore, as the two roots are unique, the solution is written as 


y(x) = eye" + ce" = cre + ce" 


Verification: 
yx) = qe +oe 
y GQ) =—Iee * + ce" 
y" (x) = 4cye"™* + ce" 
Therefore, 


y" + y’ _ p2 — 0 
Acje* +. oe — 2cje* + oe — 2cje-* — 2me* =0 
0=0 Vv 


6.37. Given —8y” + 2y’ + y = 0 second-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 
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—B8y" +2y' + y=0 +. Py(r)= — 8r? + 2r + l= — 87? + 4r — 27 + I= — 4r(2r — 1) — (2r - 1) 
= —(4r + 1)2@r—1) =0 


(r1 #12) 
ny >=>-- =) 
1 4’ i) 5 r| i) 


Therefore, as the two roots are unique, the solution is written as 


y(x) = cye™* + eye = cye*4 + ce*!” 
Verification: 
y(x) = ce */4 + cet? 
1 1 
(x) = —-ce 4 + ~ee*? 
y (x) ria 5 
y"(x) = | el + eee 
16 
Therefore, 


—8y"42y'+y = 0 


1 1 1 ee : 
—8 (gee + joe”) +2 (-ja0" + exe”) + (cre 4 + ce*/”) = 0 


1 1 : 
sae _ zoe ee" Joe? toe +66" =0 


0=0 Vv 
6.38. Given y” — 2y’ + y = O second-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 
y’-2y +y=0 6 1 RW) =P -2r4+1 = -Dr-)=0 


n=ln=l M=n=r) 
Therefore, as there is duplicity of the roots, the solution is written as a linear combination 
y(x) =cye* + xe =cye +x ce" = e* (cy + XC) 
Otherwise, the two solution terms would not be independent. 
Verification: 


y(x) = cye* + xcpe* = e* (cy +X C2) 
{(f gl = f'g + fe'} 
y' (x) = ce* + cpe* + xepe* = e* (C1 + eo(x + 1)) 
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y" (x) = cye* + coe* + cpe* + xene* = e* (cy + €2(x + 2)) 
Therefore, 
y’—2y'+y=0=0 
[e“(e1 + cx(x + 2))] — 2[e%(er + coe + ))] + [er +x e2)] = 0 +e" 
Of + Kes t+ 2ey — 2ef — Ixy — 2eQ + of + rer = 0 


0=0 Vv 


6.39. Given second-order homogenous differential equation with constant coefficients y” + 4y’ + 
4y = 0, roots of its characteristic polynomial P(r) are 


y"+4y’+4y =0 ss P(r) =r? +4r+4=(r+2)(r+2)=0 


n= -2, m= -2 (1 =Mm=NP) 


Therefore, as there is duplicity of the roots, the solution is written as a linear combination 


y(x) =cye* + xe = ce +x0e% =e (cy + x0) 


which can be confirmed by the verification. 


6.40. Given second-order homogenous differential equation with constant coefficients y” + 4y’ + 
4y = 0, roots of its characteristic polynomial P(r) are 


4y"—4y'+y=0 +. P(r) =4r? —4r4+1=4r? —2r—2r41 
= 2r(2r — 1) — 2r—1) = Qr—-1)° =0 


1 
m= 5? a> (7) =1r2 =r) 


Therefore, as there is duplicity of the roots, the solution is written as a linear combination 


2 


y(x) =cye* + xQe* = ce? + x oe? = &*/* (cy +x) 


which can be confirmed by the verification. 


6.41. Given y” + 6y’ + 25y = 0 second-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 


y+ 6y +25y=0 ». Por) =r? +6r +25 


—6+ /36 —4 x 25 
= ) . =—-3+4i 


'1,2 
r\ =-3+44i 
m= —-3-4i (7, #4r5) 
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In the case of unique roots, even if complex conjugate, the solution is written as 
y(x) = cye* +4 oe = ger ak eer 


Axi 


a oe] 


=e * [cie 
{e'* =cosx +isinx} 
=e* [c1(cos 4x + i sin 4x) + co(cos(—4x) + i sin(—4x))] 
{cos(—x) =cosx, sin(—x) = — sin x } 
= e** [c,(cos 4x +i sin 4x) + c2(cos 4x — i sin 4x)] 
= e~* [(c, + co) cos4x +i (cy — co) sin4x] 
{cr t+eo=d), i(c:—c) =a} 
= e** (d, cos 4x + d sin 4x) 
As an illustration, assuming a simple case of dj = dz = 1, the plot of y(x) module is shown in 


Fig. 6.10. As it is bound by e~>*, for x < 0, the amplitude of y(x) tends to infinity, while for x > 0, 
it is damped by the e~** term and therefore tends to zero. 


6.42. Given y” — 2y’ + 2y = 0 second-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 


y” —2y'+2y=0 «. P(r) =r? —2r42 


2+ J4—4xB 
5 = 


r=1+i and m=1-i (1 ¥1r5) 


nh. 


1ti 


In the case of unique roots, even if complex conjugate, the solution is written as 


zoom-in 
A LP, ) Xx 


j=) 


Fig. 6.10 Example P.6.41 


6.4 Linear Equations, Constant Coefficients 497 


yx) =cye* + Ee = ce F408 4 oy e(—3-4i)* 
Lege [eve ee coe] 
{e'* =cosx +isinx } 
=e* [c1(cos 4x + i sin 4x) + co(cos(—4x) + i sin(—4x))] 
{cos(—x) =cosx, sin(—x) = — sin x } 
= e** [c)(cos 4x + i sin4x) + co(cos 4x — i sin 4x)] 
=e [(cy + co) cos 4x + i(cy — cr) sin 4x] 
{cr +ce.= Di, i(c; —c2) = D2} 
= e** (D, cos 4x + D> sin 4x) [Di.2 €C] 
6.43. Given y” — 2y’ + 2y = 0 second-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 


y"—4y'+5y=0=0 ». P(r) =r? —4r +5 


4+ /16—-4x5 
rr, =2+i 


rp =2+i and r2=2-i (71 #75) 


In the case of unique roots, even if complex conjugate, the solution is written as 


y(x) = cye™ 4+ ce x = cyePt® 4 Cpe?” 
=e* [cie* + ce 
{e'* = cosx +i sinx | 
= e* [c,(cosx + i sinx) + c)(cos(—x) + i sin(—x))] 
{cos(—x) =cosx, sin(—x) = — sin x } 
= e* [c,(cosx + i sinx) + c2(cosx —i sinx)] 
= e* [(c) +. co) cosx + i(cy — cr) sinx] 
{c1 +c, =d, i(cy —c2) = dy} 
= e** (d; cosx + dy sinx) 
6.44. Given y” — 3y” + 3y’ — y = 0 third-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 
y" = 3y” +3y'-y=0 «. Pi(r) =r — 37? +3r—1= {see Vol. 1 } = (7 - 1)? 


l=Hn=rn=r=1 


Therefore, as there is triplicity of the roots, the solution is written as a linear combination 
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, , 2 
y(x) = cye™ + xepe™ + x? pe = cye™* +x Cpe* +.x7 c3e* = e* (Cy 09x +03 x”) 
which can be confirmed by the verification. 


6.45. Given y” — 2y” — y+ 2 = 0 third-order homogenous differential equation with constant 
coefficients, roots of its characteristic polynomial P(r) are 


y" —2y"-y4+2=0 ©. P3(r) =r? —2r?-—r4+2= {see Vol. I} = (r+ I) — D(r - 2) 
rr; =—l, r= 1, r3=2 


Therefore, all roots are unique; the solution is written as a linear combination 


y(x) = eye" + ce +. c3e* = cye* + ce" + c3e* 


which can be confirmed by the verification. 


6.46. Given y“”) — 2y” = 0 fourth-order homogenous differential equation with constant coeffi- 
cients, roots of its characteristic polynomial P(r) are 


y™ —2y"=0 +. P(r) = rt — 2? = 720? -2 = + VDC —-V2)(r -— Or - 0) 
r; = 0, ro = 0, ry = 4/2, m=—V2 


Therefore, as two roots are unique and two are equal, the solution is written as a linear combination 


y(x) = cye"™ + coe” 4+ c3€"* 4+ cge™* = ceo +p xeo + c3e¥2 + cye Vv? 


=cy tegx+ c3e¥2 + cye7¥2 


which can be confirmed by the verification. 
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